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By N. BoH~, H.  A. KRA~RS, ~o~d J.  C. SEATER * 

!Jdrod~tctio~. 

I N the attempts to give a theoretical interpretation of tile 
mechanism of interaction between radiation and matter, 

two apparently contradictory aspects of this mechanism have 
been disclosed. On the one hand, the phenomena o[ inter- 
ference, on which the action of all optical instruments essen- 
tially depends, claim an aspect of continuity o[ the same 
character as that involved in the wave theory of light, espe- 
cially developed on the basis of tim laws of classical electro- 
dynamics. On the other hand, the exchange of energy and 
momentum b~tween matter and radiation, on which the 
observation of optical phenomena ultimately depends, claims 
essentially discontinuous features. These have even led to 
the introduetiou of the theory or' light-quanta, which in its 
most extreme form denies the wave constitution of light. 
At  the present state of science it does not seem possible to 
avoid the ibrmal character of the quantmn theory which is 
shown by the tkct ttmt the interpretation of atomic phe- 
nomena does not involve a description of tim mechanism of 
the discontinuous processes, which in the quantum theory 
of spectra are designated as transitions between stationary 
st.'~tes of the atom. On the correspondence principle it seems 

• Communicated by ths Authors. 
Pldl. Mag. S. 6. Vol. 47. No. 2~1. Ma.t! 1924. 3 E 
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786 Prof.  Bohr, Dr. Kramers, anal Mr. Slater on 

nevertheless possible, as it will be attempted to show in 
this paper~ to arrive at a consistent descrip6on of optical 
phenomena by connecting the discontinuous effects occurring 
in atoms with the continuous radiation field in a somewhat 
different manner from what is usu'llly done. The essentially 
new assumption introduced in § 2 that the atom, even before 
a process of tra,~sition between two stationary states takes 
place, is capable of comulm]ieatiou with distant atoms 
through a virtual radiation field, is due to Slater*. Origin- 
ally his endeavour was in this way to obtain a harmony 
between the physical pictures of the electrodynamical theory 
of light and the theory of light-quanta hy coupling transl- 
tions of emission and absorption of communicating atoms 
together in pairs. I t  was pointed out by Kramers, however, 
that instead of suggesting an intimate coupling between 
these processes, the idea just mentioned leads rather to the 
assmnption of a greater independence between transition 
processes in distant atoms than hitherto perceived. Ti~e 
present paper is the result of a mutual discussion between 
the authors concerning tile possible importance of these 
assumptions for the elaboration of the quantum theory, and 
may in various respects be considered as a supplement to 
the*first part of a recent treatise by Bohr, dealing with ghe 
principles of the quantum theory, in which several of the 
problems dealt with here are treated more fully ?. 

§ 1. Principles of tl~e Q~antum Theory. 

The electromagnetic theory of l ight not only gives a 
wonderfully adequate picture of the propagation of radiation 
through {~ree space, but has also to a wide extent shown 
itself adapted for the interl)retation of the phenomena con- 
nected with the interaction of radiation and matter. Thus 
a general description of the phenomena of emission, absorp- 
tion, refraction, scattering, and dispersion of light may be 
obtained on the assumption that the atoms contain electrified 
particles which can perform harmonic oscillations round 
positions of stable equilibrium, and which will exchange 
energy and momentum with the radiation fiehls according 
to the classical laws of electrodynamics. On tile other 

¢* J. C. Slater, ~ ~Nature,' March ]st, 1924, p. 307. 
% N. Bohr, Zeitschr. fiir Pl~ys. xiii. p. 117 (1923). An Eno_-lish 

trauslation has recently. ~ appeared in t~,e. ~ Publication~ of the Cambr'idge.. 
Philosophical Socmty under the title: "On the application of the 
Quantum Tileory to atonlic structure. I. : The fundamental postulates 
of the quantum theory." This treatise, which also contains more detailed 
references to the literature, will in the following be quoted as "P. Q. T." 
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the Quantum Theou/ of Radiation. 787 

hand, it is well known that these phenomena exhibit 
number o[ features which are contradictory to the conse- 
quences of tile classical electrodynamical theory. The first 
pheuomenon where such contradictions were firmly estab- 
lished was the law of teml,erature radiation. Start ing from 
the classical conception of emission and absorption of radia- 
tion by a },article performing harmonic oscillations, Planek 
found that, in order to obt4in agreement with the experi- 
ments on temperature radiation, it was necessary to intro- 
duce the auxiliary assumption that in a statistical ¢]istribution 
only certain states of the oscillating particles have to he 
tak~m into account. For  these distinguished ~,tates the 
energy was found to be equal to a multiple of the quantum 
]~,~o, where ~o is the natm'al frequency of the oscillator and h 
is a universal constant. Independent of radiation phenomena, 
this result obtained, as Einstein pointed out, a direct support 
from experimeuts on the specific heat of solids. At the 
same time, this author put forward his well-known theory of 
" l ight-quanta," aceording to which radiation should not be 
propagated through space as continuous trains of waves in 
the classical theory of light, but as entities, each of which 
contains the energy l~p, co,ment,'ated in a minute volume, 
where h is Planek's  constant and v the quantity which in 
the classical picture is described as the number of waves 
passing in unit time. Although the great heuristic value of 
this hypothesis is shown by the confirmation of Einstein's 
predictions concerning the photoelectric phenomenon, still 
the theory of light-quanta can obviously not be considered 
as a satisfactory solution of the problem of light propaga-  
tion. This i s"dear  even from the f ,  et that the radiation 
" f r e q u e n c y "  v appearing in the theory is defned by experi- 
ments on interference phenomena which apparently demand 
for ~heir interpretation a wave eonstitui,ion of light. 

