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The (univariate) Gaussian distribution

an exponentiated square
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EBERHARD KARLS

Univariate Gaussians UNIVERSITRT B

some observations and notations, conventions

1 _e=w? .
e 5t with y, 0 € R

N (X, 02) =:

oV 2T

will be called the Gaussian or normal distribution of x. We call x the argument or variable, x, o the
parameters. We write x ~ N (u, 0%) to say that the variable x is distributed with pdf A/(x; i, o?).

/N(X; p,02)dx = 1and N(x; u, 02) > 0V¥x € R. So AV is the density of a probability measure.

Symmetry in x and g N'(x; i, %) = N (; x, o%)
An exponential of a quadratic polynomial of the natural parameters (a,n, 7) :

1 . ” o _
N(X; i, 0%) = exp <a + X — 27')(2) with 7 = o2 ("precision’), n = o2

_ 1] 242,2
a=-3 (Iog(27r)flog>\ +A 71)
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Gaussian Inference

The G¢ nis it conjugate prior.

Let
p(X) = N (X p, o)
Py [ X) = N(y;x, %)
. Then
=
= PPy | X)
X S
P = Toton 10
= N (x;m, s?), with
1
2.
S
T T T T -2 -2
0 2 4 6 A e i
X o+ v
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EBERHARD KARLS

Gaussian Inference ONIVERTar

Least-Squares Estimation

p(x) =N(x;p,0%)

| N
1 piy 1) = [INGix?)

=1
- _ ppy 10
S 05 P = oty 0 o

= N(x;m, s?), with

N
0 2 ._ -2 —2
B s v ,»:1N
T T T T T T
-1 0 1 2 3 4 sThmi=o0 "+ vl
X =1

If =2 — 0, 1y = v Vi, then m is the arithmetic mean.
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EBERHARD KARLS

The Method of Least Squares UNIVERSIT

TUBINGEN
The Gaussian distribution is the unique choice yielding a mean that is the mean of measurements [image: C.A. Jensen,

80 wird allgemein sein miissen ¢(M—p)+¢(M'—p)+¢/(M'—p)+ ete. = 0,
wenn fir p der Werth - (3+ M 4 3" +-etc.) substituirt wird, welches positive
Ganzes nun auch durch g ausdriickt sein mag. Setzt man daher voraus M’ =
M" = ete. = M— B, 50 wird allgemein, d. h. fiir jeden ganzen positiven Werth
fiir p, sein ¢ (u—1) N=(1—p)¢/ (— N), worans man leicht sicht, dass allgemein

—’T- eine constante Grisse sein miisse, welche ich mit & bezeichnen will.

Hieraus wird log @ = K44+ Const, oder wenn man die Basis der hyper-
bolischen Logarithmen mit ¢ bezcicbnet und die Constante = log setat,
¢4 =z,

Femer sicht man leicht cin, dass k nothwendig negativ sein misse, damit 2
in der That cin Grosstes werden konne, weshalb wir setzen } & = —#kh; und
da vermittelst des eleganten, zuerst von Laplace”) gefundenen Theorems das
Integral [¢™4d4, von 4 = —e0 Lis m 4 =-ox, wird = LT (wobei
# den Lalben Kreisumfang fir den Radius — 1 begeichnet), so wird unsere
Fonction werden:

b —hhda
9d =g

178.

Die so chen ermittelte Function kann zwar nicht in aller Strenge die
inlichkeiten der Fehler ausdriicken; denn da die moglichen Fehler

(@13) stets in gewisse Grenzen eingezwiingt sind, so miisste die Wahrscheinlichkeit
grosserer Fehler immer = 0 herauskommen, withrend unsere Formel stets
cinen begrenzten Werth darstellt. Dennoch aber ist dieser Mangel, an welchem
jede analytische Function ilrer Natur nach laboriren muss, fiir jeden praktischen

“) In v. Zach JMonatliche Correspondens* Band 21, 8. 280 umert Gausn:
Theorem gefunden bat, woraus des von mir Laplace beigelogte Lebraats sehr I
Kaas, il mis selbst achon frier ein, als aber dio Stelle 8. 212 schon sbgedruckt war; ich wollte es aber nicht
unter die Errata setzen, weil Laplace wenigstens das obige Theorem doch ert in der dort gebraschten Form
safgetelle hat.s Anmerkng des Utbersetners.
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The Multivariate Gaussian distribution UNIVERSITAT

An exponentiated quadratic form

Definition (multivariate Gaussian distribution)

1 1 _
N p,X) = RS exp (_E(X —p)TE T (x — N)) X, € R, X € R™" spd.

