Introduction to Density Functional
Theory of Classical Systems: Theory
and Applications

Lecturenotes

by
Roland Roth
ITAP, Universitat Stuttgart
and
Max-Planck-Institut fir Metallforschung, Stuttgart
Germany

MAX-PLANCK-GESELLSCHAFT

Fukuoka, November 2006






Contents

1 Introduction S
2 Basics of Density Functional Theory 7
2.1 Shorthistory of DFT . . . . . . . . . . . ... ... 7
2.2 Statistical mechanics in the grand canonical ensemble .. . . . . . 8
2.3 Functional of the “grand potential” . . . . . ... ... ...... 10
24 Gibbsinequality . . . . . ... ... 11
2.5 Hohenberg-Kohn-Mermin variational principle . . . . . ... .. 12
2.6 Classical counterpart of Kohn-Sham equations . . . . . . . . .. 15
2.7 Generalizationto Mixtures . . . . . . . ... ... .. .. ... 61
2.8 Excessfreeenergf, . . . . . . o i 16
3 Fundamental measure theory 19
3.1 Introduction . . . . . . . ... 19
3.2 Exactresultinl=1 .. ... .. ... .. .. ... .. .. ... 20
3.3 Rosenfeld’s Fundamental Measure Thedry-(3) . . . ... .. .. 21
3.4 The White Bear Versionof FMT . . . . .. .. ... ... ...... 27
3.5 Testforself-consistency . ... ... ... ... ... ... ..., 8 2
3.6 The White Bear Version of FMT Mark 1l.. . . . ... ... ... ... 29
4 Application 33
4.1 Introduction . . . . . . . . .. 33
4.2 Hard-Sphere FluidataHardWall . .. ... ............. 33
4.2.1 MinimizingQ)[p] through a Picard Iteration . . ... ... .. 34
4.2.2 WeightedDensities . . . . . . . . . .. .. ... .. ..., 35
4.2.3 One-Body Direct Correlatiot?V(2) . . . ... ... .. ... 36
4.2.4 Hard-Sphere Fluid at a Hard Wall: the density profile..... 37
4.3 Square-WellFluid . . . . . ... ... ... .. . . L 38
4.3.1 Bulk Fluid Phase Diagram . . . .. ... ... ........ 39
432 Freelnterface . . . . . . . . . . ... . o 41



CONTENTS

4.3.3 Surface Tension of the Free Interface . . . . .. ... ... 2
4.3.4 Square-Well FludataHardWall . . . ... .........
435 Square-Well FluidinaSlit . . ... ..............



Chapter 1

Introduction

In this lecture | want to cover the basics of density funciatheory of classical sys-
tems and want to give a flavor of its possible applications.

Density functional theory started as a theory for electrow¢alter Kohn could
show that instead of solving th&-particle Schddinger equation, it is possible to
obtainall the information of the ground staté (= 0) of an electron system from its
one-particle density distribution. He went on to show tihatré exists a functional of
the ground state energy that can be written as a functiornthleofiensity distribution.
This functional possesses two important properties: (ifife ground state one-particle
density distribution this functional recovers the groutatesenergy of the system, and
(i) for any other one-particle density distribution thentitional takes a values that is
larger than the ground state energy. Density functionadrthevas born. About the
same time, in the mid 1960s, Mermin showed that these ideasald for an electron
system at temperatuf > 0. His formulation of the proof of density function theory
was then re-casted for classical systems, i.e. statisystéms that obey the rules of
classical mechanics.

While not the first to apply density functional theory to preiis of classical statis-
tics, Bob Evans was one who spread the word by his review paypieayas-liquid in-
terface [4] in which he introduced the formalism of densitgdtional theory to a broad
audience. This paper was also my first contact to densitytifumad theory. Closely
following Evans’ review, we will introduce the formalism dénsity functional theory
in Chapter 2.

Beside the formalism there are the applications of densitgtianal theory. For
several systems of great interest there are now reliabl@awdrful functionals avail-
able. Unfortunately, it is in general not possible to camdta density functional from
the knowledge of the interparticle interactions alone. ideo to construct a func-
tional one needs insight and intuition. One elegant and sacgessful approach in
density functional theory of classical systems is the funelatal measure theory for
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6 CHAPTER 1. INTRODUCTION

hard-sphere mixtures by Yasha Rosenfeld [6]. We will takeoaeclook at this theory
in Chapter 3.

Finally, we discuss some typical applications of densityctional theory in Chap-
ter 4. These application should demonstrate one of the kieygaf density functional
theory: once a functional for the excess free energy has toesd, it is possible to
study a large variety of phenomena simply by changing thereat potential acting
on the system under consideration. We show this for a squalidtuid for which we
study the free interface, the fluid at a single planar hard, wdiere we observe the
drying transition (wetting by the gas phase), and the fluid shit geometry, where we
observe the capillary evaporation transition.

My hope is it that you as participant of this lecture and readehis lecture notes
get a flavor of what density functional is, how one particuigre of functional (the
excess free energy functional of the fundamental measeaythlooks like and what
it can do. Clearly, it is impossible to cover the whole field ehdity functional is just
a few lectures or on a few pages. The selection of the matefigicts my personal
experience and taste. After this lecture, however, it ghbel possible for you to read
and understand the literature on density functional thaarits applications.

| would like to thank Prof. Ryo Akiyama for inviting me to givéadse lectures
at the Kyushu University in Fukuoka, Japan, and fnent Researcher Development
Programof the Kyushu University for their support.

Fukuoka, November 2006 Roland Roth



Chapter 2

Basics of Density Functional Theory

2.1 Short history of DFT

Walter Kohn

e 1964: Hohenberg and Kohn (HK) variational principle for thbomogeneous
electron gas ai’ = 0 (P. Hohenberg and W. Kohinhomogeneous Electron
Gas Phys. Rev136, B 864 (1964))
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8 CHAPTER 2. BASICS OF DENSITY FUNCTIONAL THEORY

— electron density:(r) in the ground statgl) as basic variable
n(r) = (¥|e*(r)®(r)[¥)

— electron density:(r) determinesiniquelythe external potentidl.,,(r)
— it exists an unique energy functional,[n| with the following properties
that £,[no] = Ep andE, [n # ng] > Ep.

e 1965: Mermin formulates HK fof” > 0 (N. D. Mermin, Thermal Properties of
the Inhomogeneous Electron G&hys. Rev137, A 1441 (1965))

e 1965: Kohn and Sham equations (Kohn and Sh&eif-Consistent Equations
Including Exchange and Correlation EffecBhys. Rev140, A 1133 (1965)).

e around 1976: application of DFT to classical systems

e 1998: Nobel Prize in Chemistry for W. Kohn fars development of the Density
Functional Theory

2.2 Statistical mechanics in the grand canonical ensem-
ble

We start by considering a classical system\oidentical particles. The generalization
to mixtures is straightforward. Each particle has masand is located at positiorn
and has momentum;, i = 1, ... N. The N-particle Hamiltonian is given by

Hy = Thin + U +V,

with the kinetic energy
B ZN P;
Tkin —

Y
-1 2m

the potential energy of interparticle interaction

U:U<I'1,...7I'N),

and potential energy due to external potential

V= Z ‘/ext(ri)-

i=1

Using this Hamiltonian one can calculate the grand canbpendition sum

Zye = Tra exp(=B(Hy — i), (2.1)
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with g = 1/kgT, wherekp is Boltzmann’s constant arifl the absolute temperature.
1 is the chemical potential. Note that in the grand canoninaemble the system of
interest has a volum¥, is coupled to a heat bath at temperatiiteand to a particle
reservoir with chemical potential. In Eq. (2.1) we have used the classical trdgg
as a shorthand notation for the integral over all particlenanta, all particle positions
and the sum over all possible particle numh®&rs- 0, .. . , co. Explicitly, we have

> 1
TTcl :NZ_O L3N N /d3T1.../dgTN/dspl.../dgpN,

whereh is Planck’s constant.