In spite of the fundamental difficulties involved in the 
ideas of the quantum theory, it has nevertheless been possible 
to a certain extent to apply these conceptions, combined 
with information on the structure of the atom derived from 
other sources, to the interpretation of the results of in- 
vestigations of the emission and absorption spectra of the 
elements. This interpretation is based on the fundamental 
postulate : that an atom possesses a nmnber of distinguished 
states, the so-called " stationary states," which are supposed 
to possess a remarkable stability, for which no interpreta- 
tion can be derived from the concepts o[ classical electro- 
dynamics. This stability comes to light in the eiremnstaneo 
tl'mt any change of the state of the atom must consist of a 
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788 Prof .  Bohr, Dr. Kramers,  and Mr. Slater on 

complete process of transition from one of these stat ionary 
states to another. The postulate obtains a connexion with 
optical phenomena through the further  assumption that when 
a transition between two stationary states is accompanied by 
emission of radiation, this consists of a train of harmonic 
waves, whose f requency is given by tile relation 

/*v= E1--  E:,  . . . . . .  (1) 

where E1 and E~ are the values ot: the enorgy of the atom in 
the initial a:~d in the final state of the process respectively. 
Inversely it is assumed that the reversed process of tran- 
sition can take place by illumination with light widl this 
same frequency. The applicability of these assumptions to 
the interpretation of the speetra of the elements is essentially 
due to the tact that it has been found possible in many eases 
to fix the energy in the stationary states of an isolated atom 
t)y means of simple rules referri~ng to lnotions which ~ith a 
high approximation obey the ordinary laws of eleetrodynmnics 
( P . Q . T ,  Ch. I., § 2). The concepts of this theory, however, 
do not allow us to describe the details of the mechanism 
underlying the process of transition between the various 
stationary states. 

At the present state of science it seems necessary, as 
regards the occurrence of transition processes, to content 
ourselves with considerations of probability. Such con- 
siderations have been introduced by Einstein ~, who has 
shown how a remarkably simple deduction of Phmck's  law 
of temperature radiation ean be obtained by assuming that  
an atom in a given stationary state may possess a certain 
probability of a " spon taneous"  transition in unit time to 
a stationary state of smaller energy content, and th~,t in 
addition an atom, by illumination with external radiation 
of suitable frequency, may acquire a eertain probability of 
performing an " i n d u c e d "  transition to anottmr stationary 
stale with higher or smaller energy content. In connexion 
with the conditions of thermal equilibrimn between radiation 
and matter, Einstein further arrived at the er, nelusion that 
the exelmnge of energy by the transition process is aceom- 
pauied by an exchange of momentum of the amount hv/c, 
just as would be the ease it' the transition were accompanied 
by the startin~ or stopping of ~, small enti ty moving with 
the velocity of light c and containing the energy ]~v. 
He concluded that the direction of this momentum for 
the induced transitions is the same as the direction of 

* A. Einsteil b P]~ysikalisc]w Zeitscl~rift, xviii, p. 12t (1917). 
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the Q,antum l 'heorj  of  Radlation. 789 

propagation of the illuminating light-waves, but that for 
the spontaneous transitions the direction of the impulse is 
distributed according to probability laws. These results, 
which were considered as an argument for ascribing a 
certain physical reality to the theory of light-quanta, have 
recently found an important application in explaining the 
remarkable phenome,m of the change o fwave - l eng th  o~ 
radiation scattered by free electrons brought to l ight by 
A. H. Compton's* investigation on X-ray scattering. The 
application of probability considerations to the problem of 
temperature equilibrium between free electrons and radia- 
tion suggested by this discovery has reeently been sueeessfnlly 
treated by Panli % and the formal analogy of his results 
with the laws governing transition processes between station- 
ary states of atoms has been emphasized by Einstein and 
Eh,'enfest ~. 

In spite of the fundamental departure o~ the quantum 
thee W of atomic proeesses from a picture based on the 
ordinary concepts of eleetrodynamics, the former nmst in a 
certain sense ultimately appe,~r as a natural generalization of 
the latter. This is evident from the comtitlon tha~ in the 
limit, where we consider processes which depend on tile 
statistical behavionr of a large number of atoms, and which 
involve stationary states where the difference between neigh- 
bouring stationary~ states is comparatively little, the classical 
theory leads to conclusions in agreement with the experi- 
ments. In the ease of enlission and absorption of spectral 
lines, this connexion between the two theories has led to 
the establishment of the "correspondcnee principle," which 
postulates a general conjugation of each of the various 
possible transitions between stationary states with one of the 
harmonic oscillation cmnponents i1{ which the electrical 
nlolnent of the atonl, considered as a funct i ,n  of the time, 
can be resolved (P. Q. '1',, ('h. II., § 2). This principle has 
afforded a basis for an estimation of probabilities of tran- 
sition, and thereby for bringing the problem of intensities 
and polarization of spectral lines in close connexion with 
the motiou of the electrons in the atom. 

The eorrespondence principle has led to comparing the re- 
action of an atom on a field of radiation with the reaction on 
such a field which, according to the classical theory of electro- 
dynamics, shouht be expected from a set of "virtual '"  harmonic 

* A. H. Compton, Phys. }~ev. xxi. p. 48:3 (1923). See also P. Dehve, 
l~h!tsil~ali~ehe Zeit,chr(ft, xxiv. p. lt~l Q.,[~2a). 