> must be symmetric positive definite.
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The Multivariate Gaussian distribution UNIVERSITAT

An exponentiated quadratic form

Definition (multivariate Gaussian distribution)

1 1
. - _ _ Ty —1 _ n nxn
N p, X) SRR exp( 2(X w)TE ™ (x N)) x,u €R" Y e R™" spd.
> must be symmetric positive definite.

Definition (symmetric positive definite matrix)
A matrix A € R"¥" is called symmetric positive (semi-) definite if A = AT, and

VTAv > 0 Vv € R".

Equivalent statement: All eigenvalues of the symmetric matrix A are non-negative.
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The Multlvarlate Gaus3|an distribution

Equiprobability lines are ellip

1 1
: e — e x— )Y (x — n nxn
8 >/N(x;p,z):mndj\/(x;u,x)>OVX6R”.
6l g » Symmetry inx and p: N (x; p, ) = N (3%, %)
» Anexponential of a quadratic polynomial:
4 - —
< | - N p,3) =exp (a +nTx — ;XTAX> (1M
0 - 1
= exp (a +nTx — 5 tr(xxTA)) (2)
—2tt |
i | | | | | with the natural parameters A = X~ (precision
-4 -2 0 mo4 68 matrix), n = Ap, and the sufficient statistics

X, XXT.
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Products of Gaussians are Gaussians

Closure under Multiplication

To multiply Gaussians, add the natural parameters

4r a N(x;a, AN (x;b,B) = N(x;c,C)Z
_ —1 —1\—=1
o ml i C=(A"4+B7")
c=C(A'a+B7"h)
ar N Z=N(a;b,A+B)
2k N
Note similarity to univariate case.
AR a— m 7 6 8
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EBERHARD KARLS

Products of Gaussians are Gaussians UNIVERSITAT

Closure under Multiplication

To multiply Gaussians, add the natural parameters
4r N (x;a, A)N (x;b,B) = N(x;¢,C)Z
_ —1 —1\=1
S | C=A"+4+B7)
c=C(A'a+B7"h)
0 Z=N(a;b,A+B)
2 -
Note similarity to univariate case.
R — m 4 6 8
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EBERHARD KARLS

Products of Gaussians are Gaussians UNIVERSITAT

TUBINGEN

Closure under Multiplication

To multiply Gaussians, add the natural parameters

N (x;a, A)N (x;b,B) = N(x;¢,C)Z
C=A"+B"""

< M
c=C(A'a+B7"h)
0 Z=N(a;b,A+B)
2 N
Note similarity to univariate case.
R a— m 7 6 8
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Linear Projections of Gaussians are Gaussians NIVERSITA

Closure under linear maps

To linearly project a Gaussian variable,
project the parameters

d p(2) =Nz p, %)
oL \ i = p(Az) = N(Az,Au,ASAT)
_ol ,/ /// // N
4 e | \
—4 -2 0 2 4 6 8
X1
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Marginals of Gaussians are Gaussians

N

P@2)=N(z;p.%) = p(Az) = N(Az,Au, ASAT)
choose A= (1 0)

/N [G) ; (Z;) ’ @X gjj)] dy = N6 px, Txe)

» thisis the sum rule

/ p(r.y) dy = / p(y | X)p(x) dy = p(x)

> so every finite-dim Gaussian is a marginal of
infinitely many more
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| el ae=y) = B0

(
= N (% p + SAT(AZAT) 7' (y — Ap),
¥ — ZAT(AZAT)'AY)

» this is the product rule

» S0 Gaussians are closed under the rules of
probability
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EBERHARD KARLS

Inference with Gaussians e

Since conditioning and marginalization are mapped to linear algebra, so is Bayes' Theorem

Ifp(x) = N(x; p, ¥)
andp(y | x) = N(y;Ax + b, A),
then p(y) = N'(y; Ap + b, A + ATAT)
_ ] T T —T(y_ _ YAT T =1
andp(x | y) = N(X; pu + SATASAT + A)~" (y — (A + b)), = — SAT(AZAT + A)~'AD)
gain residual Gram matrix
=Nt (ST +ATATA) T ATA (= b) + 57 "), (BT +ATATA)T)
—— N—
precision matrix precision matrix

