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Abstract

We study the task of semi-supervised learning on multilayer graphs by taking into
account both labeled and unlabeled observations together with the information
encoded by each individual graph layer. We propose a regularizer based on the
generalized matrix mean, which is a one-parameter family of matrix means that
includes the arithmetic, geometric and harmonic means as particular cases. We
analyze it in expectation under a Multilayer Stochastic Block Model and verify
numerically that it outperforms state of the art methods. Moreover, we introduce a
matrix-free numerical scheme based on contour integral quadratures and Krylov
subspace solvers that scales to large sparse multilayer graphs.

1 Introduction

The task of graph-based Semi-Supervised Learning (SSL) is to build a classifier that takes into
account both labeled and unlabeled observations, together with the information encoded by a given
graph[5) 29]. A common and successful approach is to take a suitable loss function on the labeled
nodes and a regularizer which provides information encoded by the graph [2,[17}33,135/138]]. Whereas
this task is well studied, traditionally these methods assume that the graph is composed by interactions
of one single kind, i.e. only one graph is available.

For the case where multiple graphs, or equivalently, multiple layers are available, the challenge is to
boost the classification performance by merging the information encoded in each graph. The arguably
most popular approach for this task consists of finding some form of convex combination of graph
matrices, where more informative graphs receive a larger weight [[1} 15 [16} 25,130} 1311 34, 136]].

Note that a convex combination of graph matrices can be seen as a weighted arithmetic mean of
graph matrices. In the context of multilayer graph clustering, previous studies [21H23] have shown
that weighted arithmetic means are suboptimal under certain benchmark generative graph models,
whereas other matrix means, such as the geometric [22] and harmonic means [21], are able to discover
clustering structures that the arithmetic means overlook.

In this paper we study the task of semi-supervised learning with multilayer graphs with a novel
regularizer based on the power mean Laplacian. The power mean Laplacian is a one-parameter family
of Laplacian matrix means that includes as special cases the arithmetic, geometric and harmonic mean
of Laplacian matrices.We show that in expectation under a Multilayer Stochastic Block Model, our
approach provably correctly classifies unlabeled nodes in settings where state of the art approaches fail.
In particular, a limit case of our method is provably robust against noise, yielding good classification
performance as long as one layer is informative and remaining layers are potentially just noise. We
verify the analysis in expectation with extensive experiments with random graphs, showing that our
approach compares favorably with state of the art methods, yielding a good classification performance
on several relevant settings where state of the art approaches fail.
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name minimum  harmonic mean  geometric mean arithmetic mean  maximum

P p— —00 p=—1 p—0 p=1 p— 00
mp(a,b) minfa,b}  2(+ %)_1 Vab (a+b)/2 max{a, b}

Table 1: Particular cases of scalar power means

Moreover, our approach scales to large datasets: even though the computation of the power mean
Laplacian is in general prohibitive for large graphs, we present a matrix-free numerical scheme based
on integral quadratures methods and Krylov subspace solvers which allows us to apply the power
mean Laplacian regularizer to large sparse graphs. Finally, we perform numerical experiments on
real world datasets and verify that our approach is competitive to state of the art approaches.

2 The Power Mean Laplacian

In this section we introduce our multilayer graph regularizer based on the power mean Laplacian.
We define a multilayer graph G with T layers as the set G = {G(") ... G(T)}, with each graph
layer defined as G = (V,W®), where V. = {v1,...,v,} is the node set and W) € R"*" is the
corresponding adjacency matrix, which we assume symmetric and nonnegative. We further denote
the layers’ normalized Laplacians as L{ = I — (D®)=1/2W (D®)=1/2 where D® is the degree

diagonal matrix with (D®);; = ™" W0,

The scalar power mean is a one-parameter family of scalar means defined as

T
mp(xh s 7$T) = (% Zi:l x]ij)l/p

where 21, ..., 27 are nonnegative scalars and p is a real parameter. Particular choices of p yield
specific means such as the arithmetic, geometric and harmonic means, as illustrated in Table|T]

The Power Mean Laplacian, introduced in [21]], is a matrix extension of the scalar power mean
applied to the Laplacians of a multilayer graph and proposed as a more robust way to blend the
information encoded across the layers. It is defined as

. 1/p
Ly = (% Z?:1(Lg;)m)p)
where A'/P is the unique positive definite solution of the matrix equation X? = A. For the case
p < 0 a small diagonal shift € > 0 is added to each Laplacian, i.e. we replace Lély)m with Lé?m +¢&,to

ensure that L,, is well defined as suggested in [3]]. In what follows all the proofs hold for an arbitrary
shift. Following [21]l, we set & = log;o(1 + |p|) + 1076 for p < 0 in the numerical experiments.

3 Multilayer Semi-Supervised Learning with the Power Mean Laplacian

In this paper we consider the following optimization problem for the task of semi-supervised learning
in multilayer graphs: Given k classes r = 1, ..., k and membership vectors Y (") € R™ defined by

Y") = 1 if node v; belongs to class r and Yi(r)

i = 0 otherwise, we let

o = arg min |f - Y N2+ AfTL,f. (1)
e n

The final class assignment for an unlabeled node v; is y; = arg max{ fi(l), ceey fi(k)}. Note that the
solution f of ()), for a particular class 7, is such that (I +\L,) f = Y (™). Equation (T) has two terms:
the first term is a loss function based on the labeled nodes whereas the second term is a regularization
term based on the power mean Laplacian L,,, which accounts for the multilayer graph structure. It is
worth noting that the Local-Global approach of [35] is a particular case of our approach when only
one layer (1" = 1) is considered. Moreover, not that when p = 1 we obtain a regularizer term based
on the arithmetic mean of Laplacians L; = % ZiT:1 Lg;)m. In the following section we analyze our
proposed approach (1) under the Multilayer Stochastic Block Model.



4 Multilayer Stochastic Block Model

In this section we provide an analysis of semi-supervised learning for multilayer graphs with the
power mean Laplacian as a regularizer under the Multilayer Stochastic Block Model (MSBM). The
MSBM is a generative model for graphs showing certain prescribed clusters/classes structures via
a set of membership parameters pi(fl) and pgﬁft, t =1,...,T. These parameters designate the edge
probabilities: given nodes v; and v; the probability of observing an edge between them on layer ¢ is

pi(fl) (resp. pgu)t), if v; and v; belong to the same (resp. different) cluster/class. Note that, unlike the
Labeled Stochastic Block Model [13]], the MSBM allows multiple edges between the same pairs of
nodes across the layers. For SSL with one layer under the SBM we refer the reader to [14} 24} 28]].

We present an analysis in expectation. We consider k clusters/classes Cy, . ..,Cy of equal size
IC| = n/k. We denote with calligraphic letters the layers of a multilayer graph in expectation
EG) = {E(GW,...,E(GM)},ie. W is the expected adjacency matrix of the ¢'"-layer. We
assume that our multilayer graphs are non-weighted, i.e. edges are zero or one, and hence we have

Wf; ) = pi(fl), (resp. Wi(; ) = pgtgt) for nodes v;, v; belonging to the same (resp. different) cluster/class.

In order to grasp how different methods classify the nodes in multilayer graphs following the MSBM
we analyze two different settings. In the first setting (Section all layers have the same class
structure and we study the conditions for different regularizers L,, to correctly predict class labels.
We further show that our approach is robust against the presence of noise layers, in the sense that it
achieves a small classification error when at least one layer is informative and the remaining layers
are potentially just noise. In this setting we distinguish the case where each class has the same
amount of initial labels and the case where different classes have different number of labels. In the
second setting (Section4.2) we consider the case where each layer taken alone would lead to a large
classification error whereas considering all the layers together can lead to a small classification error.

4.1 Complementary Information Layers

A common assumption in multilayer semi-supervised learning is that at least one layer encodes
relevant information in the label prediction task. The next theorem discusses the classification error
of the expected power mean Laplacian regularizer in this setting.