4; W. Pauli, Zeitschriftfiir t>@s. xwn. p. 272 (1923). 
A. Einstdu and P.' Ehrenfest, Zeitsehr flit Ph~Js. xiv 1) 301(1923). 
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790 Prof. Bohr, Dr. Kramers,  and Mr. Slater on 

oscillators with frequencies equal to those determined by the 
equation (1) for the various possible transitions between sta- 
t ionary states (P.Q.T., Cb. I I I . ,  § 3). Such a picture has been 
used byLadenburg* in an attempt to connect the experimental 
results on dispersion quantitatively with considerations on 
the probability of transitions between stationary states. 
Also in the phenomenon of interaction between free elec- 
trons and radiation, the possibility of applying silnilar eon- 
sideralions is suggested by the analogy, emphasized by 
Compton, between the change of wave-length of the scattered 
rays. and the classical Doppler effect of radiation froln a 
moving source. 

Although the correspondence 1)rineiple makes it possible 
through the estimaf.ion of probabilities of transition to draw 
eonelusions about the mean time which an atom remains in 
a given stationary state, o'reat dif~eulties have been involved 
in the problem of the time-interval in which emission of 
radiation connected with the transition lakes place. In fact, 
together with other well-known paradoxes of the quantum 
theory, the latter difficulty has strengthened the doubt, 
expressed from various sides1", "Mwther the detailed interpre- 
tation of the interaction between matter and radiation can be 
given at all in terms of a causal description in space and 
time of the kind hitherto used for the interpretation of 
natural phenomena (P. (~. T., Ch. I I I . , §  1). Without  in 
any way removing the formal character of the theory, it 
nevertheless appears, as mentioned in the introduction, that 
a definite adranee as regards the interpretation of the observ- 
able radiation phenomena inav be made by eonneeting these 
phenomena with the stationary states and the transitions 
between them in a way somewhat different from that hitherto 
followed. 

§ 2. Radial ion  m~d Transit ion Processes. 

Vc'e will assume that a given atom in a certain stationary. 
state will communicate continually with other atoms through 
a time-spatial mechanism which is virtually eqnivalen~ with 
the field of radiation which on the classical theor~ would 
originate from the virtual harmonic oeillators corresponding 
with the various possible transitions to other stationary 
st a~es. Further,  we will assume that the occurrence of 

e R. Ladenburg, Zoitselo'. f i ir Pl~ys. iv. p. 451 (1921). See also 
~. Ladenburg' and P. geiehe, 3~at~tr~l~isse~sel~a/te~, xi. p. ,586 (19"23). 

• 1" Such a view has perhaps for the first time heen clearly expressed by 
O. ~V. Richardson, ' The Electron Theory of Natter,' 2nd edition, p. 50~, 
Cambridge ] 916. 
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the Quantum Theor• of Radiation. 791 

transition processes for the given atom itself, as well as for 
the other atoms with which it is in mutual communication, 
is connected with this mechanism by probability laws which 
are analogous to those which in Einstein's theory hold for 
the induced transitions between stationary states when illu- 
minated by radiation. On the one hand, the transitions which 
in this theory are designated as spontaneous are, on our view, 
considered as induced by the virtual field of radiation which 
is connected with the virtual harmonic oscillators conjugated 
with the motion of the atom itself. On the other hand, the 
induced transitions of Einstein's theory occur in consequence 
of the virtual radiation in the surrounding space due to 
other atoms. 

While these assumptions do not involve any change in the 
connexion between the structure of the atom and the fre- 
quency, intensity, and polarization of the spectral lines de- 
rived by means of the relation ( l )  and of the correspondence 
principle, they lead to a picture as regards the time-spatial 
occurrence of the various transition processes on which the 
observations of the optical phenomena nltinmtely depend 
which in an essential respect differs from the usual concepts. 
In  fact, the occurrence of a certain transition in a giveu 
atom will depend on the initial stationary state of this atom 
itself and on the states of the atoms with which it is in 
eommunication through the virtual  radiation field, but not 
on the occurrence of transition processes in the latter atbms. 