The grand canonical partition suf),. containsall the information of the system
in thermal equilibrium. FromZ,. we can (in principle) calculate everything. If it
would be possible to calculafg,. exactly we would not require the formalism of DFT.
However, in general it is not possible to calculatg easily, especially for arbitrary
external fieldsV,,(r). It turns out that it is simpler to make useful approximasion
within the framework of density functional theory than i #wvaluation of the partition
sum.

With the help of the partition sum we can define the equilioriprobability density
fo for N particles at temperatur€ at particle positions; with momentap;, i =
1,....,N

1

fo= 7 exp(—f(Hy — uN)). (2.2)
gc

The definition of the probability density is such that thesslaal trace over the proba-

bility distribution gives unity, i.e.
TrclfO =1

Using the equilibrium probability densitfy we can calculate the (ensemble) averages
of operators) by

(O) = TrafoO.
One example of such an average, that we will need in the foligus the average
equilibrium density distribution,(r) which can be written as the ensemble average
over the density operator

po(r) = (p(r)), (2.3)
with the density operator

p(r) = ;5(1? — i),

Finally, we note that the grand potentfalof the system and the grand canonical
partition sum are related via
BQ = —1InZ,,
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which is simply the definition of the grand potential.

2.3 Functional of the “grand potential”

Following Mermin [3] we consider the following functional a probability densityf.
As mentioned before, we require that the probability dgrisinormalizedl’r., f = 1.
The functional [3] is given by

Qf] = Traf(Hy — pN + 7" In f). (2.4)

It possesses the important feature that for the the equitibprobability density, given
by Eq. (2.2) the functional reduces to the grand potentidghefsystent), as can be
seen easily from

Qlfe] = Trafo(Hy —pN+ B In fo)
= Trafo (—ﬁ_l In ch)
= —f'In Zge

Q.

If we now consider a probability distribution different frothe equilibrium distribu-
tion, i.e. f # fo, Tryf = 1, and we evaluate the functional, Eq. (2.4), we find the
inequality

Qlf] = Traf (Hy—puN+ 8" Inf)
= Traf (Qfel+ B8 nf— 5" Info)
= Qfo] + B ' Traf (Inf —1Infy)
> Q[fol,

which is animportantresult, as we shall see in the following. The variationahgiple
of density functional theory is based on this result. In otdeshow that the inequality
holds we used

Hy —puN = _5_1 In (fOZg¢3>
B 'lnfy—p'n Zge
= —687"In fo + Q[fo],

which follows directly from the definition of, in Eq. (2.2), and the Gibbs inequality,
which we shall discuss in the next Section.
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2.4 Gibbs inequality

Here we show that for any two probability densitigsand f>, with Tr, f; = 1,i = 1,2
we have the inequality
Tra(filnfi — filn fy) >0, (2.5)

and the equality holdsnly if f; = f;. In order to show the inequality we rewrite
Eq. (2.5) as

TTcl(fl Infi - fi lnfz) = TTclfl(lnfl - hlfz)

= TTclflln;;
= Tryfs (2 In 2) .

Next we observe that there iamplicatedvay of writing a zero by noting that

Trcle <.}C-1> = Trclfl = 17

2

Trafa <1 - fl) =0

so that we find

f2
Using this observation we can conclude that
S fl) (fl Ji f1>
Tr. “In— ) ="Tr. “In—+4+1-—=1]>0. 2.6
’”’f2<f2 By A W A =9

In order to see that we obtain this inequality we introdueeviériabler = f;/ f, and
rewrite Eq. (2.6) in terms of as

(xlnz —(x—1)) >0

because
rlnx >z —1,

as can be seen in Fig. 2.1. Hence we obtain
(xlnzx) > (x — 1)

but we have seen before that
(x—1)=0.

Itis possible to make the statement of the Gibbs inequaliynetronger by noting
thatzInz = = — 1 only forx = f,/fo = 1. This, however, implies that equality holds
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Figure 2.1:xz In x (full line) is greater or equat — 1 (dotted line), as can be seen in
this plot. The equalityr In z = = — 1 holdsonly for x = 1, denoted by the circle.

onlyif f; = fo. Thus, if we consider twdifferentprobability distributionsf; # f, we
can conclude that

Tra(filn fi — filn fy) > 0.

As a consequence we can deduce that for any a probabilitybdison different
from the equilibrium distribution, i.ef # fo, Tryf = 1 we obtain the result of the
last section

Q[f] > Q[fo] = Q. (2.7)

2.5 Hohenberg-Kohn-Mermin variational principle

Through the Hamiltoniarfl ;, the equilibrium probability distributiorf,, Eqg. (2.2),
becomes a functional of the external potentig)(r). It follows that the equilibrium
density distributiorpy(r) also becomes a functional &f,.(r) though Eq. (2.3). The
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next step is to show tha, is a functional ofpy(r). This can be concluded from the
fact that the external potenti&l,.(r) is uniquely determined byy(r).

To show this we assume for a moment that a second externallffelt:)
Vezt(r), Or equivalently the distributions associated with thederaal fields denoted
here byf’ and f;, gives rise to theameequilibrium density profile),(r) (at the same
w and temperatur&’) and construct a contradiction. The external potenfialg(r)
andV/,,(r) give rise to the Hamiltonians

ext

Hy = Tyn+U+YV, (2.8)
Hy = Tpn+U+V".
We also can rewrité{}, as
Hy=Hy-V+V. (2.9)

With the help ofH  we can define the equilibrium probability distributigmnand with
the helpH), we definef’ # f,. If we evaluate the functional of the grand potential,
Eq. (2.4), for the probability distributiolfi’ we obtain

Qf] = Traf(Hy—pN+p7 Inf)
= Traf'(Hy —puN =V + V' + 5 In f)
= Traf (=8 Info+Qfo] =V +V' + 8 ' Inf)
= Qfo] + Traf' (V' =V)+Trof' (8 ' Inf' — ' Infy). (2.10)

The second term of Eq. (2.10) can be rewritten with the heth@fefinition of\”’, V/
and the density operatgfr). For example, one finds that

N

V = Z Vext<ri>

i=1
= [ 26 £ Ve (1)
_ /d?»rp 1) Voo (1) (2.11)
Therefore the second term of Eq. (2.10) can be written as
Traf (V' =V) = [ drpo(x) [Viey(r) = Veu(x)] (2.12)

where we have made use of the assumption that the distnibfitio f'p(r) = po(r).
From Gibbs inequality it follows that the last term of Eq.1@) is larger than O:

Traf (B~ ' Inf — B Infy) >0
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Putting everything together we obtain from Eq. (2.10) tregjumality

QL < Lol + [ droo(r) Vi (1) = Ve (0] (2.13)

Now we can evaluate the functional for the distributifn Since the same steps
are required as for the evaluation of the functional forand we make use of the
assumption that'r., fop(r) = po(r), we find that the result is equivalent to Eq. (2.13)
with f, and f’, andV,,.(r) andV/ ,(r) replaced. One obtains

ext

Qfol < QU+ [ roo(r) Ve (6) = Vi (0] (2.14)
By adding Egs. (2.13) and (2.14) we see that

Qfol + QT < QLfo] + Q]

follows, which cannot be true. Therefore the assumption tha(r) and V. ,(r) #
Vert(r) gives rise to the same equilibrium density profilgr) is wrong. As a conse-
guence we conclude that the equilibrium probability dttion f, is a functional of
the equilibrium density distributiopy(r)

Jo= fo[ﬂo(ﬂ];

which further implies that the functional of the grand padiain Eq. (2.4), is also a
functional ofpy(r), i.e.