Theorem 1. Let E(G) be the expected multilayer graph with T layers following the multilayer SBM

T
with k classes C1, . .., Cy, of equal size and parameters (pi(fl),pgl)t) . Assume the same number of
t=1

labeled nodes are available per class. Then, the solution of (I)) yielciv zero test error if and only if
mp(pe) < 1+e, 2)

where (pe)e = 1= (ply) = i) /() + (k= 1)pol) + e and t =1, T.

This theorem shows that the power mean Laplacian regularizer allows to correctly classify the nodes
if p is such that condition (2)) holds. In order to better understand how this condition changes when p
varies, we analyze in the next corollary the limit cases p — £o0.

Corollary 1. Let E(G) be an expected multilayer graph as in Theorem|l| Then,
e Forp — oq, the test error is zero if and only zfp,gtu)t < pi(t) forallt=1,...,T.

n

o For p— —ox, the test error is zero if and only there exists at € {1,..., T} such that p((fu)t < pi(fl).
This corollary implies that the limit case p — oo requires that all layers convey information regarding
the clustering/class structure of the multilayer graph, whereas the case p — —oo requires that at
least one layer encodes clustering/class information, and hence it is clear that conditions for the limit
p — —oo are less restrictive than the conditions for the limit case p — co. The next Corollary shows
that the smaller the power parameter p is, the less restrictive are the conditions to yield a zero test
error.

Corollary 2. Let E(G) be an expected multilayer graph as in Theorem Let p < q. If L yields
zero test error, then Ly, yields a zero test error:

The previous results show the effectivity of the power mean Laplacian regularizer in expectation.
We now present a numerical evaluation based on Theorem |1| and Corollaries [1| and |[2| on random
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Figure 1: Average classification error under the Stochastic Block Model computed from 100 runs.
Top Row: Particular cases with the power mean Laplacian. Bottom Row: State of the art models.

graphs sampled from the SBM. The corresponding results are presented in Fig. [I]for classification
with regularizers L_q9, L_1, Lo, L1, L1gp and A = 1. We first describe the setting we consider: we
generate random multilayer graphs with two layers (1" = 2) and two classes (k = 2) each composed
by 100 nodes (|C| = 100). For each parameter configuration (pi(i), p((il)t, pi(?, pgi)t) we generate 10
random multilayer graphs and 10 random samples of labeled nodes, yielding a total of 100 runs per
parameter configuration, and report the average test error. Our goal is to evaluate the classification
performance under different SBM parameters and different amounts of labeled nodes. To this end,
we fix the first layer G*) to be informative of the class structure (pi(i) - pﬁjft = 0.08), i.e. one can
achieve a low classification error by taking this layer alone, provided sufficiently many labeled nodes

are given. The second layer will go from non-informative (noisy) configurations (pi(j) < pgl)t, left

half of x-axis) to informative configurations (pl(i ) > pffft, right half of x-axis), with pi(rtl) + p(()tu)t =0.1

for both layers. Moreover, we consider different amounts of labeled nodes: going from 1% to 50%

(y-axis). The corresponding results are presented in Figs. [Tal[IblTc|Td] and [Te]

In general one can expect a low classification error when both layers G(*) and G(?) are informative
(right half of x-axis). We can see that this is the case for all power mean Laplacian regularizers here
considered (see top row of Fig.[T). In particular, we can see in Fig.[Te|that L, performs well only
when both layers are informative and completely fails when the second layer is not informative,
regardless of the amount of labeled nodes. On the other side we can see in Fig. [Ta]that L_ 1, achieves
in general a low classification error, regardless of the configuration of the second layer G(?), i.e. when
GM or G? are informative. Moreover, we can see that overall the areas with low classification
error (dark blue) increase when the parameter p decreases, verifying the result from Corollary 2} In
the bottom row of Fig. [T] we present the performance of state of the art methods. We can observe
that most of them present a classification performance that resembles the one of the power mean
Laplacian regularizer L. In general their classification performance drops when the level of noise
increases, i.e. for non-informative configurations of the second layer G(?), and they are outperformed
by the power mean Laplacian regularizer for small values of p.

Unbalanced Class Proportion on Labeled Datasets. In the previous analysis we assumed that
we had the same amount of labeled nodes per class. We consider now the case where the number
of labeled nodes per class is different. This setting was considered in [38]], where the goal was to
overcome unbalanced class proportions in labeled nodes. To this end, they propose a Class Mass
Normalization (CMN) strategy, whose performance was also tested in [37]. In the following result
we show that, provided the ground truth classes have the same size, different amounts of labeled
nodes per class affect the conditions in expectation for zero classification error of (T). For simplicity,
we consider here only the case of two classes.
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Theorem 2. Let E(G) be the expected multilayer graph with T layers following the multilayer SBM

T
with two classes C1,Co of equal size and parameters (pi(fl), pff@ . Assume nq,ne nodes from
t=1

C1,Cs are labeled, respectively. Let A = 1. Then (1)) yields zero test error if

ny N2

mp(pe) < min{, } 3)

Nno N1
where (pe): =1 — (plt) — pS) /(0 + (k — 1)pli)) + € andt =1,...,T.

Observe that Theorem [2] provides only a sufficient condition. A necessary and sufficient condition for
zero test error in terms of p, ny and ns is given in the supplementary material.

A different objective function can be employed for the case of classes with different number of labels
per class. Let C be the diagonal matrix defined by C;; = n/n,., if node v; has been labeled to belong
to class C,.. Consider the following modification of (T)

argmin || f — CY||> + A\fTL, f (4)
feRn

The next Theorem shows that using @) in place of (I)) allows us to retrieve the same condition of
Theorem [I] for zero test error in expectation in the setting where the number of labeled nodes per
class are not equal.

Theorem 3. Let E(G) be the expected multilayer graph with T layers following the multilayer SBM

T

k classes Cy, . .., Cy, of equal size and parameters (pi(fl)7p(()tu)t> . Letny,...,ny be the number of
t=1

labeled nodes per class. Let C € R™*™ be a diagonal matrix with Cy; = n/n,. for v; € C,. The

solution to @) yields a zero test classification error if and only if

mp(pe) < 1+e, (5)
where (pe)e =1— (pf) — i) /() + (k= )pll) + € and t =1, T.

In Figs. 2a] [2b] and [2c] we present a numerical experiment with random graphs of our analysis
in expectation. We consider the following setting: we generate multilayer graphs with two layers

(T = 2) and two classes (k = 2) each composed by 100 nodes (|C| = 100). We fix pi(i) —p(l) =0.08

out —
and pl(i ) _ p((fl)t = 0, with pi(rtl) + p(()?t = 0.1 for both layers. We fix the total amount of labeled nodes

tobe n; +ng = 50 and let ny,no = 1,...49. For each setting we generate 10 multilayer graphs
and 10 sets of labeled nodes, yielding a total of 100 runs per setting, and report the average test
classification error. In Fig.[2a] we can see the performance of the power mean Laplacian regularizer
without modifications. We can observe how different proportions of labeled nodes per class affect the
performance. In Fig. 2b] we present the performance of the modified approach () and observe that it
yields a better performance against different class label proportions. Finally in Fig.[2c| we present
the performance based on Class Mass N ormalizationﬂ where we can see that its effect is slightly
skewed to one class and its overall performance is larger than the proposed approach.