On the one hand it will be seen that our view, in the limit 
where successive stationary states differ only little from each 
other, leads to a connexion between the virtual radiation field 
and the motion of the particles in the atom which gradually 
merges into that el~,imed by the elassicat radiation theory. 
In fact neither the motion nor the constitution of the 
radiation field will in this limit undergo essential changes 
through the transitions between stationary states. As 
regards the occurrence of transitions, which is the essential 
feature of the quantmn theory, we abandon on the other 
hand any at tempt at a eausal connexion hetween the transi- 
tions in ~distant atoms, and especially a direct application of 
the principles of conservation of energy and momentum, 
so eharacteristlc for the classical theories. The application 
of these principles to the interaction between individual 
atomic systeuls is, on our view, limited to interactions which 
take place when the atoms are so close that the forces 
wMch would be connected with the radiation field on the 
classical theory are small compared with the conservative 
parts of the fields of force originating from the electric 
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cha rges  in the  a tom.  I n t e r a c t i o n s  of this  type ,  which  m a y  
be t e r m e d  " c o l l i s i o n s , "  offer, as is well  known ,  r e m a r k a b l e  
i l lus t ra t ions  of the  s t ab i l i t y  of s t a t i ona ry  states  pos tu la ted  in  
the  q u a n t m n  theory .  I n  fac t ,  an ana lys i s  of the  e x p e r i m e n t a l  
resul ts  based on the  t h e o r y  of conserva t ion  of  ene rgy  and  
m o m e n t u m  is in a g r e e m e n t  wi th  the  v iew tha t  the  co l l id ing  
a toms  before  as well as a f t e r  the  process  wil l  a lways  find 
themse lves  in s t a t i ona ry  s ta tes  ( P .  Q. T., Ch. I . ,  § 4) ~. B y  
i n t e r ac t i on  be tween  a toms  at  g r e a t e r  d is tances  f rom each 
o ther ,  where  a c c o r d i n g  to the  c lass ica l  t heo ry  of rad ia t ion  
the re  would  be no quest ion of s imu l t aneous  mu tua l  ac t ion,  we 
shal l  assume an i ndependence  of the  ind iv idua l  t rans i t ion  p ro-  
cesses, which  s tands  in st .r iking eontr- ts t  to the  classical  c la im 
of conserva t ion  of e n e r g y  and m o m e n t u m .  Thus  we assmne 
tha t  an i nduced  t n m s i t i o n  in an a tom is not  d i r e c t l y  e 'msed 
by  a t r ans i t ion  in a d i s t an t  a tom for which  the e n e r g y  
d'ifferenee be tween  the  in i t ia l  ~md the  final s t a t iona ry  s tate  is 
t he  same.  On the  c o n t r a r y ,  an  a tom which  l,as con t r ibu t ed  
to the  i nduc t ion  of a ce r t a in  t rans i t ion  in a d i s tan t  a tom 
t h r o u g h  the  v i r t ua l  r ad i a t i on  field c o n j u g a t e d  with the  
~ i r tua l  h a r m o n i c  osc i l la tor  co r r e spond ing  wi th  one of the  
poss ible  t r ans i t ions  to o ther  s t a t iona ry  states,  m a y  never the less  
i tself  u l t . imately  pe r t b rm  ano the r  of these t r ans i t ions .  

A t  p re sen t  the re  is u n f o r t u n a t e l y  no expe r i inen ta l  ev idence  
a t  hand  which  a l lows  to tes t  these ideas,  bu t  i t  m a y  be 
emphas i zed  t ha t  the  d e g r e e  of i n d e p e n d e n c e  of t h e . t r a n s i t i o n  
processes  assumed here  would  seem the on ly  cons is ten t  w a y  
of  de sc r i b ing  the  i n t e r ac t ion  be tween  r ad i a t i on  and a toms  

* These considerations hold obviously only in so far as the radiation 
connected with tile collisions can be neeleered. Althouo, h in many 
cases the energy of this radiation is very small, its occurrence might be 
of essential importance. This has bee~, emphasized by :Franck in con- 
nexion with the explanation of Ramsauer's important results reo'arding 
collisions between atoms and slow electrons (Ann. d. P]~ys. l×iv. p. 51% 
lxvi. p. 546 {]922)), from which it seems to follow that in curtain cases 
the electron can pass freely through the atom, without being influenced 
by its presence. In fact, if in these" collisi~ms" a change in the motion 
of the electron actually took place, the classical theory would involve so 
larse a radiation, that a rational eoniugation of the radiation with the 
possible transition processes as claim'~d by the correspondence principle, 
could hardly be established (compare I~'. Hund, Zs. f i ir  l']~y,~, xiii. p. 241, 
1923). On the view presented in this paper, such an expl'mation might 
on the one hand be regarded as the more natural, since the origin of ra- 
diation is not directly sought in the occurrence of transitions bu~ in the 
motion of the electron. On the other hand, it must be l'emembered that 
we are here dealino' with a case where, on account of the larg'e magnitude 
of the classical reaction ()f radiation, the theory does not allow a sharp 
distinction between stationary motion and transition processes. 
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the Quantum Theory of Radiation. 793 

by a theory involving probability considerations. This in- 
dependence reduces not only conservation of energy to a 
statistical law, hut also conservation of momentum. Just  as 
we assume that any trausition process induced by radiation 
is accompanied by a change of energy of the atom of the 
alnount hv~ we shall assure% following Einstein, that any 
such process is also accompanied by a change of momentuln 
of the atom of an amount l,v/c, i f  the transition is induced 
by virtual radiation felds from distant atoms, the direction 
of this inomentum is the sanle as that of the wave propagation 
in this virtual field. In  case of a t r:msition by its own 
virtual radiation, we shall naturally assuxne that the change 
of momentum is distributed according to probability laws in 
such a way that changes of momentmn due to the transitions 
in other atoms are statistically compensated for any direction 
in space. 