Q[fo] = Q[Po]-

This implies that the functional of the grand potential candwritten with the help of
Egs. (2.11) and (2.12) to give

Qlp] = Traf(Hy —puN + B n f)
= Traf(T+U—pN+ " Inf) + Traf(V — puN)

= Flo] + / Erp(r) (Vew (r) — p) (2.15)
with the unique functional of the intrinsic Helmholtz freeezgy
Flpl = Traf(Trim + U+ In f). (2.16)

Hence, we can express the functional of the grand potergia functional of the
density distributionp(r). This feature is the reason why the theory is catledsity
functional theory

Now we also can rewrite the minimum property of the functipgg.(2.7), in terms
of density profiles:

Qlp(r) # po(r)] > Qpo(r)].
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The main result of this chapter can be summarized by theti@ra principle

0Q2[p]
OP()) | p(e)=po(r)

=0,

which expresses the minimum property in mathematical tefFasthermore we have
for the equilibrium density profiley(r)

Thus, byminimizingthe functional of the grand potential we obtain the thernmashyic
properties of the system via its grand potertiand the structure of the system in form

of po(r).

2.6 Classical counterpart of Kohn-Sham equations
It is possible to split the intrinsic free energy functionab two parts
Flpl = Fialp] + Fealpl,

whereF;,[p| is the intrinsic free energy of an ideal (non interacting}.géhe second
contribution, F..[p], is the excess (over the ideal gas) free energy functiorthtan-
tains all the information about the interparticle interact The ideal gas contribution
can be calculated exactly to be

Fualp = 87" [ @rp(x) (I Xp(x) — 1)
with the thermal de Broglie wavelength
| h25
A= 2rm’

Formally, the functional can be minimized through the &zl principle. The result
IS

Qp] 0F ez

op(r) op
We can split the chemical potential= ;4 + 11, into an ideal gas contributiom;,; =
B~ A3 pyu, Wherepy,. is the constant bulk density, and an excess contribytion
The variational principle leads to the self-consistentatigums for the density profile

=0=p"InNp(r) +

+ Veur(r) — p.

p(t) = poutk €xp(—BVea(r) + V() + Bpies). (2.17)
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In this equation we have introduced the one-body direcietation function

0 Feulp]
dp(r)

Note that for a constant bulk density, the one-body direntetation function becomes
—PBue,. 1If the external potential is of finite range the argumenthad exponential
function in Eq. (2.17) vanishes in the limit— oo whencV(r — 00) — —fBies. In
this limit we obtainp(r — o) — puik-

This formal solution is not too helpful, because both the d&fd the right hand
side of Eq. (2.17) depend o1fr), becauseF, . [p] and henceV)(r) are functionals of
the density profileo(r). For an ideal gas, for whiclt..[p] = 0, we can solve for the
equilibrium density profile and we find the well-known result

(r) = -5

P (x) = Pt exp(—BVeut (T)).

2.7 Generalization to Mixtures

For completeness we give the form of the functional of thendrpotential for av
component mixture without derivation:

Qfp}] = Fu [{pi}Hi 57 [ drputr) (I Npulr) - 1)@ [ @roite) (Vi) = ).

| 23
>\i B 27rmi'

The notation{p; } indicates that there is a set of density profiles for all congusi =
1,...,v. The excess free energy functional, which is still unspedifis a functional
of all density profiles of the mixture. The remaining terms simpiyntinto sums over
all species. In order to minimize the functional of the graatential one has to solve
the coupled equations

0Q[{pi}]
opi(r)

with

pi(r)=po,i(r)

2.8 EXcess free energy,.

So far we have presented the general formalism of densittifumal theory. In order to
be able to perform any calculation we have to specify theesysinder consideration,
i.e. the interparticle interaction. Formally we then canpéoy Eq. (2.16) to obtain
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the functional of the free energy. Unfortunately, this igmactice not possible. This
would be equivalent to calculating the partition saractly

Since there is no direct way to derive the functional of theess free energy
F.. from the Hamiltonian, we used as starting point, one reguseme approximate
schemes to construct the functional. Different approaghege useful depending on
the system under consideration. One system of particularest is the hard-sphere
mixture, which often is used as a reference system for mastof simple fluids or for
colloidal mixtures. In those cases the short-ranged strepglsion is mapped onto an
hard-sphere diameter and the longer ranged attractiokes tato account through a
perturbation theory treatment.

For hard-sphere mixture we have a rather accurate and sfgcagproach called
fundamental measure theory (FMT) introduced by Yasha RetgkrifVe shall discuss
this approach in detail in the following chapter.
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Chapter 3

Fundamental measure theory

3.1 Introduction

Yasha Rosenfeld

In 1989 Rosenfeld [6] introduced novel ideas for deriving agiy functional the-
ory (DFT) for hard-sphere mixtures. His approach, whichissialctly different from
earlier non-local, weighted density approximations [5],based on the fundamen-
tal geometrical properties of the spheres and is termedaimedtal measure theory
(FMT). The original version met with considerable succebemvapplied to a variety
of inhomogeneous situations, including the hard-spherd #dsorbed at walls and
confined in model pores [5, 6]. Although the original versmuld not describe a
stable crystalline phase the FMT was refined [7, 8] in ordantorporate the freez-
ing transition. These refinements and subsequent impravisingodifications of FMT

19
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have all focused on the zero-dimensioraD] limit, i.e. the limit which pertains to
a narrow cavity that can contain at most one sphere. Requimm@FT to yield the
exact free energy in th@D limit provided new insight into the structure of FMT and
suggested new prescriptions for functionals that couldriles situations of extreme
confinement [7,8]. More recently Tarazona and Rosenfeld]Phrdve argued that the
hard-sphere free energy functional can be constructetysoden the requirement that
the functional reproduces the exad? limit for cavities of different shapes; the equa-
tion of state and the correlation functions of the homogesdluid are then given as
output from, rather than input to, the DFT. This particul@ategy is reviewed briefly
in Refs. [10,12].

One of the main limitations of the original FMT, and indeedtsfsuccessors, is
that the underlying bulk fluid equation of state is the Per¢esick (PY) compress-
ibility equation, equivalent to scaled particle theory. i8svell-known, for the case
of the pure hard-sphere fluid this implies that the presguseoverestimated for fluid
densities approaching that at bulk freezing [13]. A sericoissequence of the inac-
curacy of the underlying PY fluid equation of state is thatFMT, suitably modified
to include a tensor measure, predicts coexisting fluid ahd densities that are rather
low w.r.t. computer simulation results [12].

In this chapter we present a derivation of Rosenfeld’s furetatal measure theory
functional and then show how the derivation can be adjusteatder to enforce an
accurate equation of state, which is done in the White Beaiored FMT [39, 40]
and more recently in the White Bear version Mark Il [42].

3.2 Exactresultind =1

The structure of Rosenfeld’s fundamental measure theolgwslthe structure of the
exactexcess free energy functional for thecomponent hard-rod mixtures ih= 1
[18,19]. The radius of componenis R;, so that the length of a rod of componés
2 R;. A sketch of the system is shown in Fig. 3.1. The derivatiothaf functional is
technical quite involved and is specific to the one-dimemalicase. Therefore we shall
only quote the functional and its structure, so that we catetstand how Rosenfeld
got inspired.

The exact excess free energy functionad ia 1 can be written as

BFLY] = [z e({na)).

where® is the excess free energy density, which fiaction(not a functional) of a
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set of weighted densities,. The weighted densities are defined as
ne(2) = Z/dz’ pi(2) wi(z — 2,
i=1

i.e. they are sums over all components 1, . . ., v of convolutions of weight functions
w’,, which are specific to the geometry of componenh d = 1 one has two different
weight functions for each component, namely

Wi(z) = ; (5(2— R) +6(= + Ry),

which can be interpreted as a weight function that markstineaceof the rod, which
consist of the two points at— R; andz + R;, and

wi(z) = O(R; — |z]),

which can be interpreted as a weight function that marksdhemeof the rod. For the
definition of the weight functions we have used the Dirac ®&inctiond(x) and the
Heaviside step functio®(z), which is 1 forz > 0 and O otherwise. We can represent
the Mayer+ function between a rod of specieand one of species which is defined

by
—1 |Z| < R; + Rj
0  otherwise

o) = el -6V () - 1= {
for hard-rod interactions, in terms of weight functions
—fij(2) = wi ® W + wy ® i,
where the The symbaeb denotes the convolution of the weight functions
W @w(z=z—2) = /dz' Wi (2 = z) W (2 = 2).
The excess free energy density is given by
®({na}) = —noIn(l —ny),

which fully specifies thel = 1 functional.
It is quite remarkable that the excess free energy posssssks simple structure.

