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4.13 The bivariate normal distribution

Definition: Bivariate normal distribution
Two random variables X; and X5 are jointly normally distributed if
they are described by the joint pdf
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4.13 The bivariate normal distribution

if (X17X2) ~ N(M171U'270—%70—%7p)' then

> fx,(x1) ~ N(p1,07)
sz(X2) ~ N(M%"%)

> fxuxe ~ N(pa + pZ(x0 — p2), 03 (1 — p?))
e ~ N(p2 + pZ(xi — 1), 03(1 - p?))



4.14 Multivariate Distributions

x a random vector with joint density f(x)

Xn Xn—1 X1
F(x)= [ f f f(t)dtidty ... dt,_1dt,
Expected Value:
p1 EX]
p=1: 1= :
Kn E [Xn]



4.14 Multivariate Distributions

Covariance Matrix

E[(x —p)(x —p)]
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4.14 Multivariate Distributions

Linear Transformation: sum of random variables > a;x;
i

E[alxl + asxo 4+ ... a,,x,,] = E[a’x]
=adE[x]=an
Var[a'x] = E[(a'x — E[a'x])%]
= E[(a'(x — E[x])’]
= E[(a'(x — p)(x — p)'a]
— o B[(x — 1)(x — n)]a
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4.14 Multivariate Distributions

Linear transformation: y = Ax

i-th element in y = Ax is y; = ajx with a; i-th row in A

= Elyj| = E[aix] = ajp as before

Ely] = E[Ax] = AE[x] = Ap
Varly]l = E[(y — Ely])(y — Ely])]
= E[(Ax — Ap)(Ax — Ap)']
= E[(A(x — w)[(A(x — w)]']
= E[A(x — p)(x — p) A
= AE[(X — p)(x — p)]A" = AZA’
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4.15 Modes of Stochastic Convergence

» Convergence in probability: ;>

» Convergence almost surely: =
» Convergence in mean square: -
» Convergence in distribution: 7

{z,}: sequence of random variables
{zn}: sequence of random vectors
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4.15 Modes of Stochastic Convergence

Convergence in probability

A sequence {z,} converges in probability to a constant « if for any
e>0

lim P(jzy —a| >¢)=0

n—oo

short notation: plim z, = « or z, —5 > Qorzp —a —p> 0

Extends to random vectors:

If ILm P(|zkn — k| >e)=0 V k=1,2,.. K,

then z, — a (element-wise convergence).
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4.15 Modes of Stochastic Convergence

Convergence almost surely

A sequence {z,} converges almost surely to a constant « if

IP’(Iimz,,za)zl

n—oo
short notation: z, 5= a.

Extends to random vectors:

If ]P’(li_>mzk,,:ak):1:0 vV ok=1,2,..,K,

then z, w<— a (element-wise convergence).
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4.15 Modes of Stochastic Convergence

Convergence in mean square

A sequence {z,} converges in mean square to a constant « if

lim E [(z, — a)?] =0

n—oo

short notation: z, 75— «

Convergence in mean square implies convergence in probability.
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4.15 Modes of Stochastic Convergence

Convergence in distribution

A sequence {z,} converges in distribution to a random variable z if

Zn—7—>Z

i.e., if the c.d.f. of z, converges to the c.d.f. of z at each point of
continuity.
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