The cause of the observed statistical conservation of energy 
and momentum we shall not seek in any departure fronl the 
electrodynamic theory of light as regards the laws of propa- 
gation of radiation in free space, but in the peculiarities of 
the interaction between the virtual field of radiation :rod the 
illuminated atoms. In thor, we shall assume that these atoms 
will act as secondary sources of vir tual  wave radiation 
which interferes with the incident radiation. I f  the frequency 
of the incident waves coincides closely with the frequency of 
one of the virtual harmonic oscillators correspondin~ to the 
various possible t r ,  nsitions, the amplitudes of the secondary 
waves will he especially large, and these waves will possess 
such phase relations with the incident waves that they will 
diminish or augment the intensity of the virtual radiation 
field, and thereby aeaken or strengdmn its power of inducing 
transitions in other atoms. Whether  it is a diminishing or an 
augmentation of the intensity which takes place, will depend 
on whether the virtual ham~mnie oscillator, which is called 
into play by the incident radiation, corresponds with a 
transition t)y which the energy of the '~tom is increased or 
diminished respeetively. I t  will be seen that this view is 
closely related to the ideas which led Einstein to introduce 
prohabilities of two kinds of induced transitions between 
stationary states corresponding with an increase or decrease 
of the e , e r g y  of ~tle atom respectively. In spite of the 
time-spatial separation of the processes of -tbsorption and 
emission of radiation eharaeteristie for the quantuln theory, 
we may nevertheless expect, on our view, a far-reaching 
analogy with the classical theory of electrodynalnies as 
regards the interaction of the virtual radiation field and the 
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794 Prof. Bohr, Dr. Kramers, and Mr. Slater on 

virtual harmonic oscillators conjugated with the motion of 
the atom. It  seems actually possible, guided by this analogy, 
to establish a consistent and fitirly complete description of 
the general optical phenomena accompanying the propagation 
of light through a material medium, which accounts at the 
same time for the close connexion of these phenomena with 
the spectra of the atoms of the medium. 

§ 3. Cat)acit~ / of Inter:terence of Spectral Lines. 
Before we enter more closely on the general problem oF the 

reaction of atoms on a virtual radiation field, responsible 
for the phenomena accompanying the propagation of light 
through material media, we shall here briefly consider the 
properties of the field originating from a single atom, as far 
as they 'tre connected with the capacity of interference of 
light from one and the same source. The constitution of this 
field must obviously not be sought in the peculiarities of the 
trm~_sition processes themselves, the dm'ation of which we shall 
assume at any rate not to be large compared with the period 
of the corresponding harmonic component in the motion of 
the atom. These processes will, on our view, simply mark 
the termination of the time-interval in which the atonl will 
be able to (zOUlmunicate with other atoms through the corre- 
sponding virtual oscillator. An upper limit of the capacity 
of interference, however, will clearly be given by the mean 
time interval in which the atom remains in the stationary 
state representing the initial state of the transition under 
consideration. The estimation of the time of duration of 
states based on the correspondence principle has obtained a 
R'eneral confirmation from the well-known beautiful expe- 
riments on the duration of the luminosity of high speed 
atoms emerging froul a luminescent discharge into a high 
vacumn. (Compare P. Q. T., Ch. II., § 4.) On the present 
point of view these experiments obtain avers" simple inter- 
pretation. In tact it will be seen that on'this view the 
variation of the luminosity along the path of the atoms will 
not depend on the peculiarity of the transitions, but only on 
the relative number of atoms in the various stationary states 
in the different parts of the path. I f  all the emerging atoms 
have the same speed and are initially in the same state, we 
must ~hns expect that for any spectral line conjugated wi~h 
a transition from this state the luminosity will decre:~se 
exponentially along the path at one and the sam~ rate. At 
present the experimental material at hand is hardly sufficient 
to test these considerations. 
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tlte Qua~tum Theorz/ of Radlation. 795 

When we ask for the capacity of interference of spectral 
lines, determined by optical apparatus, the mean time of 
duration of the stationary states will certainly constitute an 
upper limit for this capacity, but it must be remembered that 
tile sharpness of a given spectral line which is due to the 
statistical result of tile action from a large number of atoms 
will depend not only on the lengths of tile individual wave 
trains terminated by the transition processes, but clearly 
also on any uncertainty in the definition of the frequency of 
these waves. In view of the way this frequency through 
relation (1) is related to the energy in the stationary states, 
it is of interest to note that the above-mentioned upper limit 
of capacity of interference may be brought in close connexion 
with the limit of definition cf the motion and of the energy 
in the stationary states. In fact, the postulate of the 
stability of stationary states imposes an a pribrl limit to 
the accuracy with which the motion in these states can be 
described by means of classical e]ectrod):namics, a limit 
which on our picture is directly involved in the assumption 
that the virtual radiation field is not aeeoinpanied by a con- 
tinuous change in the motion of the atom, but only acts by 
its induction of transitions involving finite changes of the 
energy and tile momentum of the atom (P. Q. T., Ch. II . ,  § 4). 
In the limiting region where the Inotions in the two stationary 
states involved in the transition process differ only compa- 
ratively little from Bach other, the upper limit of capacity of 
interference of the individual wave trains coincides with the 
limit of definition of the frequency of the radiation deter- 
mined by (1), if the influence of the lack of definition of the 
energy in the two states is treated as independent errors. In 
the general ease where the motions in these states may differ 
considerably from each other, the upper limit of the capacity 
of interference of the wave trains is closely related with the 
definition of the mo6on in the stationary state which forms 
the starting point of the transition process. Also ]mre we 
may, however, expect that the observable sharpness of the 
spectral lines will be determined according to relation 
(1) by adding the effeet of any possible lack of definition 
of the energy in the stationary state terminating the 
transition process to the effect of the lack of definition 
in the starting state in a similar way as independent 
errors. Just  this influence of the lqck of definition of both 
stationary states on tile sharpness of a spectral line makes 
it possible to ensure tile reciprocity which will exist 1)etween 
the constitution of a line when appearing in an emission and 
in an absorption spectrum, and which is claimed by the 
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796 Prof.  Bohr, Dr. Kramers,  a n d  Mr. Slater on 

condition for thermal equilibrium expressed by Kirehhoff 'slaw. 
]n  this connexion it may be remembered how the apparent  
deviations from this law exhibited by the remarkable differ- 
enee often shown by the structure of the elnission and the ab- 
sorption spectra of an element as regards the number of lines 
present are directly accounted for on the quantum theory 
when accoun~ is taken of the difference in the statistical dis- 
tributions of the atoms over the various stationary states 
under different external conditions. 