3.3 Rosenfeld’s Fundamental Measure Theoryd = 3)

In order to construct a density functional for a mixture astiisg of v species of hard
spheres, withy > 1, Rosenfeld used the exact low density result for the excess (o
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2R:

——1 a7 1 | | [
L 77 [T 1 I S

Figure 3.1: Sketch of a one-dimensional hard-rod mixtuthvadii ?;,, i = 1,...v.
The rods can move along a line.

ideal gas) Helmholtz free energy functional, valid in thmitiwhere all the one-body
densities{p;(r)} — 0,

SFaltpd] = —5 3 [ @r [ @ p)ps ) flle — ) KD

as a starting point. He noted that the Maydrnction between a sphere of component
1 and one of componerit which is defined, analogous to the one-dimensional case, by

fij(r) = exp(=BVy;(r)) — 1.

V;;(r) is the pair potential between two speciesdj. f;;(r) has a purely geometrical
interpretation because of the hard-sphere potential

_Joo r<Ri+R;
Vialr) = { 0 otherwise

which gives rise to the Mayef-function

o -1 r<R;+ Rj
fulr) = { 0 otherwise

The Mayers function f;;(r) of two hard spheres with radk; and ?; marks the vol-

ume which is not accessible to the center of one sphere, sspyecies, close to the

other of specieg. This volume is a sphere of radidg + R,. In general, the volume
of two joined convex bodieg;. ; can be written as

Vvi+j - ‘/z -+ SZRJ + RISJ + V}',

whereV;, S;, andR; are the volume, the surface area and the mean radius of argvat
of the body, respectively. The validity of this relation da@ checked easily for two
spheres wher®}, ; = 47/3(R; + R;)* andV; = 47 /3R} andS; = 47 R?.

Analogous to the one-dimensional case, the Mayéunctions of a hard-sphere
mixture can be decomposed into the form

—fii(M) =i QW+ WUt Ruw Wi QW —Fed - ed (3.2
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with the weight functions given by

wi(r) = O(R;i—7),
w;<r) = 6(Ri_r)7
wy(r)
47TRZ'
wy(r)
47 R?
G(r) = “8(R—),

—i o (r)
i (r) 4; 7

where©(r) is again the Heaviside function an¢-) is the Dirac-delta function. The
symbol® in Eq. (3.2) denotes the three-dimensional convolutiorhefweight func-
tions

Wy ®wf(r =r;—rj) = /dr' wi(r' —r;) wf(r’ —ry).

It is important to note that the deconvolution, Eqg. (3.2)wdoappear to be unnecessar-
ily complicated if only a pure hard-sphere fluid were to besidered. For a mixture,
however, this particular structure is suggested by thahekkactone-dimensional
functional of the mixture of hard rods [18, 19] — see Sec. & also interesting to
note that an alternative deconvolution of the Mayefunction, suggested by Kierlik
and Rosinberg [20], avoids vector-like weight functionsibtrioduces instead weights
containing first and second derivatives of the Dirac-deltection. It was shown later
that both deconvolutions are equivalent [21].

The weight functions give rise to a set of weighted densifies(r)} for the v
component mixture. These are defined, again analogous tm#dimensional case,
as

Z / d*r’ pi(r (r—1'), (3.3)

i.e. the sum of the convolutions of the density profiles ofhespmecies with its weight
function. « labels the four scalar and two vector weights. In the bulkemghthe
density profiles in the absence of any external field reduceotsstant bulk densi-
ties pi .., both vector weighted densities andi, vanish while the scalar weighted
densities reduce to the so-called scaled particle thed®($24] variables:n; —
§3 = AT P B2 /3, ma — & = AT X pp R i — & = X ph i @and
no — o = 2 Pruk- NOte thatgs then corresponds to the total packing fraction.

As an appropriate ansatz for the excess free-energy furattiRosenfeld followed
again the structure of the exact one-dimensional funclidt@ wrote the excess free-
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energy functional in the form

8Ful{p)] = [ &' @({na())) (34

where®, the reduced free energy density, ifuactionof the weighted densities. As
ansatz ford Rosenfeld employed dimensional analysis and used

® = fi(n3)ng + fa(na)ning + f3(na)ny - 1ma + fa(na)ns + fs(na)nams - 13, (3.5)

Each term in (3.5) has the dimension of a number density[leegth] 3. In order to
ensure that the ansatz, Eqgs. (3.4) and (3.5), recovers tioedgution of the Mayelrf
function, Eq. (3.2), it is necessary to demand that to lowesér inn; the unknown
functionsfi, f2, f3 have expansions of the forfia = n3 + O(n?), fo = 1+ O(n3) and
f3==140n3). f1=1/247 4+ O(n3), andfs = —3/247 + O(n3).

Although the ansatz in Eq. (3.5) is constructed to repro@xeetlythe low density
limit, it is clear that for intermediate and high densitibsstansatz introduces the ap-
proximation that the weight functions, and hence the weidlitensities, required by
the low density limit are sufficient to approximate the sitankous interaction of three
or more spheres. This approximation turns into a seriousl@noin the case of asym-
metric mixtures where radii of different components aregigantly different [28].

The functionsfy, ..., f5 can be determined by demanding that the resulting func-
tional satisfies a thermodynamic condition. In the origitativation Rosenfeld used
the SPT equation [24]

[ 71 =D (3.6)

with V; = 4r R?/3, the volume of a spherical particle with radiisandy’, the excess
chemical potential of specigs This relation relates the excess chemical potential for
insertion of a big spherical particle with a radiiisto the leading order termV;, the
reversible work necessary to create a cavity big enoughltbthis particle. The l.h.s.

of EqQ. (3.6) can be determined self-consistently in terntb®fveighted densities from

Eqg. (3.5) 9 .
i _ 9% Na
/Buea:_api ;871106 301

Due to the geometrical meaning of the weight functions wedimg) 9p; = 47 /3R} =
Vi, Ong/0p; = 4nR? = S;, Ony/0p; = R;, anddng/0p; = 1. In the limit under
consideration all but one term vanish and we obtain

. 1, 0P
Al Viﬁuex = oy
The equation of state can be obtained from the thermodynbutkcrelation(,,,;, =

—pV. Since the grand potential density in the bullis;,/V = @ + fia — 3 phriti
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we obtain 50
fp=—-0+) o N + np. (3.7)

The last termp,, results from the ideal gas contribution. We can combinsehesults
in order to obtain the SPT differential equation, Eqg. (3.6),
0P 0P
il — g :
8713 + 2 8nan + no
By collecting all terms proportional to, one sees that the differential equation for
f1(n3) takes the form

fi(ns) no(1 — ng) = nq,
which is solved by
fi(nz) = const; — In(1 — ng),

with an integration constanbnst; that vanishes. It is easy to find the differential
equations for the remaining functions. The integrationstants are chosen such that
the correct behavior at low densities is recovered. Theisolfiound by Rosenfeld [6]
and denoted RF, is

BE(ng) = —1In(1 — ny)
P 1
57 (n3) 1— ng
50 (ns) = =[5 (ns) (3.8)
1
1 (ng) = m
i (ng) = =3f{"(na), (3.9)

and it is straightforward to see that these solutions satief aforementioned condi-
tions for the low density limit. It is worthwhile to note thtte conditionsf; = — f5
and f; = —3f4, that fix the dependence of the functional on the vector wetjden-
sities7; andii,, follow from Eq. (3.6) only if it is assumed that the SPT di#atial
equation, which is by construction a bulk equation, remuaaisl for slightly inhomo-
geneous situations. Since the vector weighted densiti@stvan the bulk limit it is,
strictly speaking, impossible to determine the functighgand f5 from bulk thermo-
dynamics alone. Given the success of the Rosenfeld funtiiomarious applications
we choose to adopt the conditions (3.8) and (3.9) in the syuesd modifications.