4.2 Information-Independent Layers

In the previous section we considered the case where at least one layer had enough information to
correctly estimate node class labels. In this section we now consider the case where single layers

"We follow the authors” implementation: http:/pages.cs.wisc.edu/~jerryzhu/pub/harmonic_function.m
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Figure 4: Average test error under the SBM.Multilayer graph with 3 layers and 3 classes.Top Row:
Particular cases with the power mean Laplacian. Bottom Row: State of the art models.

taken alone obtain a large classification error, whereas when all the layers are taken together it is
possible to obtain a good classification performance. For this setting we consider multilayer graphs
with 3 layers (T = 3) and three classes (k = 3) C1, C, C3, each composed by 100 nodes (|C| = 100)
with the following expected adjacency matrix per layer:

Wt — Pin; v;,vj € Cyorv;,v; € Cy ©)
“J Dout else

fort = 1,2,3, i.e. layer G) is informative of class C; but not of the remaining classes, and hence any
classification method using one single layer will provide a poor classification performance. In Fig.[4]
we present numerical experiments: for each parameter setting (pin, Pout) We generate 5 multilayer
graphs together with 5 samples of labeled nodes yielding a total of 25 runs per setting, and report
the average test classification error. Also in this case we observe that the power mean Laplacian
regularizer does identify the global class structure and that it leverages the information provided by
labeled nodes, particularly for smaller values of p. On the other hand, this is not the case for all other
state of the art methods. In fact, we can see that SGMI and TSS performs similarly to L;o which has
the largest classification error. Moreover, we can see that AGML and TLMV perform similarly to
the arithmetic mean of Laplacians L1, which in turn is outperformed by the power mean Laplacian
regularizer L_1(. Please see the supplementary material for a more detailed comparison.

5 A Scalable Matrix-free Numerical Method for the System (I + \L,)f =Y

In this section we introduce a matrix-free method for the solution of the system (I + A\L,)f =Y
based on contour integrals and Krylov subspace methods. The method exploits the sparsity of
the Laplacians of each layer and is matrix-free, in the sense that it requires only to compute the
matrix-vector product Lé?m X vector, without requiring to store the matrices. Thus, when the layers
are sparse, the method scales to large datasets. Observe that this is a critical requirement as L, is
in general a dense matrix, even for very sparse layers, and thus computing and storing L,, is very
prohibitive for large multilayer graphs. We present a method for negative integer values p < 0,
leaving aside the limit case p — 0 as it requires a particular treatment. The following is a brief
overview of the proposed approach. Further details are available in the supplementary material.

Let Ay,..., Ar be symmetric positive definite matrices, ¢ : C — C defined by ¢(z) = 2'/? and
L, =T~ '/?Py(S,), where S, = A? + - + AP, The proposed method consists of three main steps:
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1. We solve the system (I +AL,) 'Y via a Krylov method (e.g. PCG or GMRES) with convergence
rate O((%)h/ 2) 2701, where £ = Amax(Lp)/Amin(Lp). At iteration h, this method projects
the problem onto the Krylov subspace spanned by {Y,AL,Y, (AL,)?Y, ..., (AL,)"Y}, and
efficiently solve the projected problem.

2. The previous step requires the matrix-vector product LY = T Py(S,)Y which we compute
by approximating the Cauchy integral form of the function ¢ with the trapezoidal rule in the
complex plane [[12]. Taking N suitable contour points and coefficients 3y, . . ., Bx, we have

en(Sp)Y = BoSy T {0, Bz - 5,) 7Y, )

which has geometric convergence [12]]: [|¢(S,)Y — on(Sp)Y| = O(e27* N/ (In(M/m)+6))
where m, M are such that M > A\pax(Sp) and m < Apin (Sp).

3. The previous step requires to solve linear systems of the form (zI — S,,)~'Y". We solve each of
these systems via a Krylov subspace method, projecting, at each iteration h, onto the subspace

spanned by {Y, 5,Y, S2Y, ..., SZ}}Y}. Since S, = Z;'T:l A;lm this problem reduces to comput-
ing |p| linear systems with A; as coefficient matrix, fori = 1...,T. Provided that A, ..., Ap
are sparse matrices, this is done efficiently using pcg with incomplete Cholesky preconditioners.

Notice that the method allows a high level of parallelism. In fact, the N (resp. p) linear systems
solvers at step 2 (resp. 3) are independent and can be run in parallel. Moreover, note that the main
task of the method is solving linear systems with Laplacian matrices, which can be solved linearly in
the number of edges in the corresponding adjacency matrix. Hence, the proposed approach scales to
large sparse graphs and is highly parallelizable. A time execution analysis is provided in Fig[5} where
we can see that the time execution of our approach is competitive to the state of the art as TSS[30]],
outperforming AGML[25]], SGMI[15] and SMACD{11]].

6 Experiments on Real Datasets

In this section we compare the performance of the proposed approach with state of the art methods
on real world datasets. We consider the following datasets: 3-sources [18]], which consists of news
articles that were covered by news sources BBC, Reuters and Guardian; BBC[9] and BBC Sports|10]]
news articles, a dataset of Wikipedia articles with ten different classes [26]], the hand written UCI
digits dataset with six different set of features, and citations datasets CiteSeer[19], Cora[20] and
WebKB(Texas)[6]]. For each dataset we build the corresponding layer adjacency matrices by taking the
symmetric k-nearest neighbour graph using as similarity measure the Pearson linear correlation, (i.e.
we take the k neighbours with highest correlation), and take the unweighted version of it. Datasets
CiteSeer, Cora and WebKB have only two layers, where the first one is a fixed precomputed citation
layer, and the second one is the corresponding k-nearest neighbour graph built from document
features.

As baseline methods we consider: TSS [30] which identifies an optimal linear combination of
graph Laplacians, SGMI [15] which performs label propagation by sparse integration, TLMV [36]
which is a weighted arithmetic mean of adjacency matrices, CGL [1] which is a convex combi-
nation of the pseudo inverse Laplacian kernel, AGML [25] which is a parameter-free method for
optimal graph layer weights, ZooBP [8] which is a fast approximation of Belief Propagation, and
SMACD [[11]] which is a tensor factorization method designed for semi-supervised learning. Finally
we set parameters for TSS to (¢ = 10,¢y = 0.4), SMACD (A = 0.01F] TLMV (A = 1), SGMI

2this is the default value in the code released by the authors: https:/github.com/egujr001/SMACD




3sources BBC
1% 5% 10% 15% 20%  25% 1% 5% 10% 15% 20% 25%
TLMV 29.8 215 20.8 20.3 15.5 16.5 TLMV 29.0 19.3 13.2 11.1 9.3 8.8
CGL 502 455 36.4 30.6 23.8 19.8 CGL 725 523 36.1 27.4 22.0 17.1
SMACD 915 91.1 91.2 90.9 90.7 91.3 SMACD 744 735 72.8 72.6 72.5 72.4
AGML 239 263 339 333 26.1 22.0 AGML 60.0 342 18.6 13.1 11.0 9.5
ZooBP 31.0 219 21.3 19.8 15.0 153 ZooBP 31.1 20.1 15.0 12.2 10.0 9.1
TSS 29.8 239 33.1 34.6 34.8 35.0 TSS 404  26.1 20.9 20.1 19.8 19.7
SGMI 344 26.6 254 244 19.1 17.9 SGMI 37.6 289 24.9 22.8 20.7 19.3
L 335 239 23.4 20.1 15.6 14.6 L, 313 2238 17.4 13.5 10.2 8.9
L, 284  20.0 21.8 22.0 17.2 17.9 L, 31.0 17.0 11.5 10.5 9.2 8.7
Lo 409  29.1 21.9 19.3 14.8 14.7 Lo 516 269 16.6 12.8 10.3 9.5
BBCS Wikipedia
1% 5%  10%  15%  20% _ 25% 1% 5%  10%  15%  20% _ 25%
TLMV 25.6 12.6 10.5 7.5 6.4 54 TLMV 65.7 56.8 46.4 43.1 40.8 39.2
CGL 79.2 516 34.9 23.4 16.5 12.7 CGL 873  83.0 82.5 82.2 83.0 83.0
SMACD 778  80.6 82.4 96.4 98.4 98.3 SMACD 854  85.6 85.4 85.3 86.8 90.0
AGML 34.6 17.4 12.1 7.0 6.0 54 AGML 71.3  66.6 48.1 42.1 384 37.3
ZooBP 33.8 139 11.3 8.8 7.6 6.2 ZooBP 67.6  58.0 47.0 43.8 412 39.8
TSS 239 13.2 14.1 12.3 13.1 12.2 TSS 877 847 83.3 81.9 82.3 81.4
SGMI 31.9 19.6 16.6 15.5 14.8 12.1 SGMI 69.3 848 84.5 83.8 83.2 82.8
L, 29.9 15.0 135 10.6 8.7 7.2 L, 682  61.1 53.6 48.3 44.1 423
L, 238 11.6 8.7 6.3 5.8 5.1 L, 59.1 523 40.2 36.3 35.1 34.1
L.y 487 225 14.2 9.1 7.8 6.1 L.y 669 572 432 38.7 36.3 34.9
UCI Citeseer
1% 5% 10% 15% 20%  25% 1% 5% 10% 15% 20% 25%
TLMV 289 204 16.3 14.4 13.7 12.7 TLMV 515 394 36.5 33.7 31.6 30.3
CGL 81.8 640 54.6 49.1 46.7 46.7 CGL 893 718 58.0 49.8 44.5 40.9
SMACD 736 81.0 90.0 90.0 86.2 81.9 SMACD  90.7 904 67.0 65.5 66.8 68.9
AGML 25.3 17.2 15.2 13.2 12.5 12.0 AGML 473 323 29.6 28.2 27.5 27.0
ZooBP 308 217 17.6 15.1 14.1 13.0 ZooBP 63.6 419 38.7 35.8 33.8 322
TSS 24.0 17.6 16.6 15.9 15.8 15.6 TSS 585 495 459 42.1 39.8 38.4
SGMI 36.0 444 50.9 50.4 50.2 48.8 SGMI 59.4  46.8 44.0 423 40.5 39.2
L 31.3 23.8 18.7 15.6 14.4 13.2 L, 56.3 44.1 41.2 38.5 36.1 34.7
L, 30.5 17.1 13.8 12.6 12.3 11.9 L, 524 39.0 35.6 32.6 30.9 29.5
L.y 57.0 33.8 23.7 17.6 15.3 13.4 L.y 68.6 54.6 48.5 43.0 39.7 37.2
Cora WebKB

