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PARAMETER ESTIMATION

EXERCISE 1 Properties of an estimator

(a) Tlustrate graphically a biased and an unbiased estimator for the parameter 6.
(b) Tlustrate graphically a consistent estimator for the parameter 6.

(¢) Assume there are two alternative estimators 01 and 0 for the parameter 6. Both
estimators are unbiased, however, 07 is more efficient than 0. Illustrate this in a
graph.

d) Decompose the mean squared error (MSE) of an estimator into its components bias
and variance.

(e) Using a graph, explain the possible bias variance trade-off of an estimator (draw two
estimators).
Comprehension question: Why does an estimator have a variance? Why is the
estimator a random variable?
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Solution:
(a)
£0) | 0,
0 0
(b)
O ; n =100
s
(c)
£(6)
0 0
(d)

MSE =E[(6 — 0)?]
—E{1(0—E@®) + (@) - 0)*}
—E{(0— E(8)* +2(0 - E0)) (E(0) - 0) + (B(0) - 0)*}
—E [(0—E(0)?] +2E [(0 — E@)E(®) - 0)] +E [(E(6) - 0)*]
—E :(é - E(é)){ +2E [0 E(d) — 06 — E(§)? + E(e)a] + (E(0) — 0)2

—E [(0 - E(0)?] +2[E(0)* — E(6)0 — E@) + ED)6] + (@) - 0)°

ro. N b N 2
=E[(0—E@)?] + [E(a) . .9}
= Var(0) + Bias(0)?
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(e)

Estimators are measurable functions of random variables and thus, random variables them-
selves.
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EXERCISE 2 Method of Moments and Maximum Likelihood

(a)

(b)

(c)

(d)

Assume that in the population the random variable X follows a Poisson distribution
with parameter A\. Propose a method of moment (MM) estimator for the parameter A.
What do you need for the MM estimator? Are there any further possible estimators?

Assume that in the population the random variable X follows an Exponential dis-
tribution with parameter A. Propose a MM estimator for the parameter A. Justify
your choice.

Assumptions as in (a): Derive the maximum likelihood (ML) estimator for the pa-
rameter A of the Poisson distribution.

Assumptions as in (b): Derive the ML estimator for the parameter A of the Expo-
nential distribution.
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Solution:

(a) X ~Po(\), E[X] =\, Var[X] =\
Idea: Set theoretical moments equal to empirical moments to obtain the MM esti-
mator

1
M—gEizlxz

2
Ao =5 300 7] = (7 il wi)

(b) X ~ Ex()) , theoretical moments: E[X] = %, Var[X] = &
Solve for A:

1
A= EX)
A:

1 _ 1
VVar(X)  \/E(X2)—-E(X)?

Replace theoretical by empirical moments:
Al = 1 !
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(d)
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