A problem closely related to the sharpness of spectral lines 
originatin~ from atoms under constant external conditions, 
is the problem of the spectrmn to be expected from atoms 
under the influence of extern'd forces which vary considerably 
within a t ime-interval  of the same order of magnitude as the 
mean duration of the stationary states. Such a problem is met 
with in certain of ~he experiments by Stark on the influence 
of electric fields on spectral lines. In  these experiments the 
emitting atoms move with large velocities, and the time- 
intervals in which they pass between two points where the 
intensity of the electric field differs very much, are only a 
small fraction of' the mean time of duration of the stationary 
states connected with the investigated spectral lines. Never-  
theless Stark found that, except for a Doppler effect of the 
usual kind, the radiation from the moving atoms was in- 
fluenced by the electric field at any point of the path in the 
same way as the radiation from resting atoms subject to tim 
constant action of the fiehl at this point. While,  as empha- 
sized by x'arious authors*, the interpretation of this result 
obviously presents difficulty on the usual quantum theory 
description of the connexim~between radiation and transition 
processes, it is clear t l> t  Stark's results are in conformity 
with the picture adopted in this paper. In fact, during the 
passing of the atoms through the field, the motion ill the 
stationary s~ates changes in a continuous way, and in conse- 
quence  also the virtual harmonic oscillators corresponding 
with the possible transitions. The effect, of the ~irtual 
radiation field originating from the mo~'ing "t~oms wil] there- 
fore not be different from that which wouhl occur if the 
atoms "dent their wtiole path had moved in a fiehl of constant 
intensity, at any rate i f - - a s  in S~ark's exper imems- - the  
radiation originating from the other parts of their l,aths is 
prevented from reaehino- those parts of the apparatus on 
which the observation of the phenomenon depends. ]n a 

* Compare K. FSrsterling, Zeitscl, r. f i ir  Pl~ys. x. p. 387 (1922), 
A. J. Dempster~ Astrophys. Journ. hiL p. 193 (1923). 
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the Quantum Theory of Radiatlon. 797 

problem of this kind it will also be seen how a far reaching 
reciprocity in the observable phenomena of emission and 
absorption is ensured on account of the symmetry  exhibited 
by our p~cture as regards tile coupling of the radiation 
field with the transition proceses in tile one or ill the other 
direction. 

Although on the quantmn theory the observation or" the 
optical phenomena ultimately depends on discontinuous 
transition processes, an adequate interpretation of these 
phenomena must, as already emphasized in the introduction, 
nevertheless involve an element of continuity similar to that 
exhibited by the classical electrodynamical theory of the 
propagation of light through material media. On this 
theory the phenomena of reflexion, refl'action, and dispersion 
are attributed to a scattering of light by the atom due to the 
forced vibration in the individual electric particles, set up 
by the electromagnetic fbrces of the radiation fieht. Tho 
postulate o[ the stability of stationary states might at firs~ 
sight seem to involve a fundamental difficulty on this point. 
The contr'lst, however, was to a certain extent bridged over 
by the correspondence principle, which, qs mentioned in § 1, 
led to comparing the reaction of an atom on a radiation field 
with the scattering which, according to the classical theory, 
would arise from a set of virtual harmonic oscillators con- 
jugated with the various possible transitions. I t  must still be 
remembered that the analogy between the classical theory 
and the quantum theory as fornm]ated through the corre- 
spondence principle is of an essentially formal character, 
which is especially illustrated by the fact that on the quantum 
theory the absorption and emission of radiation are toni)led 
to different processes of transition, "rod thereby to different 
virtual oscillators. Jus t  this point, however, which is so 
essential for the interpretation of the experimental results on 
elnission and ahsorption speetl:a, seems to afford a guidance 
as regards the way in which the scattering phenomena are 
related with the activity of the virtual oscillators concerning 
emission and absorption of radiation, Ia  a ]at, or paper it is 
hoped to show how on the present view a quantitative 
theory el dispersion resembling Ladenbnrg's theory can be 
established*. Here we shMl confine ourselves to emphasizing 
once more the continuous character of the optical phenomena, 

" ~'%ti) added duri.y the p,'oqf. The outline of such a theory is briefly 
described by Kramers in a letter to ' Nature ' published in Aiiril. 
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798 Pro[. Bohr, Dr. Kramers, a n d  Mr. Slater on 

which seemingly does not permit an interpretation based on a 
simple causal connexion with transition processes in the pro- 
pagating medium. 