The resulting functional, that we refer to as the original&dsld (RF) functional,
is usually written in the forn® = ¢, + &, + &3 with

P = —nyn(1 — ny), (3.10)
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OIF — W (3.11)
3 — —
RF _ Ny — 3Naliy - N (3.12)
’ 247(1 —n3)? '

Although this functional was found to be very successful aften very accurate
in accounting for various properties of highly inhomogemetiuid phases, it failed to
predict the fluid to solid phase transition of the pure halese system. This failing
was first remedied empirically by Rosenfetlal.[7, 8] who modified the dependence
of ®3 on the weighted densities, andi,, taking into account certain features of
'dimensional crossover’. The modifications were found tofqren better than the
original Rosenfeld DFT for densely packed fluids in spherieadties — a situation of
extreme confinement [25, 26]

Subsequently Tarazona and Rosenfeld derived a FMT espeaéasigned to study
the properties of the one-component hard-sphere solidl[9Fhey began with the so-
called0D-limit which considers a narrow cavity that can hold at mosirgle sphere.
Starting with the free energy function for this narrow pdictionals are derived
for higher embedding dimensions. A three dimensional fonel based on this idea
reproduces the original Rosenfeld functional. In Ref. [11$ ipointed out, however,
that there are shapes@b cavities which cannot be described by the particular set of
weight functions chosen in FMT. The problem becomes mor¢eaesith increasing
embedding dimension. In three dimensions this preventRibgenfeld functional
or equivalently a functional based solely on the limit from describing the fluid-
solid phase transition of the pure hard-sphere system.derdo remedy this defect,
Tarazona [11] introduced a new second rank tensor-like htdighctionw,,, (r) and
adapted the contributio®; to the functional. In the notation introduced in Ref. [27],
we write the tensor weight function as

Winy (1) = wo(r)(rr/r? — 1/3), (3.13)

with 1 denoting the unit matrix. This gives rise to a new tensor Wweid density, ..
The newd? term of the Tarazona FMT is given by [11, 27]

1

= — —
5 247(1 — ng)?

(n3 — Bnaity - iz + 9 (i, a — Tr(nf,,)/2)),  (3.14)
and the application of the augmented functional to the lspttere solid provided an
excellent account of simulation results for the equatiostate and for other proper-
ties of the solid. The extension of this approach to harc&espmixtures requires the
introduction of a new third rank tensor-like weight functif28].
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3.4 The White Bear Version of FMT

Building upon the ideas presented so far, we are now readyrstre@t a new func-
tional. We retain the same weight functions and the same {@#) for the func-
tional but use a different thermodynamic condition in ortespecify the coefficients
fi,..., f3 of the ansatz (3.5). In contrast to existing FMT functionalsch output the
equation of state [for fluid states this is the Percus-Ye@#®¥) compressibility equa-
tion] we use the Mansoori-Carnahan-Starling-Leland (MCSjyation of state [14],
which is a generalization to thecomponent hard-sphere fluid of the accurate, one-
component Carnahan-Starling equation of state [15], amput. \We prescribe the
functionsfi, ..., f5, retaining the two conditions (3.8) and (3.9), such thattteation
of state which underlies the new functional is the MCSL presséor this approach
to be feasible it is important that the MCSL equation of statesised on the same SPT
variables which enter the PY compressibility equation afesuinderlying the original
FMT. The MCSL pressure is given by

Un ANLD) n%’ ngn%

1 —ng * (1 —ng)? i 127(1 —ng)®  36m(1 —ng)?’
The final term in (3.15) is absent in the PY result.

Incorporating the deconvolution of the Maygrfunction and imposing the condi-
tions (3.8) and (3.9), we employ an ansatz$oof the form

Bpycst = (3.15)

o = fl(n3)n0 + fz(ng)(n1n2 — ﬁl . ﬁg) + f4(n3)(n§’ — 3n2ﬁ2 . ﬁg) (316)

In order to determine the three unknown functiginsf,, andf, we employ Eq. (3.7) in
a slightly different way than Rosenfeld did. Instead of th@ 8fferential equation we
demand that thermodynamic pressure, given by Eg. (3.7)l®t¢ua MCSL equation

of state:

- 5 0Dy
—Bpymcosr = Puik — Z Oy e 0, (3.17)

a=0
with the sum over the scalar weighted densities only. Suitistg (3.15) and (3.16)
into (3.17) we obtain differential equations ffy, f> and f, by collecting all the terms
proportional tong, nin,, andn3, respectively. These differential equations can be
solved easily and we fingl (n3) = f*F'(n3), f2(ns3) = fF and

ns + (1 —n3)*In(1 — n3)
36mn3(1 — ns)?

The resulting excess free-energy density is given by

fa(ns) = (3.18)

n3 + (1 —n3)*In(1 — n3)
36mn(1 — ng)?

(3.19)

11— ns + (n% — 37127_7:2 . ﬁg)
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which should be compared with the original Rosenfeld forns.E£8.10)—(3.12). Note

that in the low density limit we obtaitim,,, ¢ fi(n3) = 1/(247), i.e. the same value

as from the original Rosenfeld functional [see Eg. (3.12Jju§ we are guaranteed to
recover the exact low density limit.

As the derivation of the new functional has followed thathad briginal Rosenfeld
FMT very closely, it faces similar problems when it is apglie the freezing transition.
However, the same procedures that remedied the failinghéooriginal FMT can be
used for the new functional. Thus, it is possible to follove #ampirical procedure
of Refs. [7, 8] and modify the dependence ®f on the weighted densities, and
75 in the new functional. This approach would enable the fuumeti to treat a hard-
sphere mixture. Equally well it is possible to follow Tarazao[11] who introduced
a tensor-like weighted density in order to study the propgrf theone-component
hard-sphere solid. This is the route we employ here, i.eharptesent calculations for
the solid phase we replace the tefn3 — 3n.ii, - 7i2) in Eq. (3.19) by the numerator
of Tarazona’s expression (3.14) so that the pre$gns given by

ong+ (11— ns)?In(1 — nz)
B 36mn3(1 — ng)?

P, (ng — 37127_2:2 : ﬁg +9 (ﬁQanﬁQ — Tr(n%)/Q)) .

(3.20)

3.5 Test for self-consistency

As mentioned earlier, Rosenfeld [6] used the scaled paglation (3.6) to determine
the functionsfy, ..., f5. Here we re-examine this equation in the context of self-
consistency for the functional.

First we note that the excess chemical potential of insgeisingle big hard sphere
of species and radiusR; into a fluid of hard spheres is the reversible work done to
create a cavity that is large enough to hold this inserted spinere. In SPT one starts
with a point-like cavity and increases its size until it iffeiently large. Clearly, when
increasing the cavity size one must work against the pressithe fluid resulting in a
termpV;, whereV; = 47 R3/3. Since the surface area of the sphere is also increased,
work must also be done against the surface tension. This\ddeom is proportional
to the surface are§; = 47 R?. Moreover for finite values ofz; the surface tension
will also depend on the radius of curvature so there will bedditional term that is
proportional toR;. If, however, we divide the excess chemical potential bythlame
V; itis easy to see that Eq. (3.6) follows and that it is exach&limit R; — oc.

The connection to FMT can be made by noting that the excessichkpotential
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takes the form

3 0Py, Ong,
fuse = : (3.21)
az:%) e Oy
0Dk 0Dk 0Pk 0Py
877,3 + 877,2 + 8711 + (9n0 ( )

and we used the definition of the SPT variablgs . . , ny given earlier. Equation (3.22)
has precisely the same form as the SPT expansion so it istokgdor any FMT func-
tional the coefficient of the leading volume term should enitfied with3p, i.e. the

relation
0P

8713

= Pp (3.23)

should be obeyed.

