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|l. Introduction to Stochastic Processes
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Time Series Analysis:
We observe (economic) variables over time, hence a time series is a collection
of observations indexed by the date of each observation.

Examples:

e macroeconomic variables as income, consumption, interest rates, unem-

ployment rates,...

e financial data as stock returns, exchange rates,...
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Time series techniques are therefore essential in

Economics:

e properties of macroeconomic time series
e persistence of macro shocks
e testing economic theories

e transmission of monetary policy

Finance:

e predictability of returns
e testing and estimating asset price models

e properties of price formation processes
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Stochastic processes:

Economic time series are viewed as realizations of stochastic processes,

that is, of a sequence of random variables over time (that are typically
not independent).

Idea of randomness:

draws from distributions, no certain numbers - not deterministic but
stochastic!

However, we observe only one (possible) realization of the stochastic
process!
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=We call {X};} a stochastic process or sequence of random variables
and

{x:} the realization of the stochastic process or sequence of real num-
bers (that we do observe). Hence, we have observed the specific sample

(X1, X2, ..., T¢).

Because of the dependencies between the random variables
{... X} 9, Xy 1...} we have a "more complex” structure than in the
cross- sectional case with independent random variables { X1, X5 ...}
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As we have only one realization of the stochastic process, we need to reduce
complexity.
— Two "required” concepts in time series analysis:

1. stationarity: the distribution doesn’'t change over time/what matters is
the relative position in the sequence but the moments remain the same
across time.

2. ergodicity: there might be dependencies of the random variables over
time, but these dependencies get smaller and smaller for larger time lags.
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Il. Basic Concepts

1.1 Mathematical Techniques of Time Series
Analysis [Hamilton (1994), Appendix A]
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Required techniques:

Complex numbers, unit circle, employing difference- and lag operators, solving stochastic
difference equations

Unit circle

Basics:

The algebraic equation
:U2—2aac—i—(a2—|—b2) =0

has the following formal solution:
r=axby/—1

But these solutions are defined in the numerical range of real numbers just for b = 0.
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Solution
Definition of a set C which contains complex numbers R C C

Requirements for the set C:

1. The sum (product) of real numbers as elements of C is identical with the sum
(product) that is defined for real numbers.

2. The set C contains an element with the property i = —1.
For each element z of C there are two real numbers a, b, such that the complex

number z can be expressed as z = a + b, where a is the real part of z and b the

imaginary part of z.
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We will specify this definition in more detail by defining a 2x2 matrix:

a 0
a = a €R
0 a
0 1
—
—1 0

We define the complex number a + b7 as

a 0 0 b a b
a+ bt := + = a,b e€R
0 a —b 0 —b a

The set of (2x2) matrices illustrates, by addition and multiplication of matrices, a model for
complex numbers. The complex number z = a + b is called purely imaginary, whenever

a = 0 and b # 0. It is called purely real, whenever b = 0.
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The complex number Z = a — 2b is the complex conjugate of z = a + b.
Example:

The equation 2 + ¢ = 0, where ¢ > 0 can be solved with the purely imaginary number
z1 = i4/c and zo = —i4/c, as zf = zg — —c. The numbers z; and z, are said to be

complex conjugate.
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Visualization of the complex numbers in an Argand diagram:

A
. z=a+1-b
l’b ............................ ;.}E
% //
< >
\\\ a;
\\\/é/ :
—1D s X —a—1i-b

The points on the horizontal axis correspond to the real numbers. The points on the
vertical axis correspond to the purely imaginary numbers. Each point in the plane matches

exactly one complex number.
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The real number |z| = v a? + b? is called the absolute value of z = a + b.

|z| is the distance to the origin.

As it is obvious from the formula this absolute value is identical to the absolute value of

real numbers.

Important rules from calculus:
(a+1ib) + (c+1id) = (a+c)+i(b+ d)
(a+1ib) — (c+id) = (a — ¢) +i(b— d)

(a + ib) - (¢ + id) = ac — bd + i(ad + bc)
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Trigonometric representation of complex numbers

A complex number z = a + b of the absolute value 1 satisfies z? + y? = 1. It is referred
to as z being an element of the unit circle in the Argand diagram.

-

A (0.1)

-

!
X (L0) reelle Achse

< (-1,0) 0,0)

(0-1)

v imaginire Achse

The circumference of the unit circle is 2w. The length of the arc from (1,0) to

(0,1),(—=1,0), (0, —1) equals Z, =, 2X.
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o is the length of the circular arc from (1,0) to z
cos(yp) (= x
sin(p) :=y ify#0
tan(p) ;=2 ifx #0
Hence, the complex number z on the unit circle can be expressed as:

z = cos(p) 4+ i - sin(yp)

An arbitrary complex number z = a + ib has the absolute value R = v/a? + b2. It can

be expressed as z = R(x + iy), where ¢ = %, y = £ and (z, y) are elements of the

unit circle.
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‘a

reelle Achse

imaginire Achse

Hence, z has the trigonometric form: z = R - (cos(y) + i sin(y))

= Polar coordinate representation of z

Moivre’'s theorem: For each complex number z 7% 0 and each rational number ¢ it has

to hold that z?7 = RY [cos(qyp) + isin(qp)]
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Exponential representation of complex numbers

2 5 ) .
ex:1+x+$2—!—|—...—|—x5—!—|—... (Power series expansion)
where £ = iy holds due to 3° = —1,i°> = —34,i* = 1,4° = ¢

2 3 4 5 6 7
i . _S’;_ S’; S’; P _90 . 2
T TR T TR

2 4 6 3 5 7

B A et e

i T T N R TT

= cos(p) + isin(yp)

The representation of a complex number z = a + ib by means of z = Re'? using

R = |z|, tan(p) = 2 is called the exponential form.
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11.2 (Stochastic) Difference Equations
[Hamilton (1994), Chapter 1]
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First order difference equation

Dynamic properties of
Yt = QY1 + wy (1)

w; can be a random variable. Then: First order stochastic difference equation

Example:

Equation describing the demand for money [Goldfeld (1973)] for the USA m; (log real
demand for money) as a function of log aggregate income (real) I, the logarithmic interest

rate on deposits ¢ and the interest rate on bonds r¢y:

my = 0.27 4+ 0.72m¢—1 4+ 0.191; — 0.0457rG: — 0.0197rcy (2)
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Hence, this is just a special case of equation (1) with

wy = 0.27 + 0.191; — 0.0457rg: — 0.0197r¢4
Yy = My

¢ = 0.72

Aim:

Understanding the dynamic behavior of y if w changes.

Point in time Equation
0 Yo = PY—_1 + wo
1 Y1 = @yo + wy
2 Yo = PY1 + w2
t Yt = QY1 + wy
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= If the starting value y_1 for t = —1 and w; for 0,1, ...,t is known, recursive

substitution can be used to evaluate the sequence y;:

yr = &y + olwo + ¢ wr + ¢ P we + ..+ w1 + wy (3)

Dynamic behavior

If wo changes and w;y . .. w; are not affected of the change, the effect on vy is:

_ Oyr __ it
yt—aw0—¢

Dynamic multiplier = (impulse-response function)

The intensity of the effect of the dynamic multiplier depends on the time span 0 — ¢ and

the parameter ¢.
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Let the dynamic simulation start in ¢:

Yitrj = ¢’y 1 4+ lwp + ¢j_1’w1+1 + . Wiy
Size and sign of ¢ determine the sequence of dynamic multipliers.

The effect of wy on yiy; is:

OYpyj &
8wt _

Thus, the dynamic multiplier depends just on j, the time span between w; and y;4 ;.
Therefore we have exponential growth/augmention for ¢ > 1, a geometric decreasing

development for 0 < ¢ < 1, oscillating decline for —1 < ¢ < 0, explosive oscillating

behavior for ¢ < —1.
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Higher order difference equations

Generalization of a p-th order difference equation
Yt = Q1Yt—1 + P2Yr—2+ ... + OpYr—p + Wy (4)

Aim: Explaining the dynamic behavior of equation (4).
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To do so: Writing the p-th order difference equation as vector difference equation of order

one. We need the following notation:

&

( Yt \

Yt—1

\ Yt—p+1 )

[ 61 6
1 0
0 1

\O 0

(p X 1) — vector

¢p—1 pr \
0 0
0 0
1 0 )

(p X p) — matrix

Prof. Dr. Joachim Grammig, University of Tiibingen, Winter Term 2007/08
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[, )

0
v = (p X 1) — vector

0
\ 0

For p = 1 (first order difference equation) we have F = ¢ (scalar).
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Define a first order vector-difference equation:

& =F& 1+w

Recursion analogous to the case of a first order difference equation:

Fortimet =1: & =F¢,+vi =F(F&_| +vp) + vi = F2£_1 + Fvy + vy
For time t = t:

&, =FT¢  +Fvo+F oi4+ ...+ Fvi1+ v

Of special significance for the dynamics: First row of system (5) for time ¢.