An instructive example of these considerations is offe,'ed 
by the experiments on absorption spectra. In fact, the 
pronounced al)sorption by monatomic vapours for light of 
frequencies coinciding with certain lines in the emission 
spectra of the atoms strictly cannot be said, as often done for 
brevity, to be caused by the transition processes which take 
place in the atoms of the vapour induced by wave trains 
in the incident radiatiou possessing the frequencies of the 
absorption lines. The appearance of these lines in the spectre.. 
scope is clue to the decrease of the intensity of the incident 
waves in consequence of the peculiarities of the seeond'u'v 
spherical wavelets set up by each of the illmninated atoms, 
while the induced transitions appear only as an accom- 
panying effect by which a statistical conservation of energy 
is ensured. The presence of the secondary coherent wave- 
trains is at the same thne responsible for the anomalous 
dispersion connected with the absorption lines, and is espe- 
cially clearly shown by the phenmnenon, discovered by 
Wood% of" selective reflexion from the wall of a vessel ('on- 
raining metallic vapour under sufficiently high pressure. The 
occurrence of induced transitions between stationary states 
is on the other hand directly observed in the fluorescent 
radiation, which for an essential part originates from the 
presence of a small number of atoms which through the 
illumination have been transferred to a stationary state of 
higher energy. As is well known, the fluorescent radiation 
can be suppressed through the admixture of foreign gases. 
As regard~ the part played by atoms in the higher stationary 
states this phenomenon is explained by collisions whie}l 
cause a considerable increase of the probability of the atoms 
to return into their normal state. At the same time any 
part of the fluorescent radiation due to the coherent wavelets 
will, through the admixture of foreign gases, just as the 
phenomena of absorption, dispersion, and reflexion, undergo 
such changes as can be brought in connexion with a 
broadening of the spectral l inest.  It will be seen that a 
view on absorption phenomena differing essentially from 
that just described can hardly be maintained, if it can be 
shown that the selective absorption of spectral lines is a 
phenomenon qualitatively independent of the intensity of the 

* P~. W. Wood, Phil. Mag. xxiii, p. 689 (1915). 
See for instance Chr. Fiiehtbauer and G. Joos, l~l~ysik. Zeigsel,'. 

xxiii, p. 73 (1922). 
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the Quantum Theory of Radiation. 799 

source of radiation, in a similar way to what has already been 
found to be the case for tile usual phenomena of reflexion 
and refraction, whose transitions in the medimn do not occur 
to a similar extent (compare P. Q. T., Ch. HI . ,  § 3). 

Another interesting example is offered by tile theory of 
the scatter%g of light by free electrons. As has been 
shown by ComI,ton by means of reflexion of X-r'tys from 
crystals, this scattering is accompanied by a change of fre- 
quency, different in different directions, and corresponding 
with die constitution of the radiation which on the cl-lssical 
theory would be emitted by an imaginary moving source. 
As mentioned, Compton has reached a formal interpretation 
of this effect on the theory of light-quanta by assuming that 
the electron may take up a quantum of the incident light 
and simultaneously re-emit a light-quantum in some other 
direction. By this process the electron acquires a velocity 
in a certain direction, which is determined, just as the 
frequency of the re-emitted light, by the laws of conservation 
of energy anti momentum, an energy of ]~u mid a momentum 
l~v/c being ascribed to each light-quantmn. In contrast to 
this picture, the scattering of the radiation by the electrons 
is, on our view, considered t~s a continuous phenomenon to 
which each of the illuminated electrons contributes through 
the emission of coherent secondary wavelets. Thereby the 
incident virtual radiation gives rise to a reaction froIn each 
electron, similar to that to be expected on the classical theory 
from an electron moving with a velocity coinciding with that 
of the above-mentioned imaginary source and perfbrming 
forced oscillations under the influence of the radiation field. 
That in this ease the virtual oscillator moves with a velocity 
different from that of the illuminated electrons themselves 
is certainly a feature strikingly unfamiliar to the classical 
conceptions. In  view of the fundamental departures from 
the classical space-time description, involved in the very 
idea of virtual oscillators, it seems at the present state of 
science hardly justifiable to reject  a formal interpretation as 
that under consideration as inadequate. On the contrary, 
such an interpretation seems unavoidable in order to account 
for the effects observed, the description of which involves 
the wave-concept of radiation in an essential way. At thg 
same time, however, we shall assume, just as in Compton's 
theory, that the illuminated electron possesses a certain 
probability of taking up in unit  time a finite amount of 
momentum in any given direction. By this effect, which 
in the quantum theory takes the place of the continuous 
transfer of momentum to the electrons which on the classical 
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800 Prof. Bohr, Dr. Kramers, a n d  Mr. Slater on 

theory would accompany a scattering of radiation of the 
type described, a statistical conservation of momentum is 
secured in a way quite analogous to the statistical conser- 
vation of ene rgy  in the phenomena of absorption of light 
discussed above. In  fact, the laws of probability for the 
exchange of monlentum by interaction of free electrons and 
radiation derived by Pauli are essentially analogous to the 
laws governing transition processes between well-defined 
states of an atomic system. Especially the considerations 
of Einstein and Ehrenfest, referred to in § 1, are suited to 
bring out this analogy. 