1% 5% 10% 15% 20%  25% 1% 5% 10% 15%  20% 25%

TLMV 46.0  34.1 28.8 25.8 22.5 20.6 TLMV 58.6 494 45.6 472 47.6 48.2
CGL 855 70.1 56.5 49.1 442 40.0 CGL 804 824 84.4 86.9 82.7 89.2
SMACD 756  76.7 78.7 78.7 81.0 87.1 SMACD 873 872 87.2 87.4 87.8 87.8
AGML 547  36.0 25.4 20.7 18.1 16.5 AGML 56.5 503 46.8 44.7 47.6 46.8
ZooBP 547  38.0 329 30.2 27.6 26.2 ZooBP 520 450 38.7 38.5 36.4 335
TSS 38.8 277 24.1 21.5 20.0 19.1 TSS 609  51.0 50.5 47.3 49.2 48.7
SGMI 573 4717 43.0 41.8 40.1 38.5 SGMI 449  39.7 41.9 34.9 40.3 52.5
L, 50.7 382 334 31.2 28.2 25.6 L, 585 49.0 44.8 44.3 44.5 444
L, 432 318 24.5 21.1 18.8 17.2 L, 499 455 40.7 39.5 39.9 40.3
L.y 62.0 463 354 29.4 25.2 22.3 L.y 523 419 38.0 38.1 36.8 39.5

Table 2: Experiments in real datasets. Notation: best performances are marked with bold fonts and

gray background and second best performances with only gray background.

(M =1,X =10"3) and A = 0.1 for L; and A = 10 for L_; and L_;o. We do not perform cross
validation in our experimental setting due to the large execution time in some of the methods here
considered. Hence we fix the parameters for each method in all experiments.

We fix nearest neighbourhood size to & = 10 and generate 10 samples of labeled nodes, where the
percentage of labeled nodes per class is in the range {1%, 5%, 10%, 15%, 20%, 25%}. The average

test errors are presented in table 2| where the best (resp. second best ) performances are marked
with bold fonts and gray background (resp. with only gray background). We can see that the first and
second best positions are in general taken by the power mean Laplacian regularizers L1, L_1, L_1g,
being clear for all datasets except with 3-sources. Moreover we can see that in 77% of all cases L_;
presents either the best or the second best performance, further verifying that our proposed approach
based on the power mean Laplacian for semi-supervised learning in multilayer graph is a competitive
alternative to state of the art methods’}

3Communications with the authors of [I1]] could not clarify the bad performance of SMACD.
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Appendices

This section contains all the proofs of results mentioned in the main paper, together with a detailed
description of the proposed numerical scheme. It is organized as follows:

Section [A|contains auxiliary results,

Section [B|contains the proof of Theorem

Section [C|contains the proof of Corollary

Section [D|contains the proof of Corollary

Section [E|contains general version of Theorem 2]

Section [F| contains the proof of Theorem

Section (G contains the proof of Theorem

Section [H|contains a detailed exposition of the numerical scheme presented in Section
Section|[[we present a numerical analysis for the case of three layers and three classes as in Sec.[4.2]
Section [J| presents a numerical analysis of the effect of the regularization parameter A

A Auxiliary Results

We first present some results that will be useful.

The following theorem states the monotonicity of the scalar power mean.
Theorem 4 ([4], Ch. 3, Thm. 1). Let p < g then my(a,b) < my(a,b) with equality if and only if
a="o.

The following lemma shows the effect of the matrix power mean when matrices have a common
eigenvector.

Lemma 1 ([21]])). Let u be an eigenvector of Ay, . .., A with corresponding eigenvalues A1, . .., Ar.
Then u is an eigenvector of My,(Aq, . .., Ar) with eigenvalue my(A1, ..., Ap).

The following Lemma states the eigenvalues and eigenvectors of expected adjacency matrices
according to the Stochastic Block Model here considered.

Lemma 2. LetCy,...,Cy be clusters of equal size |C| = n/k. Let W € R"*"™ be defined as

k
W = (pin = Pow) Y _ e, 18, + pour 117" ®)
i=1
and let x1, ..., Xk € R" be defined as
x1=1,  xr=)» l¢ —rle, ©)
j=1

forr =2,... k. Then, x1,...,Xk are orthogonal eigenvectors of W, with eigenvalues

>\1 = ‘C| (pin + (k - l)pout)7 )\T’ = |C| (pin 7pout) (10)

Proof. Please note that from the definition that the matrix W is equal to p;, in the block diagonal
and poyt elsewhere. We first consider the following matrix vector products that can be easily verified:

W1 = [C| (pin + (k — 1)pous)1 (11)
chi = ‘C| (pin]-Ci +poutla) (12)

Moreover, we can see that
W (1c, — 1¢,) = [C]| ((pin]-cj +p0ut15j> — (pulc, +pouc1a)>
= 1] (pun (1, = 1) +Pous (12, ~ 1, )
= IC] (pin (Le, = ;) = Pout (Le, — 1c,))
= [C] (Pin — Pout) (Le; — 1Lc;)

11



Now we show that x2, ..., X are eigenvectors of W.

i 1cj — Tlcr
j=1

= WZ 1c, — 1c,)
Jj=1
Jj=1
= Z IC| (Pin — Pout) (1Cj — lcr)
Jj=1
= |C| (Pin — Pout Z c; — lc

j=1

r

|C‘ Pin — pout Z 1Cj - TlC,,.
Jj=1

|C‘ Pin — pout
- )\TXT'
Furthermore, we can see that eigenvectors X2, - . . , X are orthogonal. Let 2 < r < s < k, then
T T S
Ji=1 Ja2=1
T S T S
_ T T T T
=2 21,1, = ) 1g, 1o, — 7 ) 18, Lo, +rsle e,
J1=1j2=1 Ji=1 jo=1
T S S
_ T T
=2 2.1k, —r ) 1e,1e
j1—1 j2—1 J2=1
= Z Z 18, 1, — 71 1c,
J1=1j2=1
T
=3 Y (1816,) i@
Ji=1j2=1
T
_ T
= (1,1¢,) ~riel
ji=1
T
=>_lel-ric|
Jji=1
=rlc|-rc]
=0

where in the third step we used that fact that 17 1¢, = 0 as r < s, and 1?7,1 lc, = 0as j; < s.
Finally, we can see that for 2 < r < k

kA
xixr =17 Y 1¢, —rle,
=1

s
= Z (1"1¢,) —r1"1c,

Jj=1

12



=riel-ricl
=0
and hence X1, . . ., X are orthogonal eigenvectors of the matrix V.
O

The following Lemma shows the eigenvectors and eigenvalues of the power mean Laplacian in
expectation under the considered Stochastic Block Model.