Definition: fﬁ) is the (1, 1) element of Fy, 1(;) is the (1, 2) element of F.

(5)

Prof. Dr. Joachim Grammig, University of Tiibingen, Winter Term 2007/08
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For the first row of &, = ... we get:

Yt = 1(1154_1) + f(t+1) _|_ + f(t+1) —p _|_ f‘l(?wo _|_

1(5_” wy+ ...+ f(l)wt—l + wy

= vy is a function of p initial values of y and the entire history of w.

Starting the dynamic simulation in ¢:

Eiyj = e+ Fvi+F v+ o+ By + v

for a p-th order difference equation the impulse-response function is

OVYt+j _ () (6)

— J11
8’(1}75
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For j = 1 this is given by the (1, 1) element of F, or the parameter ¢!

For each p-th order system the effect of an increase in w; on y;y1 is as follows:

OYysi1
8wt _ ¢

Expansion of F* yields:

8yt—|—2 — Qb% + ¢2

owy

This is the (1, 1) element of F2.

In order to describe the dynamic behavior of higher order difference equations analytically

(e.g. when is the system explosive?) the eigenvalues of the matrix F are analyzed.

=  Matrix algebra [see for example Hamilton Appendix A]
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Eigenvalues/characteristic roots of a matrix F are the solutions for the following equation:
F — AL =0

Where I, is a p-th order identity matrix. For a system of difference equations of second

order this means

o1 2} [ A O _ (p1 = A) ¢ % Ay = O

1 0 0 X 1 —A

— characteristic equation

Hence, the two eigenvalues are:

b1y 63 +462

b1y 63 +40o
T 2

A :

7>\2:

=  Eigenvalues can be complex numbers
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For difference equations of order p it holds generally that the eigenvalues of F can be

computed as solutions to the characteristic equation:
AP — AP — g AP — L — A — =0
Proposition from matrix algebra [see for example Hamilton (1994), Appendix A]

If the eigenvalues of a (p X p) matrix F differ, then there is a non-singular matrix T, such

that
F = TAT !

where A is a (p X p) matrix containing the eigenvalues of F, which are arranged in the

following fashion
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A O 0
0 A 0
A= 2
0 Ap

Hence, we can write:

F?2 = TAT !. TAT ! = TA?’T!

Due to the diagonal structure of A it holds that

2
A0 ... 0
2
0 A3 ... 0
AZ = 2 |
2
0 Y

Prof. Dr. Joachim Grammig, University of Tiibingen, Winter Term 2007/08
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Generally it must hold that
F/ = TA'T (7)

The diagonal structure of A7 is still kept:

,\{ 0 0
J
N 0 A} 0
J
0 \)

Defining t;; as the element of the ¢-th row and j-th column of T and defining tY as the

element of the i-th row and j-th column of T, then by multiplying the matrices one can

write the (1, 1)-th element of F’ as:
D = [t I + [t 4 EptP N = N e N

where ¢; = [t1;t"'] (To show this, write equation (7) extensively!)
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(ci+ca+...+cp)isthe (1,1) element of TT ' = I, suchthat c; +co+...+¢c, = 1

Substitution into equation (6) yields

OVt+j j j j
8—wt_cl>\1+62>\2+"'+cp>\p

The impulse-response function of order j is a weighted average of the p eigenvalues raised

to the j-th power.
For p = 1 the characteristic equation states:
A1 —¢1 =0 = A1 = @1

The dynamic multiplier is then given by

8yt+j

o, = cl)\{ = qﬁ{ as c; = 1 (see above)
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If there is at least one eigenvalue of F with an absolute value > 1 the system is explosive,

because:

the eigenvalue with the largest absolute value dominates the dynamic multiplier in an
exponential function. For real eigenvalues with an absolute value < 1 the dynamic

multiplier converges either geometrically or oscillating against zero.
(Compute the dynamic multiplier of equation y; = 0.6y;—1 + 0.2y;_o + wy)
Complex eigenvalues for p = 2:

Eigenvalues of F are complex, if qﬁ? + 4¢po < 0. Writing the solutions of the characteristic

polynomial as complex numbers

A =a+ib, Xy =a—ib wherea =%, b= 0.5\/—¢§ — Ay,
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To show the dynamic of the system of difference equations, we use the polar coordinate

representation:

A1 = Rcos(p) + isin(p)]

where R = Va? + b2, cos(p) =%, sin(p) =%
In exponential representation:

A1 = R[e"]

)\Jl' _ Rj[eipj] — RJ [cos(pj) + isin(pj)]
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The complex conjugate A\; can be derived as follows:
X, = R'[e”"/] = R [cos(pj) — isin(pj)]

Substitution yields

OYi+j
8’(1}75

— Cl>\{ + CQ)\‘;
= 1R [cos(pj) + isin(pj)] 4+ 2R’ [cos(pj) — isin(pj)]

= [e1+ co] B cos(pj) + i [er — o] R sin(pj)

It can be shown, that these are also complex conjugates [proof: see Hamilton (1994) p.

15]:

ci=a+ 01, co=aoa—F1
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Substitution yields the real multipliers:
clA{ + 02>\‘; = 2a R’ cos(pj) — 2B R’ sin(pj)

—  If the eigenvalues are greater than 1 in absolute terms the system explodes at a rate

R7.

For R = 1 (the eigenvalues are on the unit circle) the multipliers are periodic sine-cosine-
combinations. Only if R < 1 (the eigenvalues are inside the unit circle) the amplitude of

the multipliers decreases at a rate R’.
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real eigenvalues

!

(0,

real eigenvalues

)

<1

7.
7

complex ei
A<

genvalues
1

|1

_
|

1
=1+,

complex eigenvalues
>

| 1]

1

A\
I

Due to the enormous significance of second order difference equations Sargent’s so-called

stationarity triangle (1981). A simple derivatio

n [Hamilton (1994) p. 17f]

Prof. Dr. Joachim Grammig, University of Tiibingen, Winter Term 2007/08

40



Advanced Time Series Analysis

1.3 Using Lag Operators
[Hamilton (1994), Chapter 2]
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Comment on the notation

The notation of a time series vy; is an abbreviated representation.

The fact, that y; does not just denote one observation, but a complete time series can be
accounted for by using the extensive expression {y:},= __ .

Thus: An arithmetic operation x; = by, generates not only a new value, but {z:},~ __,
i.e. a new time series! This holds as well for all the other possible arithmetic operators.

A very important operator, that creates a new time series, is the lag operator.

It is defined as:
Lxy = w1,

where y = Lux, creates a new time series from {x;},- ___. This new time series is denoted
oo
by {yt}t:—oo'
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It is written:
L?x; = L(Lxy) = L(xi_1) = 749
For each integer value k:
Lka:t = Ti_k
Arithmetic operators and lag operators are commutative
L(Bx:) = BLx
and distributive:
L(x: + w¢) = Lxy + Lw;y

Using the lag operator manipulation of time series is possible. It works analogous to the
manipulations done by the common arithmetic operators. Therefore, it can be stated, that
x; is ,,multiplied” by L to express that the lag operator operates on x;.
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Example:
ys = (a + bL)Lz; = (aL + bL*)xy = axs 1 + bxy_»

An important, later implemented example:

(1 — )\1L)(1 — )\2L)$t = (1 - ()\1 + )\Q)L —|— )\1)\2[42) T (8)
= x;— (A1 + A2)Ti—1 + A Aaxi_o (9)
2

—  Lag polynomials can be compared to simple polynomials such as a -z 4+ b - 2
(where z is a real number).

Main difference:

The term a - z + b - 22 adds up to a real number, while a - L + b - L*? operating on a
time series {;},_ . produces a new series {y;},_ .

If x; = c for all ¢ then: Lx; = c.
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Practical implementation of the lag operators: Analysis of the dynamics of difference
equations

First order difference equation:
yr = ¢Yyr—1+w: = yr=¢Lytw, = y—Lyy=wy = (1—¢L)y; = wy
(10)

In textbooks mainly the inverse representation y, = (1 — ¢ L) w, is printed.