A pro~)lem similar to that of tile scattering of light by 
free electrons is pre~ented by tim scattering of light by an 
atom, even in the ease where the frequency of the radiation 
is not large enough to induce transitions 1)y which an elec- 
tron is wholly removed from the atom. In fact, in order to 
secure statistical conservation of momentum, we must, as 
emphasized by ~arious authors ~, assume the occurrence of 
tr-msition processes by which the momentum of the scattering 
atom changes t)y finite amounts without, however, the relative 
motion of the particles of the atom being changed, as in 
transition processes of the usual type considered in the 
spectral theory. I t  will also be seen, on our picture, that 
transition processes of the type mentioned will be closely 
connected with the scattering phenomena, in a way analogous 
with the connexion of the spectral phenomena with the trans- 
ition processes by which tile internal motion of the atom 
undergoes a change. Due to the large mass of the atomic 
nucleus the velocity change which the ,,tom undergoes by 
these transitions is so small, that it will not have a per- 
eeptible effect on the energy of the atom and the frequency 
of the scattered radiation. Nevertheless, it is of principal 
importance that the transference of momentum is a discon- 
tinuous process, while the scattering itself is an essentially 
continuous phenomenon, in which all the illuminated atoms 
take part, independent of the intensity of the incident light. 
Th,  discontinuous changes in momentum of the atoms, 
however, are the, cause of the observable reactions on the 
atoms described as radiation pressure. This view fulfil, 
clearly the conditions for thermal equilibrium between a 
(virtual) radiation field and a reflecting surface, derived by 
E ins te in t  and considered as an -trgument for the light- 
quantum theory. At tile same time it needs hardly 1)e 

~V. Pauli, loe. cir. ; A. Smekal,-Vat~trwissenschaften, xi. p. 875 (19~3). 
1" A. Einstein~ Pllys. Zeitschr. x. p. 817, (1909). 
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emphasized that it is also consistent with the apparent 
contimfity exhibited by actmd observations on radiation 
pressure. In fact, if we consider a solid, a change of 
hv/e in its total momontmn will be totally imperceptible, 
and for visible light even wtnishingly small compared with 
the irregular changes of this momentum of a body in thermal 
equilibrium with the surroundings. In the discussion of the 
actual experiments it may, however, be noted at the same 
time, that the frequeney of the oeeurrence of sneh processes 
may often be so large that the problem arises whether the 
time involved in the transitions themselves can be neglected, 
or, in other words, whether tim limit has been reached inside 
which the formulation of the principles of the quantum theory 
can be maintained (compare P. Q. T., (!h. iI . ,  § 5). 

The last considerations may illust,'ate how our pietm'e of 
optical phenomena offers a natural connexion with the 
ordinary continuous description of macroscopic phenomena 
for the ~interpretation of which Maxwell's theory has shown 
itself so wonderfully adapted. The advantage in this 
respect of the present formulation of the principles of the 
quautmn theory over the usual representation of this t l>ory 
will perhaps be still more clearly illustrated if we eon,ider 
the phenomenon of emission of electromagnetic waws, say 
from an antenna as used in wireless telegraphy. In this 
ease no adequate description of the phenomenon is offered on 
the picture of emission of radiation during separate succes- 
sive transition processes between imaginary stationary states 
of the antenna. [n fact, when the smallness of the energy 
changes bv the transitions, and the magnitude of the 
energy radiation from the antenna per unit time, are taken 
into account, it will be seen that the duration of the indi- 
vidual transition processes can only be an exceedingly small 
fraction of the period of oscillation or' the electricity in the 
antenna, so that there would b~ no justification in describing 
the result of one of these processes as the emission of a train 
of waves of this period. On the present view, however, we 
will describe the action of the, oscillation of the e leet r id ty  in 
the antenna as producing a (virtual) radiation field which 
through probability laws again induces changes in the motion 
of the electrons which may be regarded as continuous. In 
fact, even if a distinction between different energy steps hv 
eouhl be kept upright, the size of these steps would be quite 
negligible compared with the energy associated with the 
antenna. I t  will in this connexion be observed that the 

Phil..l[ay. Ser. 6. Vol. 47. No. 281. May 1921. 3 F 
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emphasizing of the " virtual " character of the radiation 
field, which at the present state of science seems so essential 
for an adequate description of atomic phenomena, auto- 
matically loses its importance in a limiting case like that  
just considered, where the field, as regards its observable 
interaction with matter,  is endowed with all the attributes of 
an electromagnetic field in classical electrodynamies. 

Institute for Theoretical Physics, Copenhagen, 
January 1924. 

L X X V I I .  The l~eet  of a,, Electric Current on tlw Motion of 
Mereurg Globules in Dilute Snlphuric Acid, and its JReariJ,g 
on the Problem of the Electrobjtlc ])ouble Layer. B q 
J. E.  P. WAGST.¢FF, M.A.. fellow of St. John's College, 
Cambridge, Leet,trer in Physics at the University o] Leeds * 

Introductiom 

I T was pointed out to  me in ]_920 by Professor R. Whidding-  
ton that  when small globules of mercury are injected 

into a tube of sulphuric acid, inclined at a small angle to the 
horizontal, the globules can be made to move up the tube 
against gravity on sending a current in a particular direction 
through the acid. During the last two years I have made a 
detailed study of the motion of these mercury globules, and 
the results obtained and the conclusions reached to date 
seem of sufficient importance and general interest to just i fy 
their publication. 

Apparatus and Method. 

The tube AB (fig. 1) used for these experiments has an 
overall length of 50 cm. approximately and an internal 
diameter 0"35 cm. ] t  is fitted with three side tubes D, E ,  
and F of approximately the same diameter. The tubes 
D and E are supplied with electrodes of stiff platinum foil, 
which are brought into communication with the external 
circuit  by sealing them into thin glass tubes containing 
mercury.  T h e  drops are formed at the end of a fine capillary 
tube N in hydrostatic communication with a reservoir G, 
the level of the mercury in-which is kept  constant, and they 
enter the apparatus through the tube F. As determinations 
of the masses of the mercury drops have to be made from 
time to time, it is convenient to have a metal r ing at P for 

• Communicated by the Author. 
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