Lemma 3. Let E(G) be the expected multilayer graph with T layers following the multilayer SBM

with k classes C1, . . . ,Cy, of equal size and parameters (pl(n) , pgtu)t> . Then the eigenvalues of the

power mean Laplacian L, are
M(Lp) =€, Ai(Lp) = my(pe), Ni(Lp) =1+¢ (13)

with eigenvectors
i
x1 =1, Xi = Z 1C_7‘ - ZlCz

where (pe)y = 1 — (pl(fl) pgﬂt)/(pfﬁ) + (k — 1)p§2t) +et=1,....,7, ¢ = 2,...,k, and
j=k+1,...,|V

5

Proof. From Lemmawe know that x1, ..., X% are eigenvectors of w® W In particular,
we have seen that

= el e + (k- 1)pll), A =1e1 (Y - pi)

fori = 2, ..., k. Further, as matrices W) ... W) share all their eigenvectors, they are simulta-
neously diagonalizable, i.e. there exists a non-singular matrix ¥ such that =1 W®'Y = A®) where

A® are diagonal matrices AV = diag()\gt), e, )\,(:), 0,...,0).

As we assume that all clusters are of the same size |C|, the expected layer graphs are regular graphs
with degrees 1), ..., d(T). Hence, the normalized Laplacians of the expected layer graphs can be
expressed as

1
t) . t)\y—1
£h =x(I Gl )
Thus, we can observe that

)‘(t) (Egy)m> = 07 )‘(t (‘Cgr)m) - p(t)7 )‘(t (‘Cgr)m) a

fori=2,...,k,andj =k +1,...,|V]|, where

t t t t
p® = () — p) /(0 + (k — 1)p)

fort =1,...,T. By obtaining the power mean Laplacian on diagonally shifted matrices,
L, =My (LY), +el,... . L0 +el)

we have by Lemmal[T]
ML) =mpWY e, AN o) =
Al(ﬁp):mp( _P( )+5,,1—p(T)—|—5):mp(p€) (14)
N (Lp) = mp(/\(-l) +e,.. .,/\(.T) te)=1+4¢

where (pe): = 1 — (pi(fl) pgﬁt)/(pf? + (k — )pgtu)t) +eandt =1,...,7,i=2,...,k, and
j=k+1,...,V| O

13



The following Lemma describes the general form of the solution matrix
F=(fW ... f®)
where the columns of F' are obtained from the following optimization problem
O = argmin || f — CY |2+ AfTL,f
feRn
Observe that this setting contains as a particular case the problem described in Eq. (T).

Lemma 4. Let E(G) be the expected multilayer graph with T layers following the multilayer SBM

T
with k classes C1,...,Cy of equal size and parameters (pi(fl),pgfl)t) . Let p¢ be defined as in
t=1

Lemma|3| Let ny,...,ny be the number of labeled nodes per class. Let C € R™*™ be a diagonal
matrix with Cy; = ¢, for v; € C,. Let l(v;) be the label of node v;, i.e. l[(v;) = r if and only if
v; € C,.. Let the solution matrix F = (fV, ..., f*)) where

f0 = arg min | f - CYW2 4 ufTL,f
>

Then the solution matrix F is such that:
o [fr <l(v;), then

k
r s 1 1
fz( ) = Cp n Oé-‘rcrnrﬁ (1—l(’l}l))72+ E —
HXI(Uz) j:l(vi)+1 ||XJ||

o Ifr > I(v;), then

k

+Z#

fi(r) = c,.&a +enp|(1—r)—s 5
n b j=r+1 15|

o Ifr =1(v;), then

k
r Ny 1 !
= cratenf | (1- T)QW + 2
T ]

_ 1 _ 1 _ 1 1
where & = 100 — Tritirgy A B = om0 T TRR(Y"

Proof. Let U € R™ ™ be an orthonormal matrix such that U = (uy,us,...,uy), with u; =
xi/ |Ix:ll fori = 1,... k, where x1,..., X are eigenvectors of the power mean Laplacian as

described in Lemma[3]

The power mean Laplacian £, is a symmetric positive semidefinite matrix (see Lemma [3)) and
hence we can express £, as UAUT where A is a diagonal matrix with entries A;; = \;(L,), with
i =1,...,n. Hence, we can see that

(I+pL,) =T +UANUD) ' =0T +MNUD) =0T +AN)UT =vQUT

where (2 is a diagonal matrix with entries ;; = withi =1,...,n.

_1
lJrM)\L ?

From Lemma [3{we know that Ay, y; = --- = A\, = 1+ € =: &, and hence it follows that 2;; =
fori =k +1,...,n. Moreover, we can express § as the sum of two diagonal matrices, i.e.

Q=wl+06

_1
14pw

where w = ﬁ and © = diag (11 —w, ..., — w,0,...,0). Observe that O17 = Qy; —w =
1+1M6 - 71+,L(11+6) =:aand 9;; = Qj; —w = =:B,forj=2,...,k.

Recall that we are interested in the equation

F=(I+pL,) CY =UQUTCY € R™*F,

1 1
I+ump(pe)  1+p(l+e)

14



where each column of Y = [y(1), ..., 4] is a class indicator of labeled nodes, i.e.
G) 1 if l(v) =3 |
Yi {0 else (15)
Hence, each column of Y can be expressed as
W= > e (16)
vi€VI[l(vi)=j

where ¢; € R™ and (e;); = 1 and zero else. With this in mind, we now study the matrix-vector
product UQUT'e;. Recall that UOU is a k-rank matrix. Hence we have

UQU"e; = U(wI +0)UTe;
=we; +UOU ¢,

k
§ : T
= we; + G)jjujuj €;
j=1

k
= we; + Z 726ijjX? €;
j=1 (bl
1 k
=we; + —Onxi+ | Y, ——505xx] | e
" j=2 (b
1 IS
=we; + —ax1 + Z —s XX, | e
n j=2 (b

where in the last steps we used the fact that xlTei =17¢, = 1, and define @ = ©17 and 3 = O
due to the fact that ©; are all equal for j = 2,... k.

The remaining terms x; X]Tei depend on the cluster to which the corresponding node v; belongs to.

We first study the vector product x'e;. Observe that

T
xzei = Z 1c, —rle, e; = Z (131 ei> — rlcTTei
j=1 j=1
Recall that [(v;) is the label of node v;, i.e. I(v;) = r if and only if v; € C,.. Then, we have
r 0 for r <Ii(v;)
3 (157,62-) 1l e =1—1(;) for r=I(v;) (17)
j=1 1 for r>1(v;)
Therefore,
k k

1 Xl Vi X

j=2 (be]l ||Xl(vi) j=l(v;)+1 1

All in all we have

k
1 . .
DQUTei:WGi'f'ﬁOZXl 1+ (1—l(v¢))%+ 3 X
||Xl(Ui) J=l(v;)+1 Il

Moreover, the solution matrix F' can now be described column-wise as follows

15



7O = (I 4+ pLy) 7 Oy

—c, > vaU"e;
v €V |I(vi)=r

k
1 i J
o[ Y w4 emon tens [ -1 Xy X
v, €V |I(vi)=r HXI(”‘“) | Jj=l(v;)+1 HXJH

k
Xr Xj

2 2
el 557 I

1
= wcry(T) +erny | —ax1 + ﬁ (1 - T)
n

We now study the columns of matrix F. For this, observe that the i‘" entry of the column correspond-
ing to the class r, is obtained by fi(r) ={e;, f (T)>, and hence have

k
1 .
<ei; f(r)> :<ei7 WCry(r) +eny | —ax: + B (1 - T) Xr 2 X 2 >
n Ix-I” 570 Ixsll
n X a Xj
=c,—a+¢nefle, | (1—1)—""5cp 1)
n (bl iS5 Il

where (e;, we,y(") = 0 for unlabeled nodes. Having this, we now proceed to study three different
cases of the remaining inner product. We do this by considering the following cases and making use

of Eq. (T7):