We will explain the relevance of the expression (1 — ¢ L)~ *.
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To do so:

" Multiplication” of equation (10) with the lag polynomial (1 + ¢L + ¢*L* + ¢°L> ... ¢'L"):
(1+¢L+¢°L* +¢"L*...¢'L") (1 = ¢L)ye = (1 + ¢L + ¢°L° + ¢°L°... ¢'L

"Expanding” the left hand side (exercise!) yields:

(1— "' L'y, = (1 + ¢L + ¢’L* + ¢°L° ... ¢'L") wy

Written extensively:

ye = ¢y +wp + dwi_1 + Pwi_o + ...+ dlwg

This is the same result as we got above by recursive substitution!
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Property of the operator (1 + ¢L + ¢°L* 4+ ¢°L> ... ¢'L"), if

< t gets large,
& |d < 1| is bounded for all ¢ and

& lye| < y" is bounded for all ¢,

(1= L™y, 2y,

(1 +¢L+¢2L2+¢3L3...¢tl)t> (1 —¢L)y: = yy

This yields the following result:

(1—¢L)"" = lim (1 + ¢L + ¢>L* + ¢°L®. .. ¢’ L7)
j—00

Prof. Dr. Joachim Grammig, University of Tiibingen, Winter Term 2007/08
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Dynamics of difference equations can also be analyzed by means of the lag operator.

First, dynamics for a second order difference equation
Yt = P1Yt—1 + Payi—2 + wy

(1 — ¢1L — p2L?) yr = wy

=  Second order lag polynomial factorization of the lag polynomial results in:

(1 — L — ¢2L2> — (1 = ML) (1= XoL) =1 — [A1 + Mo]L + [MAo]L? (11)
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Example:
If 1 = 0.6 and o = 0.08 = A; =0.4and Ay = 0.2

We will show, that A1, Ay from equation (11) are identical to the eigenvalues of the matrix
F (see above).

(Remember: Stability ("stationarity”) is determined by the eigenvalues of the (2 X 2)
matrix F)

Furthermore, we search for: values A1, A2 for which equation (11) is fulfilled!
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To do so:

Auxiliary construction: We use a number z, that can be substituted for the lag operator L
in equation (11):

(1 — P12z — 92°) = (1 — A12)(1 — Xo2) (12)
The right hand side of equation (12) is 0, if z = A\7' or 2 = A\; .

Thus, it is made clear why we substituted L out with z: L = >\1_1 would not have a
reasonable interpretation!

z is just to be used as intermediate replacement character for solving for A1, As!

z = A" or z = A\ have to set the left hand side of equation (12) equal to zero.

(1 — ¢p12 — ¢22%) = 0 holds for

R e R e s e
<1 = —2¢5 y % —2¢9
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z1, 22 set the left hand side of equation (12) to 0. We can compute A\; = zl_l, Ao = z2_1.

There is also a more direct way to compute A\, \s:

To do so:
Division of equation (12) by 2z*:
(272 —g1z7 = ¢o) = (277 = M) (27 — o)

Defining A = 2~ yields )
(A" = d1A — d2) = (A — A1) (A — Ag) (13)

The values of X\, which equalize the right hand side to zero are A = A1, A = X\s. These
values have to equalize the left hand side of equation (13) to zero as well:

A — P1X — ¢ =0

b1y e +40s

b1y 6 +400
. —

2

>\1 ’ >\2
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Hence, it follows: A1 and Ao are identical to the eigenvalues of the matrix F, which
determine the dynamics of the system of difference equations.

These eigenvalues can be calculated by factorizing the lag polynomial (1 —¢1 L —¢2L?) and
computing the nulls of the corresponding polynomial (A% — 1\ — ¢p2) or 1 — 12 — ¢oz”.

Calculate A1, Ao for a second order difference equation with ¢; = 0.6 and ¢o = 0.08.

Be careful: In many textbooks the representations are not clear: Therefore, when is a
system of second order difference equations stable?
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We have seen:

& if the eigenvalue A1, Ao of the (2 X 2) matrix F are < 1 in absolute terms (lie inside
the unit circle)

> if the solutions to A7 and A\, of (>\2 — @1 A — ¢2) = 0 lie inside the unit circle

> if the solutions to z1, z9 where A1 = zl_l, Ay = 22_1 of (1 — ¢p12 — ¢222) = 0 lie
outside the unit circle.

All three statements are equivalent.

Generalization of the p-th order difference equation:
Yt = P1Yi—1 + P2Yi—2 + . . . + PpYir—p + Wy

(1 —¢1L — ¢p2L” — ... — ¢, LP) yp = wy
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Factorization of the lag polynomial results in:

(1 L — ol — .. — ¢pLP) = (1= ML) (1= XoL)...(1—X,L) (14)

As seen above: Substitution of the lag operator by the number z:

(1 iz — Rt — L — ¢pzp) = (1= Ai2) (1= Xa2) ... (1= Apz)  (15)

The right hand side of equation (15) is zero, whenever z = Al_l, z = >\2_1, N — A;l.
These values also have to equalize the left hand side to zero.

Equalizing the left hand side to zero and multiplying it with z7” and A = 2z~ ! yields

(Ap BN e — NPT — qbp) —0 (16)

Equation (16) is identical to the formula we found for the eigenvalues of F in the case of
a p-th order difference equation.
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It follows: The nulls of equation (16) are identical to the eigenvalues of the matrix F,
which determines the dynamics of the system of difference equations.

These eigenvalues can be computed by first factorizing the lag polynomi-

al (1 — 1L — poL* — ... — qprp), second derivation of the nulls Ay, ..., A
of the corresponding polynomial (AP — 1 AP 2 — g AP 2 — ... — 1A — @)
Equivalently the nulls z1, ..., z, of the polynomial (1 — ¢12 — ¢az” — ... — ¢2")
(where z = )\1_1, z = >\2_1, N — )\;1) can be derived in order to get the eigenvalues.

Three equivalent statements about stability (,,stationarity ") of difference equations of p-th
order can be made (and are often confused in textbooks).

A p-th order difference equation is stable, if:

> the eigenvalues of the (p X p) matrix F are within the unit circle.

> the solutions to Ay, ..., A, of the polynomial
<>\p — PINPT e — P NPT — L — Py i\ — qbp) are within the unit circle.
¢ the solutions 21, 22, . . ., 2, to the polynomial (1 — ¢12 — ¢oz” — ... — $pzP) are

outside the unit circle.
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1.4 Stationarity and Ergodicity
[Hayashi 2.2]
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1. Weak/Covariance stationarity

A stochastic process X; is weakly/covariance stationary if

E(Xy) = p Vit
Var(X;) = o* VYt
COV(Ath7 Xt—j) = 7 Vi

= The mean, variance and autocovariances do not depend on ¢.
The autocovariances only depend on the distance 7,

for example: Cov(zs, x5) = Cov(xos, 100)-
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2. Strict stationarity

A stochastic process X; is strictly stationary if its distribution does not
depend on t:

Fxtl,...,xtn(ﬂch ey Tp) = FXt1+j,...,th+j(331, oy Tn)

So, the joint distribution of two or more random variables in the sequence
does not depend on ¢,

for example: FXloo,Xzoo(aa b) — FXgoo,Xlooo(av b)-

Prof. Dr. Joachim Grammig, University of Tiibingen, Winter Term 2007/08 58



Advanced Time Series Analysis

e |f a sequence is strictly stationary and the variance and covariances are
finite, then the sequence is also weakly stationary.

e |n the remainder of the course "stationary” means covariance stationary,
and therefore we always check for covariance stationarity of a given

stochastic process.

e Special case: Gaussian process
As the first two moments are sufficient to identify the normal distribution,

for the Gaussian process weak stationarity also implies strict stationarity.
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3. Trend stationarity and difference stationarity

e A stochastic process X; is trend stationary if the process is stationary
after subtracting a (usually linear) function of time ¢, which is called
time trend.

e A stochastic process X; is difference stationary if the process is not
stationary, but its first difference, X; — X;_1, is stationary.
X is also called integrated of order 1, I(1)-process or a stochastic
process with a unit root.
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4. Ergodicity and the Ergodic Theorem

e A stochastic process X; is ergodic if the dependencies between X; and
X ; get weaker and weaker over time.

e \We consider two different definitions:
a) Hayashi and b) Hamilton.
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a) Ergodicity following Hayashi:
A stationary process is ergodic if for any two bounded functions f : R¥ — R
and ¢ : R' - R

lim E [f(zz, e ,Zz'—|—k:> : g(Zz'+m sy Zz‘+n+l)]

n—oo

= E [f(zz, ce e ZH_k)] - E [g(zi—l—na O’ Zz’—l—n—i—l)]

= A stationary process is ergodic if it is asymptotically independent, that
is, if any two random variables positioned far apart in the sequence, are
almost independently distributed.