In the derivation of the original Rosenfeld functional Eq2@ isimposedi.e. the
left hand side of Eq. (3.17) is identified withd®,,,;, /Ong and the resulting (SPT) dif-
ferential equation is solved. The pressure which resuttsaiSPT or, equivalently, the
Percus-Yevick compressibility equation of state. For tresent functional, however,
Eqg. (3.23) isnotimposed and we find from Eq. (3.19) that

OPpur 1o mny 13 (2+ng(ns —5))  n3ln(l - ny)

= — 3.24
ong 1—ng (1—ns)? 36mn3(1 — ns)? 18mng 7 (3.24)

which evidently is different from the MCSL equation of staBl16). The difference
arising from this inconsistency was examined within theterinof the one-component
fluid where the pressure inputted into the theory is the ateuCarnahan-Starling
equation of statepcs. We show both the Carnahan-Starling equation of state (solid
line) and the pressure obtained from Eq. (3.24) (dashe}lilirfég. 3.2. The deviation
between these two curves is at m@&t. In contrast, the Percus-Yevick compressibility
equation of state%,, also shown in Fig. 3.2 (dotted line), overestimates thegune

of a hard-sphere fluid close to freezing by ugfé.

3.6 The White Bear Version of FMT Mark Il

Based on the observation that the MCSL equation of state leadsxcess free energy
density that is slightly inconsistent, recently a new geheation of the Carnahan-
Starling equation of state to mixtures was proposed [41]

1,2 3 2 1,2
no n1ns (1 + §n3> 5 (1 — 3n3 + §n3>

1 —ng * (1 —n3)? 12m(1 — ng)3

Bpcsin =
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....... Percus-Yevick pg,
— Carnahan-Starling ps
--- Eq.(2.24)

0.1 0.2 0.3

n

0.4 0.5

Figure 3.2: The equation of state of the pure hard-spherkiisus packing fraction
n = prurdT/3R3. For the present DFT the Carnahan-Starling pressure is iscpog
the theory. The pressure given 8%, /0ns in EQ. (3.24) deviates very slightly from
Carnahan-Starling, attesting to the high degree of sel§istency of the approach.
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This equation of state reduces to the Carnahan-Starlingiiequat state in the one-

component case and represents data for binary and ternegiyres obtained by com-
puter simulations more accurate than the MCSL result. Bas¢di®new equation of

state we can, following the derivation of Sec. 3.4, deriveearess free energy func-
tional, which improves the level of self consistency. We {2

ning — My - 1
Owpnr = —no ln(l — n3) + (1 + %n§¢2(n3))%
— Ny
3 — N
4 n2 - 377:2”2 . TLQ
+ (1 - §n3¢3(n3)) 24 (1 — ng)? (3.25)
with
Ga(ns) = (6n3 — 30 + 6(1 — n3) (1 — )/

and

$5(ns) = (6n3 — 9n3 + 6n3 + 6(1 — n5)* In(1 — ng)) /(4n3).

This functional is similar in complexity as the White Bear vers Eqg. 3.19, or the
Rosenfeld functional, but is constructed such that for acomaponent fluid we find

aq)bulk
0n3

= BpC'Sa

with Carnahan-Starling equation of states.
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Chapter 4

Application

4.1 Introduction

A i !I' 'k
VTR TN l

Bob Evans

Bob Evans wrote the first review on density functional theornylassical systems
in 1979 [4], just a few years after the theory weenslatedfrom quantum mechanical
systems to classical ones. He was among the first to reale@diver of density
functional theory and pioneered several of its applicatifith his review article [4]
Bob Evans inspired and influenced many people and made déumsdional theory
for classical system available to a broad audience. My finstact to density functional
theory was by reading his papers on the subject.

4.2 Hard-Sphere Fluid at a Hard Wall

The first example application we discuss here is one of theleshinhomogeneous
system one can consider: a hard-sphere fluid at a planar laditdN®te that in the case
of a fluid the equilibrium density profilg,(r) has the same symmetry as the external

33
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potential. For the planar hard wall this means that) = po(z). All interactions are
hard-core like which makes temperature a simple scalingrpater. The only param-
eter in the system is the bulk densjty,;, or equivalently the bulk packing fraction
n= pbulk%ﬁR:S, whereR is the radius of the spheres.

The general outline of the problem of finding the equilibridemsity profilep,(z)
is as follows:

e choose liquid densityy,,;;. or packing fraction) = ,obulk%”R?’

e initialize density profile

p(Z) = Pbulk eXp(—ﬁvext(Z))

with
BVear(2) :{ 03 otzh;v]\jse
e minimize the density functional
Q] _
dp(r)

There are several points to be addressed in order to makevdied we mean by
minimizing the density functionahd how we perform this task in practice. Functional
minimization is a standard problem in numerical mathernsadicd there are several
more or less clever algorithms available. Each algorithmitssadvantages as well as
drawbacks. In the present context we wish to keep thingsnaglsias possible and
restrict our consideration to a simple Picard iterationjclwhs in general robust but
converges slower than a clever minimization.

4.2.1 Minimizing 2[p] through a Picard Iteration

First 1 give the four simple steps of the Picard iteration #ah | discuss their meaning.
1. initialize density profilep© (z) = ppur exp(—BVezi(2))
2. calculate [see Eq. (2.17)] usipg ()
P(2) = prue exp(—BVear(2) + ¢ (2) + Bes)
3. mix solutions with mixing parameter

PH(2) = (1= a)p(2) +ap(2)
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4. goto step 2 until solution is converged

The initialization given here is only one possible choiceneTloser this initial
guess is to the equilibrium density distribution the faskexr minimization will con-
verge. Often, however, it is very difficult to have a good gudtthe external field is
strongly attractive, then the choice given here can turnoie a bad one. Once an
initial profile is chosen we can start with the iteration. tep2 we use Eqg. (2.17) to
calculate a different guess, which we calll (z). Clearly, if we input the equilibrium
density profile into the r.h.s. of Eq. (2.17), we again recdlie equilibrium density
profile from the I.h.s. of Eq. (2.17). If we input any other diy profile we obtain a
different guess for the density profile. In order to keep theation from making too
rapid changes, which might result in unphysical densityriistions such as negative
densities or local packing fraction larger than 1, it is us&d mix the old and the new
guess, as specified in step 3. The choice of the mixing pasameés very important.
If we choose it too small, the convergence of the iteratiovely slow. If we choose
it too large, we end up with the same problem mentioned abtheechanges in the
density profile might be too rapid and one might end up withrigrhysical result. Step
4 is to check if the iteration converged already. If the cleaimgthe density profile is
smaller than a threshold then we can stop the iteration.

In the course of the minimization either through the desatilteration or through
any other algorithm one has to calculate the weighted dessit,(z) from a given
density distribution very often.

4.2.2 \Weighted Densities

Here, to keep our considerations simple, we restrict obitsel planar geometry. For
any (not just hard-wall) external potential that possessetanar geometry so that
Vear(r) = Vou(2), wherez is the distance normal to the wallflaid density profile
also possesses the planar geomeity) = p(z). Itis easy to show that the weighted
densities, Eq. (3.3), also take on the planar geometryyni.ér) = n,(z). By using
the symmetry of the problem, one can perform two of the thngegrals in Eq. (3.3)
analytically and thereby reduce the calculation of the Wisd densities to a single
integral. In the planar geometry one finds that this integraf the convolution type,
just as the original three-dimensional integral in Eq. \3Sote it is not always the
case that a three-dimensional convolution integral remaiconvolution after some
integrals are performed analytically. For example, in tisindrical geometry, one
looses the convolution property by performing two integiahalytically, in the spher-
ical geometry, however, one finds results similar to the g@eometry.
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One finds that
na(r) = ny(z) = /dz' p(2") wa(z = 2)

with the one-dimensionalveight functionsus(z) = n(R? — 2?), we(z) = 27 R, and
Wa(z) = 2mzé,, with the unity vector in the direction normal to the wall. The
remaining weight functions are relatedue(z) andds(z) viaw; (z) = wa(2)/(47R),
wo(z) = we(2)/(47R?), andd; (z) = da(2) /(47 R).