First case: fi(r) with < I(v;). We first analyze the following term

k k
(en | (1—7r) X5 + X =t -2 e, S X
el 57 Il A Al
k X
(by first case of Eq[T7) :< iy J >

2
j=r+1 HXj ||

k
1 1
(by cases of Eq[T7) = (1 _ l(vz))iz + Z —
[[x1(0:) j=1(v5)+1 [l

Thus, we have

k
r Ny 1
fz( ) = Cr;a + crnrﬁ (1 — l(vz))iz + Z —
HXl(vq:) | j=l(vi)+1 [l

Second case: fi(r) with r > [(v;). We first analyze the following term

k k

X Xj X X3
<€i7 (1_7') T2+ jz >:<6i7(1_r) T2>+<6ia ]2>
”Xr” j=r+1 ”XJH ”XT” j=r+1 ||X_]||
o
(by third case of Eq[T7) = (1 — 7") + Z —

2 2
”XT” j=r—+1 ||X]||

16



Thus, we have

k
r r 1 1
fi():crn a+cnpBl(1—r) 5 + E 3
n ™ 570 I

Third case: fi(r) with r = [(v;). We first analyze the following term

k k

(i | (1= 1) X0+ Xy = (en (1= Xy e, Y )

2 2 2 2
”Xr” j=r+1 ”XJ” ||XT‘|| j=r+1 ||X_]||

k

+Z#

(by second case oquml = (1 — 7")272 3
HXTH j=r+1 ||XJ||

Thus, we have

k

r r 1 1
= Mavem | (1-m—s+ S —
n ”XT“ j=r+1 ||XJ||

These three cases are the desired conditions.

B Proof Of Theorem [l

Theorem 5. Let E(G) be the expected multilayer graph with T layers following the multilayer SBM

T
with k classes C1, .. .,Cy, of equal size and parameters (pi(rtl), p((il)t) . Let the same number of

nodes per class be labeled. Then, a zero test classification error is achieved if and only if

mp(pe) < 1+€7

where (pe): =1 — (plt) — p\1) /(0 + (k — 1)pli)) + € andt =1,...,T.

Proof. The proof of this theorem builds on top of Lemma] where the entries of the solution matrix
F=(fM,..., f®) are described, where

fO = axgmin||f — OY |+ uf L, f
e n

Let I(v;) be the label of node v;, i.e. I(v;) = r if and only if v; € C,.. According to Lemmathe
entries of matrix F' for unlabeled nodes are such that

o If r < [(v;), then

k 1

Ny 1
fi(T) = Cr;Oé + Crnrﬂ (1 - l(vz))i2 ™

il it X617

o If r > [(v;), then

k

r Ny 1
fz‘( ):cr—a—‘f—crnrﬁ (1—7”)72'1- Z —
n 1”57 Il

o If r = [(v;), then

k

+Z#

n
K =eZatens | (1-r’—s; 2
n HXTH j=r+1 ”XJ”
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1 1

where o« = and 8 =

1
14+pe 14+p(1+e)’

Observe that the case here considered corresponds to the case where the amount of labeled data per
class is the same, i.e. n; = - - - = ny, and where the matrix C is the identity, i.e. ¢c; = --- ¢, = 1.

L+pmp(pe) -

1
I+p(lte)”

Moreover, the estimated label assignment for unlabeled nodes goes by the following rule

l(v;) = arg max{fi(l), e fi(k)}
Hence, we need to find conditions so that the following inequality holds
fz'(j) < fi(l(vz‘)) V£ l(vi)
Hence, we consider the following two cases:
Case 1: £ < f') for 1 > I(v;).
Let r* = I(v;), and r = r* 4+ A. Then, we have
fi(r) < fi(l(vi)) =
fi(r) < fi(r*) =
G| b 1
BlaA-r—s+ Y —|<psla-r)? s+ Y, —
”Xr” j=r+1 ||X]|| HXT" j=r*+1 ||X]||
1 b 1 G|
0<p{ Q-1 g~ (=gt D, =3~ ) s
[pe (bl j=r+1 [l j=r+1 15|
b 1 b 1
o<pla-rr—sie-n—y5+ 3 Loy L
X7+ I ll™ 5570 G =T Il
r*4+A
0<pl-rP—gir-n—sg+ 3 ——
X7+ [ [ — 7]
0<p
Case2: £ < f) for r < I(v;).
Let r* = I(v;), and r* = r + A. Then, we have
fi(T) < fi(l(vi)) PN
fi(T) < fi(r )<$
k 1 k 1
Bl @—r s+ Y, — | <B|0=r)? s+ Y, —= | e
P2 Tl o I? 2= ]
*\2 * 1
0<plI—=r")—m—-1-1")——7s
[ [
0<p ((1 — 7"'“)272 + (r* — 1)2> &
[ X

0<p
All in all, from the two considered cases we can
f~(j) < f(l(vi))
In fact,

0<pf&e

see that

Vi #l(v) = 0<p
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1 1

— -~
L+ pmp(pe) 1+ p(l+e)
1 1

< =
L+pl+e) 1+ pmpy(pe)
L+ pmp(pe) <1+ p(l+e) <
mp(pe) <1+e

0<

which is the desired condition. O

C Proof of Corollary I

Corollary 3. Let E(G) be an expected multilayer graph as in Theoreml 1] Then,

e Forp — oo, the classification error is zero if and only if pout < pln) forallt=1,...,T.
(t)

m °

e For p— —o0, the classification error is zero if and only there existsat€{1,...,T } s.1. pout < p

Proof. Observe that the limit cases of the scalar power means are

pgm mp(z1,...,op) = min{z,..., 27}
pginoo my(z1,...,o7) = max{z,..., 2z}

Applying this to condition
mp(p 6) < 1 +e )

where (pe)r =1 — (pl(fl) p(()) )/ (pl(fl) + (k- )pgu)t) +eandt =1,...,T yields the desired result.
O

D Proof of Corollary 2]

Corollary 4. Let E(G) be an expected multilayer graph as in Theorem/|l| Let p < q. If L, has a
zero-classification error; then L,, has a zero-classification error.

Proof. By Theoremwe have that if p < ¢ then mp(z1,...,27) < mp(z1,...,or). Therefore,
applying this to our case we can see that
mp(pe) < mq(pe) <1+e€

A zero test classification error with parameter ¢ is achieved if and only if m4(pe) < 1 + ¢, hence we
can see that zero test classification error with parameter p is achieved if it is achieved with parameter
gandp < gq.