= Problem: this definition of ergodicity is difficult to check!
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b) Ergodicity following Hamilton:
A stationary Gaussian process X; is ergodic if

Z |vj] < oo "absolute summability”
j=0
with
Yo = Var(Xy) and
v;i = Cov(Xy, Xi—j); g =1,2,...

= In order to check for ergodicity:

1. Is the process stationary Gaussian? Yes — 2.
2. Find the autocovariances «; and sum them up.
3. Is the sum finite? Yes: the process is stationary and ergodic!

Prof. Dr. Joachim Grammig, University of Tiibingen, Winter Term 2007/08

63



Advanced Time Series Analysis

The Ergodic Theorem:

If X; is a stationary and ergodic process, then any moment of this process
is consistently estimated by the sample moment.

Prof. Dr. Joachim Grammig, University of Tiibingen, Winter Term 2007/08 64



Advanced Time Series Analysis

5. The autocorrelation function (ACF)
The jth-order autocorrelation function is defined as:

;= ’}/j _ COV(Xt,Xt_j).
o Yo Var(Xt) 7

i=0,1,2.

with =1 < p; < 1.

The plot of p; against j = 0,1,2... is called the correlogram.
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IIl. ARMA Models and Stationarity Tests

l1l.1 Modeling Univariate Time Series: ARMA
Models

[Hamilton: 43-61, 64-71]
[Hayashi: 365 - 386]
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A general ARMA(p, q) model is defined as the stochastic process {Y;} that evolves as:

Yi= ¢+t o1Yia+®,Yiot...+¢Yi,
AR (autoreé;essive)—part

+§1€t—1 + 0o+ ... + 9q€t—g +e¢
MA (moving‘;verage)—part

where {e,} is Gaussian White Noise, that is:

E(&Tt) — 0
Var(e) = E(&7) = o’ vVt
COV(€t, €t—j) = E(€t . €t—j) = 0 A j 7£ 0

and i ~ N(0;07%)
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Firstly, we are interested in:

i) Is a given ARMA(p, q) process stationary and ergodic?
ii) How does its joint distribution look like?

iii) How can the parameters ¢, ¢1, @2, ..., dp, 01,602, ...,0,
be estimated?

iv) How can we forecast the time series?

Reference:
Hamilton: p.43-61 and 64-71
Hayashi: p.365-386
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A. Moving Average Processes

1. MA(1)-process
2. MA(q)-process
3. MA(oco)-process
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1. MA(1)-process
Yi=p+ 0101 + €4
with {e;}: Gaussian White Noise

Checking for stationarity:

E(Y:) =p+61E(es—1) + E(e)) =p Vi

Yo =Var(Vy) =E[(Y:— )] =E[(f1e1-1 + )]
= E[0ie? | + 20161164 + €7
= 070° +0+0”
= (1+67)0* VWVt
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71 = Cov(Yy, Y1) =E[(Y: — p)(Yie1 — )]
= E[(01e1—1 + &) (016i—2 +€1-1)]
= E[H%st_lst_g + 9153_1 + 0164642 + €164—1]
= 0+6,0°4+0+0
— f0° Vit
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Higher order covariances are all zero:
v; = Cov(Ys, Yi—;) =0  Vji>1

= {Y:} is (covariance) stationary! Is it also ergodic?

© @)
> i = (146])0% + |01]o” < o0
j=0

= The MA(1)-process is stationary and ergodic!
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The autocorrelations for the MA(1)-process are given by:

_
Y0

0; for 7=0,1,2,...

Therefore, pg = 1 (always) and for the MA(1)-process we get:

01

p1 = -———>- Wwith
(14 67)

pr > 0 for 6; >0 and

pr < 0 for 61 <O.

Asforj>1: v, =0 = p; =0!
Hence, the autocorrelations are useful to identify the process!
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2. MA(q)-process
Y= pu+ Ooct + 01641 + ... + qut—q
normally with 6y = 1.

Checking for stationarity and ergodicity: — See Hamilton p. 50

Result:
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Yo = Var(Yy) =5 +6i+...+0))0° Vit
v = Cov(Y;, Yij)

= (060 +0;3101+...+0,0,_)o° forj=1,....q
v, = 0 forj>q!

Checking for ergodicity:
Zhj\ < 00 for g < o0.
§=0

= The MA(q)-process is stationary and ergodic (for finite q)!
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3. MA(o0)-process

If ¢ — oo: the complete history of the £'s matters! (often in econometrics)

Y = p+ Yoet + Yiei—1 + Pogr—2 + ...

= pt) Y
7=0

Is the MA(oo)-process also stationary and ergodic?

If > |¢;| < oo (the coefficients are absolutely summable), then the MA(co)-
7=0
process is stationary and ergodic!
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Why do we need the condition > || < oo? Because then:

j=0
E(Y:) = p+ voE(er) + 1E(er-1) + ...
= pt@ot it JE@E)
finite 0
= pu
and 0 = Var(Y}) =...= (¢ +v¢: +...

As > |1;| < oo implies that )| ¢j2 < 0o (square summability),
7=0 j=0
[proof see Hamilton p.69-70],

oo
o converges to a finite number if ) |9, < oco.
=0
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Similarly,

v; = Cov(Yy, Vi) = ... = (Y90 + Yjp1901 + . ..

oo
converges also to a finite number if > |1),| < oo.

j=0
[proof see Hamilton p.70]

oo

Hence, the MA(oo)-process is stationary if ) |1),| < oo.

7=0

o o
And as ) |¢;| < oo also implies that ) |v,| < oo,
J=0 5=0

the MA(o0)-process is also ergodic if > [1;] < oo.
j=0
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B. Autoregressive Processes

1. AR(1)-process
2. AR(2)-process

3. AR(p)-process

4. Invertibility of AR processes
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1. AR(1)-process
Yi=c+ oY1+ € (17)

with {e;}: Gaussian White Noise.

Remember: A first-order linear difference equation is given by
Yi =Y 1+ ws.

For the AR(1)-process: w; = ¢ + &;.

As €, is a stochastic process, the AR(1)-process is a first-order stochastic
linear difference equation.
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As we already showed, Y; can be written as:

Y = "Y1 4+ dlwo + ..+ QPwi—o + dwi_g + wy

with the dynamic multiplier ¢7.

Hence, the effects of the past innovations € only die out for |¢| < 1, and
under this condition the difference equation is stable!

= The AR(1)-process is only stationary and ergodic if |¢| < 1!

Prof. Dr. Joachim Grammig, University of Tiibingen, Winter Term 2007/08 81



Advanced Time Series Analysis

The AR(1)-process can be written as:

Vi = (c+e)+olcter)+o (ct+e—2)+d°(ct+es)+...

c(1+¢+ ¢° +¢° + .. )T+ der1 + der_o+ ...

1
19 if |o| <1 MA(oc0) — process
Yi = M+€t+¢€t—1—|—¢2€t—2+..-
ith E(Y,) c
wi == .
t f 1— ¢
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Checking stationarity and ergodicity for this MA(oo)-process:

DIl =3 I¢/] = o <o i[9l <1
=0

7=0

— stationary and ergodic!

The variance is given by:

Yo = E[(Yi—p)?]=E[(er+ per1+ ¢°era+...)%
= (1+¢*+¢" +¢"+...)0°
1 2

= 1_¢20 (if |¢| < 1)
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Similarly, we get the autocovariances for |¢| < 1:

v = E[(Y:— ) (Yie; — p)]
= E[(&‘t + P11 + §b2€t_2 + .. )

(5t—j + ngt—j—l + ¢25t—j—2 —+ ...

= mn o= @+ +e+..)0°
= ¢(1+¢*+9¢'+...)0°
P,
o 1_¢20‘
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= 2 = (@P+ot+..) 0
= ¢*(1+¢°+¢"+..) 07
P
1 — ¢?
Y 2 4 2 _ ¢’ 2
= v, = ¢’(1+¢"+ ¢ +...)0—1_¢20
and the autocorrelations: o |
pj=—"=¢
Yo
= If |¢p| < 1, p; decays for j = 1,2,..., but there is no abrupt stop as for

a MA(q)-process!
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Alternatively, the moments of the AR(1)-process can be calculated by
"brute force”, that is under the assumption that the AR(1)-process is
covariance-stationary:

Yi = ¢+ oY1 +e
E(Y) = c+oEYi1)+E(e).