Since the integrals are still convolutions one can explatdonvolution theorem
and perform the calculation in Fourier space, where theaation is a simple multi-
plication. Using the FFT (fast Fourier transform) we get

/ A7 p(2) walz — 2) = FT L (FT(p) « FT(wa)),

whereFT denotes the fast Fourier transform of a function &' the fast inverse
Fourier transform. The advantage of using FFT is the speedvdlations performed
in Fourier space are in general much faster than those pegtbm real space. If one
wants to implement an integration scheme of higher ordeictwis straightforward in
the real space, one has to be careful in Fourier space.

Once the weighted densities are evaluated, one is readycldai® the one-body
direct correlation functior™ (2)

4.2.3 One-Body Direct Correlationc!)(z)

From the definition of the one-body direct correlation fumictand the structure of the
excess free energy functional within fundamental measweery one finds

" B 5]761 8CI> ({na}) ona(z)
V() /d =~ Ong dp(z)

The main problem is to calculate the variation of the weidhdensities:, (2') w.r.t.
the density profileo(z). The result (in planar geometry) is quite simple

5na(z') - d oMY w2 — ") = w(s — 2
o~ T ] ) el = ) =l =),

However, one has to be careful because of the argument ofdlghiffunction. Com-
pared to the argument entering the weight function of thgtited densities, the argu-
ment entering the calculation ofY)(z) is negative, i.ez — 2’ becomes’ — z. For the
scalar weight functions this is unimportant, since theaoakight functions are even

W (2 — 2) = wa(z — 27,



4.2. HARD-SPHERE FLUID AT A HARD WALL 37

but the vector-like weight functions are odd
a2 = 2) = —=dua(z — 7).

Taking this sign into account, it is possible to perform thevolutions in Fourier space
using FFT methods:

D(z) = — Z}—T?l (.7:7’(8(1)(;[12&})) * ]-"T(j:wa)> .

4.2.4 Hard-Sphere Fluid at a Hard Wall: the density profile

After discussing the practical issues of minimizing a fuméatal measure theory den-
sity functional, we can have a look at a typical density peofif a hard-sphere fluid
at a planar hard wall. The packing fraction is choose tg bepbulk%’rRS = 0.4257,
which is quite high. Note that foy > 0.494 hard spheres freeze and form a fcc crystal.

In Fig. 4.1 we show the result. The full line denotes the dgnsiofile of the
White Bear version of FMT, the dashed line that of the originasé&tdeld functional
and the symbols denote results obtained from simulatioh [88e results from the
two version of DFT lie almost on top of each other except fduea ofz very close to
contact (see inset). The reason for the small deviatioredimshe wall is the contact
theorem, which states that at a planar hard wall the conawityp(R™) is equal to
the bulk pressure

p(R*) = Bp,

whereR* indicates that the contact value of the density profile isvilae at: = R
plus an infinite displacement.

The equation of state underlying the Rosenfeld functionahés Percus-Yevick
compressibility pressure, which is known to overestimate dctual pressure of the
hard-sphere fluid. By construction, the equation of statt@M/hite Bear version of
FMT is the Carnahan-Starling pressure, which is closer tgtiessure of the hard-
sphere fluid and agrees well with computer simulations.

There are several other properties of the one-componetdidpdrere system in the
fluid and the crystal phase studied in detail [39]. In gentfralagreement found with
simulations is excellent. Hard-sphere mixtures can alsstbdied within FMT [34].
If the size ratio is not too asymmetric the agreement withusations is very good. As
the sizes of the species in the mixture get more asymmetnne gwoblems of FMT
functionals become apparent [28].
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Figure 4.1: Density profile of a one-component hard-sphare #t a planar hard wall
for n = 0.4257.

4.3 Square-Well Fluid

The hard-sphere fluid is often employed as a useful refergystem for a fluid with a
hard-core repulsion at short separation and an additiatratdon. As an example for
such a fluid we consider a fluid with a square-well interp&gticteraction given by

00 r<2R
BVau(r) =4 —¢ 2R <1 < 2Ry,
0 otherwise

R, denotes the square-well radius. Even for such a simplepattcle interaction
potential it is in general not possible to construct a dgrfsihctional of the intrinsic
excess free energ¥., analogous to the fundamental measure theory for hard-spher
mixtures. Very often the additional attraction is takeroiatcount in an perturbative
way by splitting the excess free energy into a hard-sphemg&ibation plus a pertur-
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bation
Fuulp) = FI25[p) /d?’rp ) [ @px') danlle — ).

The perturbation term underestimates the correlation ensifstem. To compensate
this effect, one usually introduces a modified square-wakptial

—& r <2R,,
0 otherwise

ﬁ¢sw(r) = {

where the square-well is extended into the core, i.e.te 0. While this seems phys-
ical meaningless at first, it helps éonpiricallycorrect for the error in the correlations.

4.3.1 Bulk Fluid Phase Diagram

In the following we will restrict the considerations to thaifl phase and neglect the
possibility of crystallization. In the fluid phase, if theperature is sufficiently small,
the square-well fluid can phase separate into a low densgyagd a high density
liquid. In order to locate at which temperatures this phageagation can take place
we require the chemical potential and the equation of statéch can be obtained
from the density functional, by inputting a constant dgnpibfile p(r) = ppux. The
resulting chemical potential is

0 Row\®
(o) = af = tps(Pouk) — 577( R ) + 1 A° Dyt

P=Pbulk

with a hard-sphere contributiony; s(ppur), @ square-well contribution, and an ideal
gas termin(\3py.1 ). At first it seems as if the value ofand hence of the mass of the
particles plays an role in determining the phase diagramveder, this is not the case
and one can see easily that the value\ @hift the value ofu but does not affect the
phase diagram at all. Therefore, itis possible to replagé&al gas contribution to the
chemical potentialln A\3p,., by @ simpler term of the fornm 7, which is equivalent
to a particular choice of.
The equation of state follows from the grand potential of bk Bystem to be

€ Ro\?
p(Pbqu) = M(Pbulkz)Pbuzk - f(ﬂbqu:) = pHS(Pbulk:) - §pbulk¢77 <R> )

with the hard-sphere equation of state of the referencesyand a square-well term.
In order to describe a phase equilibrium between two fluissphAand /1 with cor-
responding densities, andp;;, we demand chemical and mechanical equilibrium

w(pr) = wulprr) and p(pr) = p(prr).
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Figure 4.2: The bulk fluid phase diagram of a square-well fiith ., = 3R. The
full circle denotes the critical point. Below the criticahterature the fluid can phase
separate into a low density gas and a high density liquid.

Note that these conditions can be fulfilled only at suffidiettw temperatures, where
the equation of state and the chemical potential displaydemnWaals loops. The
temperature at which these loops appear is called theatriémperaturd’,.. To locate
the critical temperature one demands that the first and tbensederivative of the
pressure w.r.t. the density vanishes, i.e.

9p
dp

2
=0 and @ =0.

2
T=T, dp T=T.,

ForT < T., the system can separate into a low density gas and a hightydimsid
phase.

The bulk fluid phase diagram for a square-well radiuggf = 3R is shown in
Fig. 4.2 in they-T representation. The critical point is denoted by the futtlei. Below
the critical temperature a low density gas and a high dehgiiyd can coexist, if their
respective densities are on the binodal (full line). Thexiience is indicated for the
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temperatured’/(fs) = 1.2, 1.0 and0.83 by the dotted lines. Outside the binodal
line there are single phase regions. At densities belowdkgisting gas density, the
gas phase is the single stable bulk phase and at densities #i®coexisting liquid
density, the liquid phase is the single stable bulk phasedérthe binodal line there is
a region of metastable and unstable states, which shallendisibussed here.