O

E General version of Theorem 2]

Theorem 6. Let E(G) be the expected multilayer graph with T layers following the multilayer SBM

with two classes C1, Cs of equal size and parameters (pl(n), pc()u)t) . Let ny,n9 nodes from classes

C1,Cy be labeled, respectively. Let jn = 1. Then, a zero test classtﬁcation error is achieved if and
only if

my(pe) < min {

(n1+n2)(1+€)2+1)—2ns (ng+n2)(1+€)?+1)—2n }
2n9 + (711 + TLQ)G ’ 2n1 + (’l’Ll + ng)e

l l l l
where (pe)y = 1= (ply) = pS)/ (i) + (k= V)pS)) + e, and 1 =1, T.
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Proof. The proof of this theorem builds on top of Lemma@ where the entries of the solution matrix
F=(fM,..., f®) are described, where

o = arg min | - Y2 4 pufr'L, f

Let I(v;) be the label of node v;, i.e. I(v;) = r if and only if v; € C,.. According to Lemmathe
entries of matrix F' for unlabeled nodes are such that

o If r < [(v;), then

k

r Ty 1 1
fi( ) :CT;a-ﬁ-Crnrﬁ (1 =1l(vs) ——5 + Z —
HXl(w) | G=l(vs)+1 x5l

o If r > [(v;), then

k

+ZL

fz(r) = Cr&a + Crnrﬁ (1 - T)72 2
n 1™ 57 Il

o If r = [(v;), then
k

+Z#

n
fi(r) =c—a+cnB|(1- r)272 5
n ”XTH j=r+1 ”XJ”

where o =

1 1 _ 1 _ 1
Thie — Thater 48 = mmns — thaae-

Observe that the case here considered corresponds to the case with two classes, i.e. k = 2 with equal
size classes C; and Co where the amount of labeled data per class is n; and no, respectively, with the
matrix C' as the identity, i.e. ¢; = c2 = 1, and regularization parameter ;1 = 1.

Moreover, the estimated label assignment for unlabeled nodes goes by the following rule

[(v;) = argmax{f™", f*}

Hence, we need to find conditions so that the following inequality holds
FP < £ 1)

Letl(v;) =1 v; € Cy,and [(v;) = 2 < v; € Ca. A quick computation following Lemmalé-_t|yields

. fi(l) = L+ B( ) forv; € Cy,ie. l(vs) =1

1
lIx21?

o £V = o - mB(RE) forvi € Covie. U(v:) =2

o £ = 20— nafp) forvi € Crie I(v;) =1
o £ = 2at mB(pip) for vi € Cov e U(v:) =2

Observing that || x2||* = n these conditions can be rephrase as follows

7O =2 (a4 8)le + (a - B) 1)
n2

- ((@=PF)le+(a+p)Lg)
Hence, the conditions for correct label assignment of unlabeled nodes are

ny (a+ B) > na (a— B) and ng (a + B) > ny (o — B)
Qoo =

f(2) —

1 1 1
LetQH:l—%, m,andw:m.Then,a:Qll—w, andﬁngg—w.
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By studying the first condition we observe
ny(a+B)>n(a—5) &
n1 (1 — w4+ Qoz —w) > ng (A1 —w— (a2 —w)) &
ny (11 + Qo2 — 2w) > na(Q1 — Na2) &
(’/ll — ng)Qn + (’/ll + ng)QQQ > 2njw &

Q 9 _ )
22>n1+n2(n1w (n1 —n2)1)
1 1 1
> 2n —(n1 —n2)Q2 =
1+mp(pe) n1 + na < 11+(1—|—6) (m1 2) 11>
1 1
> 2n —(ny —n N
L+my(pe) ”1+”2< gy (m 2)1+e)
1 o1 <2n2 +(n+ nQ)e)
1+mp<p€) ni + no (2+€)(1+6>

(24 €)(1+¢)
2ny + (ny +n2)e> <

(2+€)(1+e)
2no + (01 + n2)6> —le
my(pe) < (n1 +n2) ((2 + e)(liz)!(;ini;()vzl +n2)e)> -
(n1+n2)(2+€)(1+€) —€) — 2ny

2no + (nl + nz)e
(n1+n2)(L+€)?+1)—2ny
203 + (n1 +n2)e <

14+ mp(pe) < (n1 + n2) (

mp(pe) < (n1 + n2) (

mp(/’é) <

mp(pe) <

The corresponding condition for C, can be obtained in a similar way, yielding

(n1 +n2)((1+€)2+1) —2n
2ny + (n1 + no)e

mp(pe) <

Hence, both conditions hold if and only if

(i +n) (146 +1)=2n5 (n+no)(1+6>+1)— 2m}
2ng + (n1 + no)e ’ 2n1 + (n1 + no)e

() = my(p) < i {

O

F Proof of Theorem 2]

Theorem 7. Let E(G) be the expected multilayer graph with T layers following the multilayer SBM
) (@)

T
with two classes C1,Cs of equal size and parameters (pin , pout) . Let n1,no nodes from clusters
t=1
Cy1,Cy be labeled, respectively. Let n = 1. Then, a zero test classification error is achieved if

i <in {2 2]

ng N1
where (pe); =1 — (p) — ) /(P + (k — 1)pll) + e and 1 =1,....T.

Proof. We first analyze the first condition of the right hand side of Theorem @ Let g(e) =

(n14+n2)((14€)%2+1)—2n
L 222+(n1+n2)5 2. Then,

2(ny + ng) — 2ng n

O - e
9(0) 2 -
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Moreover, it is clear that g is monotone, as it is quadratic on € on the numerator and linear on the
denominator, and hence g(0) < g(e).

A similar procedure with the second condition of the right hand side of Theorem [6] leads to the
condition 72 2, leading to the desired result. O

G Proof of Theorem

Theorem 8. Let E(G) be the expected multilayer graph with T layers following the multilayer
SBM with k classes C1, . . . ,Cy of equal size and parameters (pl(n)vp(()tu)t> . Letny,...,ny be the
t=1

number of nodes per class be labeled. Let C € R™ be a cost vector where with C; = n/n, for
v; € Cy. Then, a zero test classification error is achieved if and only if

mp(pe) < 1 +€7

where (pe)y = 1= (pl,) = pSl)/ (Pl + (k= D)pS) + ¢ and L =1, T.

Proof The proof is similar to the one of Theoremﬂ] (see Section [B)). The only change is in the terms
cp . Since we have by definition that ¢, = T we have that c,.% = 1, leading to the conditions
obtained by Theorem ] O

H A scalable matrix-free method for the linear system (/ + \L,)f =Y

Computing the generalized matrix mean of 1" positive definite matrices Ay, ..., Ar requires to
compute 7' + 1 matrix functions: A}, ..., A} and (3, AY)1/P. Typically, the matrices A? are full
even though each A; is a sparse matrix and so, computing L,, explicitly is unfeasible if the A;’s have
large dimensions. Given a vector y and a negative integer p, here we propose a matrix-free method
for solving the linear system (I + AL,)~'y. The method exploits the sparsity of the Laplacians of
each layer and is matrix-free in the sense that it requires only to compute the matrix-vector product
A; X vector, without requiring to store the matrices A; themselves nor to compute any matrix
function A? explicitly. Thus, when the layers are sparse, the method scales to large datasets. Below
we give further details about the method presented in the short version of the paper. We present the
method for a general set of positive definite matrices Ay, ..., A, and for a general vector y, for the
sake of generality.

Let S, = A +--- 4+ A%, o : C — C be the complex function ¢(z) = 2!/ and let L,, be the matrix
function L, = TP ©(Sp). The proposed method essentially transforms the original problem into
a series of subproblems which thus allow us to solve the linear system (I + AL,) "'y by solving
several different linear systems with A; as coefficient matrices. The method consists of three main
nested inner—steps which we present below.

1. First, we solve the linear system (I + AL,) 'y by a Krylov method (GMRES in our case
[27]). At each iteration, this method projects the problem into the Krylov subspace spanned by
{y, ALy, AL,)%y, ..., (ALy) "y }. If K = Anax(Lp)/Amin(L,), then the method converges as

k2 — 1\ h/2
0 (( K2 ) ) ’
Thus, if L, is well conditioned, a relatively small A is required. In order to build the appropriate
Krylov subspace, at each iteration we need to efficiently perform one matrix—vector product L,y .