As E(Y;) = E(Y;_1) = p for a covariance-stationary AR(1)-process:
po= c+ou+0

C

-9

= u =
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Substituting ¢ = u(1 — ¢) into (17), we get:

Y, = p(l—¢)+¢Yii+e
Yi—pn = o(Yio1—p) + e
Therefore, the variance is:
Yo = E[(Y:—p)’

= E[(¢(Ye1 — 1) + )]
= GE[(Yii1 — u)°] + 20E[(Yio1 — p)ed] + Ele]

= ¢ W+0+0
1 2
142 °

v; :+ — See Hamilton p.53
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Note: Using the Lag operator L, the AR(1)-process can be written as:

Y: = ¢LY;: + ¢y (with ¢ = 0)
(1-0oL)Y; = &
i = (1- ¢L)_15t

= (14 oL+ ¢*L? +..))ey
= e+ der—1+ PEra+ ...

which is a MA(oc)-process and therefore called the MA representation of
the AR(1) process.
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2. AR(2)-process
Yi=c+o1Yi1+ o2Ye 2+ &y (18)

which is a second-order stochastic linear difference equation with w; = c+¢;
and {e;} Gaussian White Noise. This stochastic process can also be written
using the lag operator L as:

(1 — 1L — po L)Y, = ¢ + &
or in the factorized form:

(1 — >\1L)(1 — )\QL)}/t = C + &y.
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As we saw in Il.1, this difference equation is only stable if the eigenvalues A1 and A5 of

P11 P2

the matrix F' = [ 1 0

] , which are the solutions A7 and Ao of the characteristic

polynomial
A — XA — ¢y =0,

lie inside the unit circle (are less than 1 in modulus for complex numbers). As we also
showed, you can alternatively check, if the solutions z; and z5 of the lag polynomial

1—¢1Z—¢222:O

lie outside the unit circle (are greater than 1 in modulus).
As the AR(2)-process is a second-order stochastic linear difference equation, those same
conditions must be fulfilled for the AR(2)-process to be stationary!
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Then, there also exists an expression for (1 — ¢ L — ¢oL?)~! so that the
AR(2)-process can also be written as a MA(oo)-process:

1/75 = (1 — ¢1L — ¢2L2)_1C + (1 — ¢1L — ¢2L2)_18t

where

(1 —¢1L — ¢oL®)" = (1—XL) '(1—NL)"
= (L4+ XL+ ML+ . )+ ML+ AL+ ..
= 1+ L+l + ...

= (L)
with ?701 = A1+ Ao
Yo = AT+ A+ A X
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Hence, the MA(oco)-representation of the AR(2)-process is given by:

Y: + e+ U1gi—1 + g2+ ...

B C
1 —¢1— @2

with
c

T 1— 1 —

E(Y:) = p

and | |
V; = 1] + Xy

where ¢1 + co = 1 (for a proof see Hamilton p.12).

Therefore, the MA representation of the AR(2)-process can be written

shortly as:
Yy = p+ ¢(L)er.
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Substituting ¢ = pu(1 — ¢1 — ¢2) in (18), we get:

Yi = p(l—90¢1—¢2) +1Yio1 + Yo+ e
Ye—p) = o01(Yim1 —p) + d2(Yia — p) + &4

Multiplying by (Y;—; — 1) and taking expectations results in:

E[(Y — 1) (Yiey — )] = E[Yies — 0)(Yiey — )
+  @E[(Yi—o — p)(Yie; — 1t)]
+  Elee(Yi—j — p)]

= Y= ¢1vj-1+ P2yj—2 for j=1,2,.. (19)
Thus, the autocovariances follow the same second-order difference equation
as the process for Y;.
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By dividing (19) through ~y we get the autocorrelations as:

pj = P1pj—1+ Papjo2 for j=1,2,..

As po = 1 and p_1 = py the autocorrelation for j = 1 is given by:

p1 = @1+ P2p1
®1
= p1 = 1 ¢2.
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For 7 = 2:
P2 = @Q1p1+ P2
2
1
and so on.

Similarly (— See Hamilton p.57-58), it can be shown that:

o = (1 —¢2)0?
(1= ¢2)[(1 = ¢2)> — 1]
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3. AR(p)-process
Yi=ct+ oY+ deYiot. ...+ 0pYipte (20)

which is a pth-order stochastic linear difference equation with w; = ¢+ ¢
and {e;} Gaussian White Noise.

This stochastic process can also be written using the lag operator L as:

(1= 1L — ol — ... — §,LP)Y; = c+ ;.
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As we have already shown, this difference equation is only stable if the

eigenvalues A1, Ag, ..., A, of the matrix F,
1 b - Ppo1 Dp |
1 0 0 0
F =10 1 0 0
0 0 1 0 |
which are the solutions A1, Aa, ..., A, of the characteristic polynomial
AP — GNP — AP — = A — ¢, = 0,

lie inside the unit circle (are less than 1 in modulus for complex numbers).
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As we have also shown, you can alternatively check, if the solutions
21,22, ...,2p of the lag polynomial

1—¢12—¢222—...—¢p2p:()

lie outside the unit circle (are greater than 1 in modulus).

As the AR(p)-process is a pth-order stochastic linear difference equati-
on, those same conditions must be fulfilled for the AR(p)-process to be
stationary!
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Then, there exists an expression for (1 — ¢1L — ¢oL* — ... — ¢, LP)~ ! so
that the AR(p)-process can also be expressed as a MA(oo)-process:

Vi=(1—¢1L—¢ol?—...—¢,LP) tet+(1—¢1L—¢ol?—...—¢,LP) g,
where
(1= 1L — ¢oL? — ... — ¢ L")
= (1=-2L)" " -1 =)L)

= (I+ML+XLP+..) - (L+ ML+ XL+ ..)
= 14 L+ L%+ ...
= (L)
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It can also be shown that

%‘ — Cl)\{ —|—Cg>\%—|— —|—Cp>\g9

p
with > ¢; =1 (for a proof see Hamilton p.12).
i=1

Hence, the MA(oo)-representation of the AR(p)-process is given by:

C

Y, —
Tl — ... —

+ et +1er—1 + Pagr_o + ...

with
C

Tl — ... — ¢,

E(Y;) =
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Therefore, the MA representation of the AR(p)-process can also be written
shortly as:

Yi=p+y(L)es.

As for a stationary AR(p)-process

0
> | < oo,
=0

the process is also ergodic.
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Substituting ¢ = (1 — ¢1 — ... — @) in (20), we get:
Y, = pl—¢1—...—¢p) +P1Yio1+ ...+ dpYip + &4
Yi—p) = o1(Vier—p)+ .o+ p(Yep — ) + &

Multiplying by (Y:—; — p) and taking expectations results in:

E[(Y: = )Yy — )] = SE[(Yicr — )Yy — )] + ...
+  PpE[(Yiep — ) (Yi—j — p)]
+  Elee(Yi—j — 1]

= Y= ¢1")/j_1 -+ gbg’)/j_g + ...+ qbp’)/j_p for 9=1,2,... (21)
Again, the autocovariances follow the same pth-order difference equation as the process
for Y;.
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By dividing (21) through ~y we get the autocorrelations as:

Pj :¢1pj_1—|—...—|—¢p,0j_p fOI’ j = 1,2,...

Those equations are called the Yule-Walker equations and can be solved
recursively as we did in the case of the AR(2)-process.
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4. Invertibility of AR processes

As all stationary AR(p)-processes have a MA(co) representation, it can
also be shown that a MA(q) process has an AR(c0) representation if the
so-called invertibility conditions are fulfilled. However, those invertibility
conditions resemble the stationarity conditions of the AR-process!
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C. ARMA Processes

Combining an MA(q) and an AR(p) part, we obtain the general ARMA(p, q)
model:

Y = c+oiYia+ ...+ opYiy
AR-part
+\‘915t—1 + ...+ (9p8t_13 +E¢
MA-part

where {e;} is Gaussian White Noise.

As the MA(q) part is always a stationary process, the AR(p) part, that
is to say the parameters ¢, ..., ¢,, determine if the ARMA(p, ¢) process is
stationary.
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Using the lag operator L, the ARMA(p, q)-process can be written as:
(1—¢1L—...— ¢, LP)Y,=c;+(14+ 6L+ ...+60,Le,

If the AR part is stationary, there exists an expression for (1 — ¢1L —
.. — ¢p,LP)~ 1, so that the ARMA(p, q)-process has the following MA(o0)
representation:

Vi = u+(1—¢1L—...— ¢, LP) M1+ 601L+ ...+ 0,L%e;
1+6,L+..+6 Lq)

L
( p1L— ... — ¢pr)
+( .-

= L+ YL+ ¢2L2 £t
= p+Y(L)e

with y = ——=—— as for the AR(p)-process.
T—¢1—...— by
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The stationarity of the AR(p) part also guarantees that:

oo

> Y] < oo

7=0

= the process is ergodic!
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As we did for the AR(p)-process, we can write the ARMA(p, q)-process in
terms of deviations from the mean p in order to derive the autocovariances:

(YVi—p) = é1(Ye1—p)+ .+ 6p(Yip— 1)
—|—(918t_1 + ...+ qut—q + &¢

Vi = Q1Vj-1+ P2Yj—2+ . + Opyj—p Ffor 7> ¢!

