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Advanced Mathematical Methods

VECTOR CALCULUS

EXERCISE 1 Derivation rules

Derive the following expressions:

d d 7
a) - (-122%+ 52" + 1) b) o (227~ 67)
o L (2767 O L9z @)
dx dx
4 2 —ev.
) d [2"+ 3z f) d [—e”-sin(v)
de | -1 dv | 202 +1
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g) o (w - exp(2uw® +4)) h) . ( 2zt + sm(x))
i) < (In(1 + u)) j) < (:U2 sin(2x))
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EXERCISE 2 General partial derivatives
Find the following derivatives:
a) 9 In(z% + 2y) b) 8—2 In(z242y) ) i In(z? + 2y)
Ox 4 Ox? 4 OyOx? Y
§ 2 " 2
d) 9220y exp(2z + y*) e) pye exp(2z + y)

EXERCISE 3 Total partial derivative

Determine for the function

with o = 2t + 3s and y = t2s the the total partial derivative <
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EXERCISE 4 Open Sets

Determine which of the following sets are open:
a) U={(z,9)|2 <2®+y* <3} CR? b) U= {(z,y)|z+y=2} CR?

¢) U={(x.y2)ayz >0} CR?

EXERCISE 5 Real-valued and vector-valued function

Find the domain and the range of the function:

x — 3y°

flay) =3 =

EXERCISE 6 Real-valued and vector-valued function

Find the domain of the function F : U C R? — R? defined by

_ Yy z
F(x7y)_ (x2+ygax2+y2a

)

EXERCISE 7 Gradient

Determine the gradient of f : R? — R which is given by (z,y) + %Y 4 sin zy:

EXERCISE 8 Derivative of a function

Compute the derivative of the function F' at the point a:

a) F(z,y)=(y,z,11),a = (0,0)
b) F(z,y,2) = (In(z? + y* + 22), 22y + 2),a = (1,1,0)

) fla,y,2) = |lzi+yj + zk|[*, @ = (a1, a2, a3)

EXERCISE 9 Taylor rule

Derive the fourth order Taylor expansion of the function f(x) = cos(z) around a suitable
expansion point zg.
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Solution Exercise 1:

a) —36z2 + 2023
b) 142% — In(6) - 6°

c) 142% - 67 4 227 In(6)6"

In(x
)

e) 3zt —4x3 4322 —6x
(z—1)?

v —(sin(v)4cos(v)) (202 41)+sin(v)-4v
f) e (202+1)2

g) exp(2w® + 4)(16w® + 1)

h) % . m . (8x3 + COS(.'E))
. u3
1) li—u4

j) 2z(sin(2z) + x cos(2x))

2

Solution Exercise 2:

a) :E22+m2y

— 22244y
b) Gy

1222 —8y
<) W)

d) 8yexp(2z + y?)

e) 2"exp(2x + y?)

Solution Exercise 3:

0z 828& 0z0y

v 9= oz 0y _ 2 3 2.2 2
95 — 97 s + 3y 0s 3(exp(z®)2z + y° exp(xy)) + 3t“s”(2y exp(zy) + zy* exp(zy))
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Solution Exercise 4:

a) U is open in R?
b) U is not open in R?

c¢) U is open in R3

Solution Exercise 5:
fRI\{(z,y)ly =27} = R

Solution Exercise 6:
fA@y) eR?: {z>0ny>0tu{z<0Nny<0}\{z=0Ny=0}} - R

Solution Exercise 7:

Vi(z,y) = (e + coswy)(yi + j)

Solution Exercise 8:

1
a) |1 0
0 0
1 10
b>221)

c) (2a1 2a9 2a3)

Solution Exercise 9:
Trog — 0
T(z) =1- 2 + 5ot