2. Second, in order to compute L,y = T -1/ Py(S,)y we use the Cauchy integral form of the
function ¢, transformed via a conformal map, to approximate (.S,) via the trapezoidal rule, as
proposed in [12]. Let m, M > 0 be such that the interval [m, M] contains the whole spectrum of S,
and lettq,...,tny be N equally spaced contour points to be used in the trapezoidal rule. As ¢ has a
singularity at z = 0 but just a brunch cut on (—oo, 0), we can approximate ¢ (.S,,)y via [12]

—8K(mM)1/4 (2'12) idi 2 -1
en(Sp)y = TS Im ;W(%I—Sp) y
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where Im denotes the imaginary part, k = ((M/m)*/* —1)/((M/m)"/* + 1), K is the value of
the complete elliptic integral of the first kind, evaluated at ke?, s; = sn(t;) is the Jacobi elliptic sine
function evaluated on the ¢-th contour point ¢;, and

k1t + s
= () s imst g i,

fori =1,...,N. This approximation converges geometrically as the number of points increases.
Precisely, it holds

lle(Sp)y — on(Sp)yll = O(e—QﬂQN/(lrl(]\/[/m)+6)> .

Thus, the computation of ¢(S,)y is reduced to N linear systems (221 — S,) ~'y. Note that these
systems are independent and thus they can be solved in parallel.

3. Finally, in order to solve the linear system (zI — S,,) ~'y we employ again a Krylov method. In

order to build the Krylov space for (21 —.S;,) and y we need to efficiently perform one multiplication

Sp times a vector per iteration. As S, = ZiT:l Al = 23:1 (A 1IPI, this problem reduces to solving

q linear systems with A; as coefficient matrix, for7 = 1,...,7T. As the matrices A; are assumed
sparse and positive definite, we can very efficiently solve each of these systems via the Preconditioned
Conjugate Gradient method with an incomplete Cholesky preconditioner.

The pseudocode for the proposed algorithm is presented in Algorithms [TH3]

Input: Ay,..., A7, p,y, A

Compute preconditioners P, ..., Py for Ay, ..., Ar

Compute estimates for m and M such that eigenvalues(S,) C [m, M|
Choose number of contour points N

Compute contour coefficients z;, s;, K, k

Solve (I + AL,) 'y with GMRES, using Alg as subroutine
Output: u= (I + A\L,) 'y

N AW N -

Algorithm 1: Solve (I + \L,) 'y

Input: Ay,..., Ar,p,y, N, m, M, contour Input: Ay,...,Ap, Py,...,Pr,y
coefficients z;, s;, ¢;, d;, k, K
1 u+ Sy, using Algf3| 1fork=1,....,T do

2 fori=1,...,N do . 2 u<—u+solve(ALp‘,y)usingCG
u < solve(z;1 — S,,y) with GMRES, using preconditioned with P;

Alg[|as subroutine 3 end
2\1/Pe. g
4 u Zﬁiiqk)_l_0;3z2 u Output: u = S,y
5 Wep1 = [Verillg Vi1 2 Vi Algorithm 3: Multiply S, times a vector
6 end
1 —8K(mM)'/*
7 U mp e lm(u)

Output: u = L,y

Algorithm 2: Multiply L, times a vector

H.1 Implementation details and computational complexity

Few implementation details are in order:

The preconditioners P; can be computed using an incomplete Cholesky factorization. In our test we
observe that a 1e-4 threshold is enough to ensure convergence of Alg[3|to 1e-8 precision in just 2 or
3 iterations. As in our case the A; are Laplacians, another excellent preconditioner can be obtained
using a Combinatorial Multi Grid method (CMG). In our experiments, the CMG preconditioner
performed similarly (but slightly worse) than the incomplete Cholesky.

A precise estimate of M in Alg[I|step 2 can be obtained using a Krylov eigensolver with Alg[3|as
subroutine. As for m, since each A” is positive definite and p is a negative integer, a good estimate
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Figure 6: Experiments with three Layers and three classes as in Section 4.2{and Figure

can be obtained by exploiting the Weyl’s inequality (see e.g. [32])
m = AmaLx(AAl)p + -+ )\max(AT)p S )\min(Sp) .

The number of contour points /N can be chosen using the geometric convergence of ¢y. In our
experiments, we chose a precision 7 =1e-8 and we set

N = |(In(M/m) + 6) In(7) /27| .
The contour points have been calculated using the code from [7].

Concerning the computational cost of the method, the following analysis shows that it is proportional
to the number of edges in each layer, i.e. Algm scales to large sparse datasets. Let ¢(A;) be the cost
of multiplying ¢(A;) times a vector (which is proportional to the number of nonzeros in A;, i.e. the
number of edges in the layer ¢ when A; is the normalized Laplacian of the i-th layer). Let K, Ko, K3
be the number of iterations of GMRES,GMRES and PCG in lines 5, 3 and 2 of Algorithms |I|, |Z|

and [3| respectively. Each instance of solve(ALp ! ,y) in Alg requires K3p c(A;) operations per
step. So The cost of Alg is roughly pK3 ZiT:1 ¢(A;). This implies that the cost of Alg is
NK>Ksp 2?21 c(A;). Therefore, the cost of solving the linear system (I + AL,,) 'y with Algll|is

Ki\NKyKsp(c(Ay) + -+ + c(Ar)),

showing that the method scales as the number of nonzeros in each layer, as claimed. It is important
to notice that the Algorithm allows for a high level of parallelism. In fact, the computation of the
preconditioners P; at step 1 of AlglT] the for at step 2 of Alg[2|and the for at step 1 of Alg[3|can all
be run in parallel.

I Analysis on Three Layers with Three Classes

In this section we give a more detailed exposition of experiments presented in Section 4.2 We
consider the cases where piy, — pout € {0.03,0.04,...,0.1} which are depicted in Figl6| In the
z-axis we have the amount of labeled nodes and in the y- we have the classification error. We can see
that in general there is a trend between the performance of our proposed method (colorful curves)
and state of the art methods (black curves). We can see that the larger the gap p;n, — pout the larger
the difference is between our proposed method and state of the art methods. Moreover, one can see
that the smaller the value of p the better the performance of our proposed method. Moreover, there is
a set of state of the art methods that do not improve their performance with larger amounts of labeled
nodes. Yet, one can observe that there are three methods from the state of the art that perform close
to our methods: TLMYV, ZooBP and AGML, which performs similarly to our method L; (i.e. the
arithmetic mean of Laplacians).
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Figure 7: Mean test classification error under MSBM for different values of \. Details in Sec. El

J Analysis on Effect of Regularization Parameter

In this section we present a numerical evaluation on the effect of the regularization parameter A under
the multilayer stochastic block model and on real world datasets. The corresponding results are

depicted in Fig.[7)and Fig. .

Experiments under Multilayer Stochastic Block Model. We analyze the effect of the regular-
ization parameter A under the Multilayer Stochastic Block Model. The experimental setting is as

follows: We fix the parameters of the first layer G*) and second layer G(?) to pl(i ) = 0.09, pg{l)t =

0.01, p2 = 0.05, p%) = 0.05. We consider values of A € {10~,10-2,10~1,10°, 10", 102, 103},
different amount of labeled nodes {1%, . .., 50%}. We sample five random multilayer graphs with
the corresponding parameters and 5 random samples of labeled nodes with a fixed percentage, and
present the average classification error. In Fig.[7]we can see that in general the larger the value of A
the smaller the classification error. In particular we can see that the performance does not present any

relevant changes with A < 1071,

Experiments with real world datasets. We analyze the effect of the regularization parameter A
with real world datasets considered in Section [6] For each dataset we build the corresponding layer
adjacency matrices by the taking symmetric k-nearest neighbour graph and take as similarity measure
the Pearson linear correlation, (i.e. we take the k neighbours with highest correlation), and take the

unweighted version of it.

We fix nearest neighbourhood size to k£ = 10 and generate 10 samples of labeled nodes, where the
percentage of labeled nodes per class is in the range {1%, 2%, ..., 25%}. The average test errors are
presented in Fig. 8] for power mean Laplacian regularizers L_1, L_5, L_5, and L_;,. We can see
that in general the best performance, i.e. smallest mean test classificaton error corresponds to values
of A = 10,102, 103, verifying the choice of A = 10 presented in Section@ Moreover, we can see
that the mean test error in general decreases with larger amounts of labeled data, which verifies our
previous experiments on multilayer graphs following the Multilayer Stochastic Block Model.
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