For 7 < g, the MA part also effects the autocovariances. Hence, the
autocovariances as well as the autocorrelations of the ARMA(p, q)-process
have more complicated characteristics than those of an AR(p)- or MA(q)-
process!
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111.2 Parameter Estimation of ARMA Processes

[Hamilton (1994), Chapter 3, 5]
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Aim:

Estimation of the model parameters 8 = (c, D1, P2, ..oy Op, 01,02,...,0q, 02)/ of an
ARMA(p, q) process

Yi=c+d1Yi1+P2Yi o+ @3Yi s+, .. +016414+02612+.. .+ 0461 +&s

{e+},or White Noise with E(e;) = 0 and E(e;) = o~ from a time series that contains

T observations (y1, y2, - - -, Yr)
Maximum likelihood (ML) estimation

= Distributional assumption for &;. Typically: e; ~ i.i.d.N (0, o°)
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Computation of the likelihood function, i.e. the "likelihood” to observe a time series

(y1, Y2, - - -, Y7 ) given the assumption of a specific parametric stochastic process.

/ . . .
Parameter vector @ = (c, ¢1, P2, ..., Pp, 01,02, ...,0,, 0°) which maximizes the

likelihood function: Maximum likelihood estimator.
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Maximum Likelihood Estimation of a stationary AR(1) , i.e. ARMA(1, 0)-Process

Y = c+ ¢oyi—1 + &4

{e+},r White Noise with E(e;) = 0 and E(g]) = o”. Additional Assumption: € ~

i.i.d.N (0,07).
We search for estimators of the unknown parameters @ = (c, ¢, c2)".

¢

2
E(Y) = E(V — w)° = 1%

2
where g; is normally distributed = 1y ~ N (ﬁa 1(_77)

Likelihood contribution y1: fy, (y1; 0) = fv,(y1; c, ¢, o%) = \/ﬁm exXp _{ygf,;[/c(/l(i;g))]}
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Consider y1: Density of (y2|Y1 = y1) N ((c+ ¢y1), 02) ie.

fyo—c— 2
fyovy (Y2]y1; 0) = \/ﬁeXp [ {y2 202@1)} ]

Joint density function of the first and second observation

fyva.vi (Y2, 915 0) = fyvy v, (y2]y1; 0) - fvy(y1;0)
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Analogous:
Tya|Yy, Y, W3l¥2:91:0) = fyg|y, (y3ly2;0)
_ 1 —{y3 — ¢ — pyo}>
= —————exp
V 2ro2 202
ng,YQ,Yl(y3,y2>y1§9) = fy3|y2,y1(93|y2,y1;9) . fy2,yl(y2,y1;0)
B 1 —{y3—0—¢y2}2 1 —{yg — c — y1 }>
e . exp .
2
L exp [—{yl —le/(1 = D)} ]
2 2
\/27r\/02/(1—¢>2) 204/(1 — ¢#)
Generally:
fYt|Yt_1,Yt_2,...,Y1(yt|yt—1’yt—Q"'-ay1§0) = fYt|Yt_1(yt|yt—1§9)
_ 1 exp —{yp —c— dyp_1}°
\/271'02 202
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Joint Density of the sample, i.e. likelihood function:

Ypyr_q,..11 (yT7yT—17yT—2>---7y1;9> = fyplvp_y (yt|yt—1;9) I Yp_g,..7 (yT—17yT—2’---

T
= f0) -] AN (ytlyt_1;9>

Log likelihood function:

1 1 o’ ~{y1 — [/ - ®I}*] [T -1
logL = — 510g(27r) — Elog (1 — ¢2> — [ 202 /(1 — 32) ] — [T] log(2m) —
B T e b )2
- [T 1] fog(0?) — 3 [(yt : <2byt 1) ]
t=2 g

The system is maximized by solving for nulls of the first derivatives subject to 8 =
(¢, p,0%)"
System of equations is non-linear in the parameters 8 = (c, ¢, 02)' = numerical
optimization

Summary: Hamilton (1994), p. 133-142.
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Maximum Likelihood Estimation of a stationary AR(p) , i.e. ARMA(p, 0)-process
Aim:
Estimating @ = (c, ¢1, ¢2, - . . , $p0°)" of an ARMA(p, 0)-process is defined with

(1 — 1L — ¢poL? — ¢p3L® — ... — ¢, LP] Vi = c + &

{e+},o Gaussian White Noise with E(e;) = 0 and E(e;) = o°. Additional Assumption:

gr ~ i.1.d.N (0, 07%).
y® = (y1,y2,...,9p): (p X 1) vector of the first p observations of the time series

1 (p x 1) vector of expectations of the first p observations E (y(p)) :

vector consists of p elements: p = 1_¢1_¢;—...—¢p
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o2VP): (p x p) variance covariance matrix of y?):

(Y] — p)? E(Y] — 1) (Y2 — ) - o B(Y] = p)(Yp — )
E(Y] — pu)(Yg — p) E(Yy — pn)? '
' E(Y3 — p)°
E(Y] — pu)(Yp — 1) . . E(Yp — )2
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yP) ~ N (,u(p), 02V(p)) . Joint density function of the first p observations (i. e. likelihood

contribution):

exp
(271_)—]?/2

exp

Using |aA| = a"|A].

1/2
'0_2(\/(17))_1' )
{_%%(y(p) _ @)y v @)y =1, () _ M(p))] _

(=2) P/ '(V@))—l'm |

[_%%(y(p) _ M(p))’(V(P))—l(y(p) _ M(P))]

Consider p preceding observations, then the tth observation is normally distributed with

expectation ¢ + @1Yi—1 + P2Yr—2 + P3Yyi—3 + ... + @pYs—p and variance o2,

Prof. Dr. Joachim Grammig, University of Tiibingen, Winter Term 2007 /08 118



Advanced Time Series Analysis

When we condition only the last p observations are of interest for t. Therefore fort > p

— 1> — 2" 70>: < —1, Dy ey _70>:
Y 1,Y 9.1 (yt|yt 1 Yi—2 Y1 fYt|Yt_1,Yt_2,...,Yt_p Ytlyt—1,y1—2 Yt—p
2
L Ayt —c—d1yr—1 —P2vp—2 — d3Yy4-3 — --- — PpYt—p}
\/27r02 202

The joint density (= likelihood) function is:

o yq: 0 -
vy 1,77 Wt e—1:Yt—2, - Y13 0) fyp|yp_1,yp_2,,,,y1(yp_1,yp_z,

,Y1:0) -

T .
Ht:p—l—l fYt|Yt—1,Yt—2,---aYt—p(yt|yt_1’ Yt—25 - Yt—ps 0)
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Log likelihood:
—1 / —1

logL — — glog(%) B glog <02> N % (V(p)> _ 20% <y(p) _ M(p)) (V(p)) (y(p) _ M(p))

_ I=r log(2m) — -2 log(o”) — ZT: e e ) T P _2¢3?Jt—3 — ¢pyl—p)2

/ —1
_ % Nog(27) — % Nog(02) + 1Og(a2)%log(v(p))—1 N 2%2 <y(p) N M(p)) (V(p)) (y(p) N M(p))
£ (yt —c— P1Yt—1 — P2Yt—2 — $3Yt—3 — - - - — ¢py1_p)2
o Z 202
t=p+1

Setting the first derivatives equal to zero: Resulting system of equations is non-linear in

the parameters.

= Numerical optimization.
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Avoiding numerical optimization techniques: Conditional likelihood function

fybyt_l,._.’yp_i_l|yp,___,yl(yt,yt_l,yt_2, s Ypt1lyps -, Y15 0) =
2
T—p T—p 2 d (¢ —c— P1Yp—1 — P2Yt—2 — P3Y¢—3 — - — PpyY1—p)
— -log(2w) — —— - log(o”) — Z
2 2 20’2
t=p+1

|dentical asymptotic distributions for large samples. Conditional log likelihood:

Maximization yields the same result as minimization

ZtT:pH [(yt —C— P1Yi—1 — P2Yt—2 — P3Yt—3 — ... — ¢py1—p)2}

=  Conditional ML-estimation of an AR(p)-process: Result is identical to Least Squa-

res Estimation. Asymptotic properties of (exact) ML-estimation and OLS-estimation are

equivalent.
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Conditional Maximum Likelihood estimation of an MA(1), i.e. ARMA(O, 1)-process

Aim: Estimation of the parameters of an MA(q) process 8 = (,u, 01,62, ...,0q, 02)/
Conditional Maximum Likelihood estimation does not result in a simplified estimating

equation for the parameters MA(1):

Yi=p+ e+ Oeiq
{e+},or Gaussian White Noise with E(e;) = 0 and E(g}) = o°.
Additional assumption: &; ~ 4.1.d.N (0, 02).