Probabilistic ML — P. Hennig, SS 2021 — Lecture 06: Gaussian Probability Distributions— © Philipp Hennig, 2021 CC BY-NC-SA 3.0 u 14


https://youtu.be/FIheKQ55l4c?list=PL05umP7R6ij1tHaOFY96m5uX3J21a6yNd&t=2537

The Core InS|ght for All of This

P Q ._ —1 =1
A_{R s] M= (S —RP~1Q)

41 [PT+PTIOMRPT —P-ToM
—MRP=" M

Z+uwvny= =771 27y 4 vtz vtz

\Z4+UWVT| = |Z|- W] - W 4+ vTZ= 1y
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EBERHARD KARLS

Gaussians provide the linear algebra of inference UNIVERSITAT

if all joints are Gaussian and all observations are linear, all posteriors are Gaussian

products of Gaussians are Gaussians marginals of Gaussians are Gaussians
N(x;a,A)N (x; b, B) / K) (M) (Z by )}
ydy Lag) N X , o i dy = N(X; pax, Y
= N(x;¢,C)N (a;b,A + B) Yy Dy / (6 e 23)
AT —1y—1 o -1 -1
C:=(A" +B")  c:=CAa+8D) (linear) conditionals of Gaussians are Gaussians
linear projections of Gaussians are Gaussians X,
pix1 ) =2
p(2) =N(z; 1, %) » .
= p(Az) = N(Az,Ap, AZAT) =N (X? fox By By (Y = py), B — By By ZVX>

Bayesian inference becomes linear algebra

fp(x) =N(;p,X) and  py|x) =N(;ATx+ b, A), then
p(BTX+C | y) = N[B'X+¢;BTpu+ ¢+ BTSAATSA + A) "' (y — ATp — b),BTSB — BTSA(ATSA + A) ~'ATSB
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Example 1: Cond|t|onal Independence, Marginal Correlation

EREE th Ga

temperature outside

temperature temperature
in building 1 in building 2
X2 =17 p(v2) = N(v2; pa, 03)

X1 =wixa +uvr p(n) = N(vispr, o)

X3 =wWaxo +v3  p(v3) = N(vs; pg, o)
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Example 1: Cond|t|onal Independence, Marginal Correlation

n Inferer ith Gaussi [DJC

temperature outside

p(v) = N(v; p, diag(e”))
5
A=10 1 0 =
0 W3 1
n H 2
temperature temperature oy oy Wigy  WWsg
in building 1 inbuiding2 ~ PX=AV) =N X An, o2 Wi
=m W302 + g3
Xp =1 p(12) = N (va; 2, 03) =3
Xi=wixo+v1 p(n) =N(vi;m,of)
X3 = WXy + v p(vs) = N(vs; s, 03)
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EBERHARD KARLS

Example 1: Condrtronal Independence, Marginal Correlation

Bayesian Inferer ith G [DJC he humbl

temperature outside

p(v) = N(v; p, diag(a?))
1 141 0
A=10 1 0 —
0 W3 1

2 2 2 2
temperature temperature Wioy + oy th2 Wi W3g2
in building 1 in building 2 px=Av) =N ) W30)

) >
1

29" 9
W305 + 03

X) =19 p(rr) = N(Vz;u%ff%) =3
X1 =wixg+v1 p(n) = N(vi; 1, 00)

From graph: x7 L x3 | Xo. Where can we see this in the pdf?
X3 = WsXo + v p(vs) = N (vs; i3, 03)
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Example 1: Conditional Independence, Marginal Correlat|on

0 in the precision matrix means [DJC

a Xy =17 p(v2) N(Vz;uzyag)

X1 = WiXo + 14 p(rn) = N(vi; i, 07)
0 e X3 = W3Xy + 13 p(V3) :N(V3;/~L3ao—%)
to simplify exposition, set g = 0.

p(x1,X2,X3) = p(x2) - p(x1 | X2) - p(Xs | X2)

