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5.13 The bivariate normal distribution

Definition: Bivariate normal distribution

Two random variables Xj and X are jointly normally distributed if
they are described by the joint pdf
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5.13 The bivariate normal distribution

if (X1, X2) ~ N(p1, p2, 0%, 0%, p). then
> B (x1) ~ N(p, 07)
fx, (x2) ~ N(u2,03)
> fxuix, ~ N(pn + pZE(xe — p2), 03 (1 — p?))
Falxa ~ N(u2 + p2 (x1 — 1), 03(1 = p?))



5.14 Multivariate Distributions

x a random vector with joint density f(x)

Xp Xn—1 X:
F(x)= [ f flf(t)dtldtz...dt,,,ldt,,

Expected Value:
pa EX]

w)  \EX)]



5.14 Multivariate Distributions

Covariance Matrix

E[(x —p)(x —p)]

(Ca—p)(a —pa)  (a—p)0e—p2) oo (a—pa)(xe — pn)
_ (e —p)a —pm) Oe—p2)le—p2) .. (= p2)(xn — pn)
(o — 1)t — 1) (0 = 2) (0 = f12) o (o — 1) — 1)
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5.14 Multivariate Distributions

Linear Transformation: sum of n random variables Y7 ; ajx;

Elaixi + aoxa + ... apxs] = Ela'x]
=adE[x]=au
Var[a'x] = E[(a'x — E[a'x])?]
= B[(a'(x — E[x])?]
= E[(&'(x — p)(x — p)' a]
— 2 B(x — w)(x — u)]a
=a¥Xa

n

n
= E E ajajojj

i=1 j=1



5.14 Multivariate Distributions

Linear transformation: y = Ax

i-th element in y = Ax is y; = a;x with a; i-th row in A

= Elyi] = E[aix] = a;jp as before

Ely] = E[Ax] = AE[x] = Au
Varly] = El(y — Ely])(y — Ely])’]
= E[(Ax — Ap)(Ax — Ap)’]
= E[(A(x — p)[(A(x — p)]]
= E[A(x — p)(x — p) Al
= AE[(x — p)(x — p)]A" = AZA’



5.15 Modes of Stochastic Convergence

» Convergence in probability: 7

» Convergence almost surely: =
» Convergence in mean square: -
» Convergence in distribution: 7

{z,}: sequence of random variables
{zn}: sequence of random vectors



5.15 Modes of Stochastic Convergence

Convergence in probability

A sequence {z,} converges in probability to a constant « if for any
e>0

limP(|zy —a| >¢)=0

n—oo
short notation: plim z, = « or z, —raorz,—a—4»0

Extends to random vectors:

If lim P(|zxp — k| >e) =0 V k=12,.,K,
n—o0

then z, -+ « (element-wise convergence).



5.15 Modes of Stochastic Convergence

Convergence almost surely

A sequence {z,} converges almost surely to a constant « if

P(limzn:a>:1

n—oo
short notation: z, 5= a.

Extends to random vectors:

n—oo

If ]P’(Iimzk,,:ak)zlzo vV ok=1,2,...K,

then z, —<— a (element-wise convergence).



5.15 Modes of Stochastic Convergence

Convergence in mean square

A sequence {z,} converges in mean square to a constant « if

lim E [(z, — a)?] =0

n—o00

short notation: z, 75— «

Convergence in mean square implies convergence in probability.



5.15 Modes of Stochastic Convergence

Convergence in distribution

A sequence {z,} converges in distribution to a random variable z if

Z,,—d—>z

i.e., if the c.d.f. of z, converges to the c.d.f. of z at each point of
continuity.
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