Conditioning is more difficult compared to the AR: € is not directly observable
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If £,_1 were known:

Yilet—1 ~ N (,u + Oei—1, 02)

—{yt—u—eet_l}Ql

fYt|€t—1(yt|€t—1§ 0) = \/T?GXP [ 202

If additionally eg = O were known =-
Y1|€0 ~ N (,LL, 0'2)

and: e1 =y — u

o 012
= fY2|Y1,50:0(yt|y1,€o =0;0) = 1 {ya—n—0e1} ]

ex
5 p [ 552

2o
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€9 = Ya — u — Beq is also to be derived. = If eg = 0, then the sequence
{€1,€2,...,er} can be iteratively computed from ¢, = y, — u — Oe,_1 for a gi-

ven 8 = (i, 0, 0°)’.

Conditional density of the tth observation, conditioned on the past observations and
Eg = 0
fYt|Yt_1,Yt_Q,...,Yl,{-:O:O <yt|yt—1’yt—2’ s Yt—gr €0 = 059> =

= Fyylep_ 1 Wtler—1:0) =

L —{e1}?
N \/27.‘-0-2 P 202

.2
log L = —Zlog(2m) — L log(o?) — ZtT:1 [20—’52]
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For each choice of the parameter vector @ = (u, 0, 02)'
=  Recursion from ; = y — u — 041
=  Sequence of {e1,€9,...,e7}.

Analytical solution for nulls of the conditional log likelihood of an MA(1) process is not

available.
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Alternative method of computation instead of recursion ¢, = y; — u — Oe4_1:

er = (Yr—p) = 0(ye1— ) +0*(yr2—p) —. ..+ (=110 (y1 — ) + (=1)"0"eo

|0| smaller than 1: effects of conditioning get weaker over time.

= Conditional log likelihood is a good approximation of the exact likelihood function
|6| > 1: cumulation of the effects of conditioning.

Parameter estimator || > 1: results can not be used

=  Exact likelihood has to be known.

MA(q) estimation is analogous to conditional ML estimation.
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Conditional Maximum Likelihood estimation of an MA(q), i.e. ARMA(O, q)-process
Yi=p+ e+ 01601+ O2er—2+ ...+ 0414

{e+},cr White Noise with E(e;) = 0 and E(e;) = o”. Additional assumption: &; ~

i.i.d.N (0, 07).
Conditioning on the first g values of the innovation €g,e_1,...,e_4+1 = 0.
Analogous to MA(1): Recursive construction {€1,€2,...,e7}:

et =Yt — p — 01641 — b9 — ... — 9q€t—q

fort=1,2,...,T
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2
log L = —% log(2m) — %log(a2) — Zle [20—752]

Effects of conditioning: Stability of the difference equation ¢; = y; — u — 61641 —

Is the solution to (1 + 012 + 6522 + ...+ 0,2%) = 0 within the unit circle? (asked
q

differently: are the eigenvalues of F outside?)

= ldentification of the exact likelihood function.
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Exact Maximum Likelihood estimation of an MA(1), i.e. ARMA(O, 1)-process

1. Kalman-Filter-Approach [see Hamilton (1994), p. 372 ff.]
2. Triangular factorization of the variance covariance matrix of the MA(1) process

(T x 1) vector of realizations of the stochastic process:

Y= (Y192, -5 yt)
(T x 1) vector of expectations p = (p, pt, ..., p)" and
(T x T') variance covariance-matrix of an MA(1): Y; = pu + &4 + e
(14 62) 0 0o ... 0
0 (1+6% o o0
Q=o2. 0 0 0
0 0
0 0 .0 (146
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Implementing Gaussian White Noise innovations =  joint density (=likelihood):

'T'-variate normal distribution

(2m) TR0 R exp | (v — ) () v — ) 22)

Maximization of equation (22)7 If there are many observations in the time series: Numerical

instabilities when inverting €2.
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Solution: Triangular factorization
Q = ADA’

A: (T x T') matrix, only on and below the main diagonal there are elements unequal to

zero. There are only ones on the main diagonal.

D: Diagonal matrix, i.e. only the elements on the main diagonal of the (7" X T') matrix

are unequal to zero.

Q = ADA’
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Writing the matrices €2, A, and D out

(1+62) 0 0o ... 0
0 (1+6%) 6 0
Q=02. 0 0 0
0 6
0 0 .0 (1+6?%
1 0 0 0
—0 0 0
(1+62)
. 0(1+6%) 0
- 1+624-04
0 0
2, g4 2(T—2)
0 0 0(14+0“4+0~+...4+6 ) 1

14624044 402(T—-1)
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1+ 62 0 0 0
2 .4
146246 0 0
1+62 0 46
2 14+0°4+6%+6
D=oc2. 0 0 0
? 1+62+64
0 0
0 0 0 4621044 12T

14024604+, +02(T—1)

Derivation: see Hamilton (1994)
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Alternative notation of the MA(1) likelihood:
Construction of an auxiliary time series: ¥ = A~ (y — )
A has on its main diagonal only ones = |A| =1

= |2| = |A[| D] |AY] = |D|

=  Likelihood function of the MA(1):

_ _ 1 _
2m) " exp |~ 50 - W) (@) - )
1
= (2m) DI P exp —Ey’D‘ly]

where Q7' = A~'D 1A
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Numerical instability when computing the auxiliary time series (due to inversion of

the (7" x T') matrix)?

y=A"(y—n) = Ay=(-—pn)
System of equations with T" equations.
First line: y1 = y1 —

1+92+94+...+92(t_2)gt )
146024044, 492(—1) It~

tth line: 4 = y¢ — p —

— lterative computation of 3; , starting with 41 = y1 — u
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Numerical instability when computing the inverse of D ((7" x T') matrix)?

D is a diagonal matrix =  |D]| is the product of the terms on the main diagonal
T

D[ = 11,2, du

Inverse of D: Diagonal matrix with reciprocal values on the main diagonal of D

i

~ —1~ T
= Dy = Zt:ld_tt

Log likelihood function of an MA(1) process log ((27T)_T/2|Q_1/2| exp [—%(y — ) () (y —

log L = Zlog(2m) — 1 (7 logdy) — 1 ( 0 i
g 2 g T 2 t=1 Og Ayt 2 Zt:l dtt

Simply evaluate it recursively!
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Conditional Maximum Likelihood Estimation of an ARMA(p, q)-process
We search for: Estimator for the parameter vector of an ARMA(p, q) process
Y;f — C+¢1Y;5—1+¢2}/t—2+- . -+¢p}/t—p+91€t—1+928t—2+- . -+9q€t—q+€t

{et},or White Noise with E(e;) = 0 and E(e;) = o®. Additional assumption: e; ~

i.i.d.N (0, 07).

Likelihood is conditioned on p initial values y(®) = {Y0,Y-1,--.,Y—p+1} and q initial
innovations () = {€0,€-1,.--,E_qt1}-
For given y(o), 5(0), 0 (c, D1, P2, P3, ..., Pp, 01,02,...,0, 02)/ = recursive
computation of {e1,e2,...,er} from {y1,vy2,...,yr}

Et = Yt—C— P1Yt—1— P2Yi—2— . . . — ¢p'yt—p —0i1e4—1—02c_2—...— 9q€t—q
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.0
log L = logfy yvi | vy gvile® 4(© (yT’ yr-1,yr-2, - yrple” y )
T T ) [ &2
= ——log(2m) — —=1lo — E —t
2 32 2 B t=1 [202]

compare MA(1)

Initial values of the vectors y(o) and (¥ e.g. on expectations:

gs =0fors =0,—1,...,—g+1and ys = fors =0,—1,..,—p+1.

C
(1—¢1—¢>2—...—¢p)

or observed values y1, y2, . . ., Yy, as starting values.
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Examination for MA(q) part: Stability of the difference equation

€t = Yt —C— ¢1yt—1 - ¢2yt—2 — ... ¢pyt—p — 91515—1 — 928t_2 — .. qut—q

Solutions of

(14 612+ 022" + ... 4 0,29 =0
outside the unit circle? (possibly eigenvalues of F inside the unit circle?)