2
- exp 1 (x n (1 — wixp)? + (X3 — waxp)®
21 Zng 2 0'% O’% 0'%
1 1 T owowl 1 w 1 w
_ _ 2 o1 73 2 0 Ml 2 0 3
=555 exp 5 XN\ 5 +—=F+= )X 2X1X9 5 X3 2X3X9 5
14243 9, 01 03 9 97 93 93
4 wy 0
1 o ‘2712 ) X1
— Wy 1 Wy W3 w3
= expl—=[x1 X0 x3| |—% (—+ + ) -1 X
72.%7 | 73 = (Freta) 4
0 IR
93 73
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Example 2: Explaining away

an Inferen h Ga

emission
gas price price

electricity
price

X1 =1 P(V1):N(V1§Ma012)
X3 =3 p(v3) = N (v3; 3, 03)
Xg =WiX1 + WXz + 1 p(y) = N(Vz;m,ﬂg)
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Example 2: Explammg away

ian Inference with G

emission
gas price price

o? wio? 0
a p(x) =N | x;m, o +wio? + wiol wsol
o3
electricity
price , >
_ X1l (] | o7 0])
X “X - N ) )
X1 =1 p(v1) = N (v, 07) PG, %) (L@] L‘J [0 3
X3 =13 p(vs) = N (vs; iz, 03)

Xg = WiX1 +Wax3 + 10 p(n) N(Vz;m,ﬂg)
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Example 2: Explaining away

value in the precisio ESIE G conditional on everything else  [DJ
X1 = v p(n) = N (i, 0f)
G @ X3 =13 p(v3) :N(Vs;mﬂg)
a Xo = WiX1 + WaX3 + 11 p(v2) = N(v2; 2, 03)

1 1T wl 1 (- W1Ws
=55 7.5 G+ |+ - 20— +46 (= + = | — ZoXs— + 21—
1742743 T 0 2 2 03 0 2 2
2
1 M _m WiW3
(m+%) -4 X
1 exp 1[x Xo X -4 X - X
= X1 X2 X3 2 ? ? )
VARVARYAE) 2 93 93 73
WiWs _ W 1 _|_ﬁ X3
(7% n% 20% n%
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Example 2: Explaining away

%3 [EUR/1]

% [USD/MMBtu]
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Example 2: Explaining away

n Infer 1 Gaussians
_ xi| [m] [oF O
s = (L[] [T )

p0xa) = N (o3 Wapar + Was + iz, of + wio? + who?)

%3 [EUR/1]

% [USD/MMBtu]
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Example 2: Explaining away

B
p(x1,x3) = N (m " [Zj ’ [0012 (%D

p(x) =N (Xz; Wi + Waug + MZ;U% + W12<712 + W%a%)

p(Xa | x1,X3) = N (Xo; WiX + WaXs + i, 03)

%3 [EUR/1]

2 4 6 8
% [USD/MMBtu]

a:
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Example 2: Explammg away

ian Inference with G

o Xq B 0'12 0
AN
p(x) =N (Xz; Wi + Waps + po, 05 + Wio? + Wgag)

p(Xa | x1,X3) = N (Xo; WiX + WaXs + i, 03)

Xy =Wty 3 — 42
p(xi,xs | x2) =N X13, 13 — ZLBWT—"
( ’ | ) H,3 W21’3WT +O’%

)
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(1] ] wio? Xz—W1Mw—W3M3—u2
X3] |13 W50 of +wios + oy
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0 of W30 2+ wio?+ o3
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Today:
» Gaussian distributions provide the linear algebra of inference.
» products of Gaussians are Gaussians
» linear maps of Gaussian variables are Gaussian variables
» marginals of Gaussians are Gaussians
» linear conditionals of Gaussians are Gaussians
If all variables in a generative model are linearly related, and the distributions of the parent variables are

Gaussian, then all conditionals, joints and marginals are Gaussian, with means and covariances com-
putable by linear algebra operations.

» A zero off-diagonal element in the covariance matrix implies independence if all other variables
are integrated out

» A zero off-diagonal element in the precision matrix implies independence conditional on all other
EUELES

;=0 = p(xi, %) = N (x; (i, [Z1i) - N (s [, [2)
[Z7=0 = PG | X)) = NG| Xzig) - N (X | X))
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The Toolbox
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Framework:

/P(X1,X2) dxy = p(x7)

_ P[9P

p(x1,%2) = p(x1 | X2)p(x2) p(x1y) o)

Modelling:
» Directed Graphical Models
» Gaussian Distributions
>

vVYyy

Computation:
» Monte Carlo
» Linear algebra / Gaussian inference
>
>
>
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