4.3.2 Free Interface

In the case of bulk coexistence between a low density gas dmghadensity liquid
one finds an inhomogeneous density distribution of the fiesrfiace. The interface is
called free, because it can form without the presence of tarred field, i.e. in the
bulk.

The calculation of the free interface density profile can beedby the following
steps:

o for a fixed temperaturg < 7, choose coexisting densitipg andp;; so that
w(pr) = p(prr) and p(pr) = p(prr)

e initialize density profile

e minimize density functional

Note that the minimization has to be performed while enfagg¢he boundary con-
ditions: forz < 0 the density profile approaches and forz > 0 it approaches
PrII-

For the temperatures/(5s) = 1.2, 1.0 and0.83, marked by the dotted lines in
Fig. 4.2, we show the density profiles of the free interfaceign 4.3.

For the lowest temperature consideré&d () = 0.83, the difference in the co-
existing densities is considerably large, as can be sedwiphase diagram shown in
Fig. 4.2. The width of the corresponding interface, theaegvhere the density goes
from the a gas-like density to a liquid-like density, is oétbrder of4R. Note that on
the liquid side of the interface one can see the onset of altadsoy structure.

As we increase the temperature@(5s) = 1.0 and 1.2, the difference in the
coexisting densities becomes smaller and the interfacerowhich is to be expected
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Figure 4.3: The free interface of a square-well fluid at thdigerent temperatures —
see Fig. 4.20 = 2R is the hard-sphere diameter.

as we approach the critical point. At the critical point, thiéerence between the gas
and the liquid density vanishes and so does the interface.

The free interface density profiles predicted by densitgfiomal theory are smooth
functions which do not display the fluctuations caused byctygllary waves.

4.3.3 Surface Tension of the Free Interface

From the density profileg,(z) of the free interface we can calculate the energy cost
of the formation of the interface. The grand potential ofglistem is given by

0 = Qlpo(2)].

The energy cost is measured by the liquidad vapor ¢) interface tensiory,,, which

is defined by
1 1

o =~ (8= Qpur) = (Qpo(2)] +pV),
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Figure 4.4: The interfacial tensiop, of a square-well fluid as a function of tempera-
ture.oc = 2R is the hard-sphere diameter.

with the area of the interfacé and(2,,;, = —pV'. As the critical point is approached
(from below, i.e.T' < T.), the energy cost of the interface formation becomes smalle
and at the critical point, at which the interface vanishhs, ltquid-vapor interfacial
tensiony,, vanishes.

The result for the interfacial tensio, is shown in Fig. 4.4. Close to the critical
point, indicated by the full circle, the interfacial tensig,, vanishes with a power law,
according to the theory of critical phenomena. However,gkgonent of the power
law is predicted by density functional theory is the (ineat) mean-field exponent.
To determine the correct power law is quite involved andlstalbe discussed here.

4.3.4 Square-Well Fluid at a Hard Wall

The next problem we consider is the inhomogeneous densitiflaition of a square-
well fluid close to a planar hard-wall. For a particular iet&ing behavior, we restrict
our considerations here to temperatuféelselow the critical temperature, i.&. < T,
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Figure 4.5: The path through the phase diagram is indicayethd full line. The
dashed line is a guide to the eye.

and to liquid densitiep,,;., away from the binodal line. The path we take in the phase
diagram is shown in Fig. 4.5. We fix the temperatur@'atSs) = 1.0 and consider
the liquid packing fractiong=0.31000, 0.30610, and 0.30571. The coexisting liquid
density at this temperature isiat = 0.305700789. The actual path is indicated by the
full line in Fig. 4.5 at the temperatufg/(3¢) = 1.0. Since all values ofy considered
here are rather close to the coexisting density, we also asod guide to the eye, the
dashed line.

The density profile of the square-well fluid close to a plarendiwall can be cal-
culated by the following steps:

e choose liquid densityy,;, or packing fractiom, 7' < T,

e initialize density profile

p(2) = pouik exXp(—BVewt (2))
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Figure 4.6: The density profiles of a square-well fluid at anptehard wall along the
path through the phase diagram shown in Fig. 4.5 2R is the hard-sphere diameter.

with
o z<R
BVean(2) _{ 0 otherwise
e minimize density functional
Q] _
dp(r)

These steps are the same as for the calculation of the densiiles of the hard-sphere
fluid close to the hard wall. The resulting density profileswhver, are very different.
They are shown in Fig. 4.6.

Through the presence of a van der Waals loop, the presswse tahe binodal
is smaller than the bulk density of the liquidp < ppur. This implies through the
contact theorem mentioned above that the contact dep&ity) of the square-well
fluid has to be smaller than the liquid bulk density. What onédiis the phenomenon
calledcomplete drying The hard wall is hydrophobic and prefers the low density gas
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over the high density liquid. If a liquid state point suffictly close to bulk coexistence
is considered, the square-well fluid develops a gas film dlmiee wall. In the drying
case, the density profile of the fluid shows gas-like behaslimse to the wall and a
liquid behavior far away from the wall. In between one findapor-liquid interface.

The thickness of the gas-like film can be measured by the sxadsorption,
defined by

D= [ dz (p(z) — o).

In the complete drying regime, sufficiently close to coestiste one finds
' < Indp,

with 6 = pu — peo, the distance in chemical potential from its value at cdexisey..,.
The scenario of complete drying is completely confirmed bysitg functional theory.

4.3.5 Square-Well Fluid in a Slit

As a final application of density functional theory we comsithe behavior of a square-
well fluid in a slit geometry. The slit is made of two parallertd walls, which are
separated by a distande Again, to keep the application interesting we restrict the
temperature t@' < 7, and choose the density to be in the liquid regime.

The steps to calculate the density profile in this geometygaren by

e choose liquid densityy,;;. or packing fractiom, 7' < T,

e initialize density profile

p(2) = pourk exp(—FVert(2))

with
_f oo |z|>L/)2-R
Blear(2) = { 0  otherwise
e Mminimize density functional
Q] _
op(r)

The state point choose for the present calculation is shovi#ag. 4.7. We choose
T/(Be) = 1 andn = 0.32. Now we keep the density of the square-well fluid fixed and
vary the width of the slit”.. The resulting density profiles are shown in Fig. 4.8.

We find that for large values df a liquid in the slit. If the slit width is sufficiently
small, the liquid, which is the stable bulk phase, becometast@ble compared to
a gas phase. This phenomenon is catlagillary evaporation The reason for this
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Figure 4.7: The state point of a square-well fluid in a slitmgetry is indicated by the
full circle.

phase transition is a competition between the volume tewhtla surface term in the
slit geometry. To highlight this competition we recall thhé grand potential) has
the following forms:

e bulk system (unconfined):
Q=—-pV

e fluid at a single wall:
Qp=—-pV +~A

e fluid in a slit of width L:
Oy~ —pAL + 2vA

If the wall is hydrophobic, as in the case of a hard wall, tHemwall-vapor interface
tensiony, is lower than the wall-liquid interface tensiepn This can compete with the
volume term that prefers the stable bulk phase becausep,.
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Figure 4.8: Density profiles of a square-well fluid in a slibgeetry for three different
values of the slit width..

Note that in the case of a hydrophilic wall one fings> ~, and capillary evap-
oration cannot take place. However, a phenomenon callatlacggondensation can
be observed if a stable bulk vapor phase is confined in a naslibwf hydrophilic
(sufficiently attractive) walls. In that case a high den8dyid, which is metastable in
the bulk, is stabilized by the walls.

The main purpose of this chapter was to show that the sam&duaatof the intrin-
sic excess free energy., can be employed to study quite different physical scenarios
simply by changing the external potentidl,,(r). This is part of the power and the
beauty of density functional theory.
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