If we do not have an exact likelihood function, e.g. Kalman-Filter approach (Hamilton

(1994, p.372 ff.)
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Wold’s decomposition theorem (WDT)
Consider: stationary AR(p) [and ARMA(p, q)] process have MA(oo) representation:
Yi=p+ Z;?io Yjer—;

{€t};er White Noise process and Z;io wjz- < o0

Wold's decomposition theorem: All covariance stationary processes with expectation 0 can

be written in the form:

Yi =2 g ¥ie—j + Ky

where 19 = 1 and Z;io @b? < oo and k¢ uncorrelated with £;_;. k¢ can be expressed

by a linear function of preceding values of Y;: linear deterministic component of Y;

Z;ﬁo 1;e¢—j: linear stochastic component of Y;. K, = 0 = Y} is a purely stochastic

process.
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Implications of Wold’s decomposition theorem for modeling

Additional assumptions regarding the MA parameter (11, 12, . ..) are necessary to make

use of the WDT.

If not there were infinitely many possible parameters.

ARMA(p, q) pose a structure on v (L): Infinite lag polynomial as function of the ARMA

parameter @ = (¢, p1, b2, , ..., Pp, 01,02, ..., 04, 02)/

1 _ _9(L) __ 146]L+05L°+..464L9
ZJ':O YL =1 (L) = ¢(L) = 1—¢p1L—¢poL2—...—ppLP

Estimation of (L) and ¢(L) from the sample.
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Box-Jenkins modeling philosophy

—
Lag (i)

1. Transform the data, until the assumption of covariance stationarity is met (building

differences, logs)

2. First try to model the transformed time series with small values p and ¢ (stage of

identification). Compare the empirical ACF with the theoretical ACF of the ARMA(p, q)

process.
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3. Estimate the parameter (L) and ¢ (L) (stage of estimation)

4. Specification tests (possibly iteration for identification)

Testing for uncorrelated estimated residuals. (Ljung-Box statistic)

Under the null hypothesis, y; ~ N (u, 0”) the test statistic Q(k) = TLHZle(T —

i)~ 'r? is asymptotically x*(k).
T': number of observations,
r?: squared autocorrelation of order 1,

k: number of accounted autocorrelations

Prof. Dr. Joachim Grammig, University of Tiibingen, Winter Term 2007 /08 143



Advanced Time Series Analysis

Akaike /Schwartz information criterion
AIC(p,q) = In(6%) +2(p + )T~

AICE(p,q) = —2In(L) + 2(p + q)

SBC*(p,q) =In(6*) + (p+ )T ' InT

SBC%(p,q) = —2In(L) + (p +q) InT
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I11.3 Stationarity Tests (Dickey Fuller Test)
[Hamilton (1994), p.502;
Hayashi (2000), Chapter 9.3/9.4|
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The work horse to test for non-stationarity: Dickey-Fuller tests

Basics: Unit Root Processes vs. Trend Stationary

Two types of non-stationarity

Processes:

Yt = K+ Ye—1 + U (23)

yy=a+ 0 -t+ u

Equation (23) is a special case of:

Ye = U+ OYi—1 + Uy

There are three cases possible:

¢ <1
(@] > 1
(] =1

Yt = QYt—1 + ur = pus—1 + ¢2ut—2 + ¢3ut—3 +

oot Pluo + " y1 + wy
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Advanced Time Series Analysis

The work horse to test for non-stationarity: Dickey-Fuller tests
Basics: Unit Root Processes vs. Trend Stationary Processes:

Yt = U+ P1Yi—1 + P2Yi—2 + P3Yi—3 + . . . + PpYi—p + Uy

Explosive? Stationary? Permanent Effects (Unit root)?

yr = flur + fPur—a + fFPures + oo+ fluo+ v+ w

Compute p eigenvalues of F, where F':

¢1 P2 .. Pp—1  Pp
_ 1 0 . 0 0 »1 P2 A0 12 _
F= 0 1 0 0 ’( 1 0 >_( 0 A )"A —P1A P2 =0
0 0 1 0

absolute value largest root = 1: unit root process for p = 2
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Advanced Time Series Analysis

The work horse to test for non-stationarity: Dickey-Fuller tests
Basics: Unit Root Processes vs. Trend stationary processes:

Two types of non-stationarity
Yt = Y1+ Ut Of Yr = b+ Y1 + Uy (24)
yt=a+p-t+ w

Equation (24) is a special case of:
Yt = B+ PYr—1 + U
There are three cases possible with 1 = O:

[P <1
(] > 1

(] =1

Y = Y1 + Uy = pup_1 + ¢ up_o + P up_z + ... + dlug + My + uy
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Advanced Time Series Analysis

Realization of a White Noise process y; = u;

M I | I | I | I | I | I | I | I | I | I |

0 20 40 60 80 100 120 140 160 180 200
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Advanced Time Series Analysis

Realization of a stationary process (autoregressive process of order one)
yr = 0.8y—1 + ut

Yo =10 .

~ . ! . ! . ! . ! . ! . ! . ! ! . ! . |

a 20 40 60 80 100 120 140 160 180 200
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Advanced Time Series Analysis

Realization of a random walk without drift
Yt = Yi—1 + Uy

Yo = 0

18

14

10

© . ! . ! . ! . ! . ! . ! . ! . ! . ! . |

0 20 40 60 80 100 120 140 160 180 200
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Advanced Time Series Analysis

Realization of a trend-stationary process

yt:O2t—|—ut

50

40

30
T

10

-10

0 20 40 60 80 100 120 140 160 180 200

Prof. Dr. Joachim Grammig, University of Tiibingen, Winter Term 2007/08 152



Advanced Time Series Analysis

Realization of a random walk with drift
yr = 0.2 4+ yp—1 + uy

Yo = 0

35
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Advanced Time Series Analysis

The work horse to test for non-stationarity: Dickey Fuller tests
Basic idea: Test whether a1 = 1 in ¥y = a1y:—1 + uy

Run a regression, back out a1, s.e.(a1)

Calculate t-statistic: 7 = 41
s.e.(aq)

Distribution of 7 under the null: non-standard. Obtained by simulations. Refer to tables
(e.g. in Hamilton)

Equivalent (and usually done):

Y — Y1 = Ay = (a1 — D)ys—1 +ue = v - ypo1 + wy
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Advanced Time Series Analysis

The work horse to test for non-stationarity: Dickey-Fuller test statistics
Related tests. Look at your data! Estimated models:

Yt = ag + a1ys—1 + Uy Yt = ag + a1yi—1 + a2l + uy

Ay = ag+ v Yi—1 + Uy Ayy = ag + v - Yi—1 + ast + uy
Test whether a; = 1, v = O respectively.
Run regression, back out s.e.(¥%)

A~ ~

ctatictics - — A — Y
Calculate t-statistic: 7, XE) T = 520

both have under the null hypothesis v = 0 non-standard distributions: look up the correct
quantile table!!
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Advanced Time Series Analysis

Critical values (quantiles) for Dickey-Fuller test statistics

Srarizreral Table) 419

STATISTICAL TABLES
Tablfe A  Empirical Cumulative Distribution of ©
Probahility of o Smaller Value
Sample Sk na D25 003 0.10 .90 o5 0975 099
Bl Constant or Time (o, =a; =0) T

25 =366 -3.25 =1.95 =} .60 092 .33 170 210

50 =262 225 -1.95 =LAl LR 1.31 156 208
i) =160 -224 =195 =161 LK ] 1.29 1,64 203
250 =258 -1 ~1.95 =1.62 .89 1.29 1.63 X410
30 -158 =213 -195 -182 080 128 1.62 200
s =255 -223 =[.95 = | 2 05e 128 .62 .00
Constant (o, = ) T

25 =15 -313 3,00 ~262 047 LELE ] 34 kT2

50 -1.58 =322 -293 =2 6 ~0.40 03 {1 Bl 1 (h.iy
10K -351 =317 289 258 042 0,05 [ 3 (k63
=0 ~346 =114 288 257 042 41,045 04 62
55K ~344 =303 287 25T -0d43 000 ~0M Dl
.= =343 =312 -LE6 257 44 047 023 (X
Corstant + fhme LB

24 438 =395 —3S0 -3 1.4 -DaQ 050 018

L)) —4.15 -3%0 350 -8 -9 =087 048 .24
L] =404 =173 =545 =315 =122 .M -052 28
250 -3 =369 =143 -313 =123 .92 L1 68 =131
540 358 ~3068 342 <RIy -iad 43 a5 032
- -356 =366 341 =312 125 054 66 003

Fowrre: Thas table was eoastructed by David A Dnckey wsing Monte Carle methads, Sundand eorces o
the evlimastey. wary, b prost are beas than 0.3 The 1able is repmduced from Wayee Faller, fntroduction
o Srarlptical Time Serier (New Yorks Fobin Wiky) 1976
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