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Advanced Mathematical Methods 1

LINEAR ALGEBRA

ExERCISE 1 Eigenvalues

Derive the characteristic equations for the matrices from exercise a)-c) and determine the

2) BZ(—;l —0,&)

b) cz(l 2> ¢) D= (1) 2 _3
0

eigenvalues.

3 —4

Exercise 2 Eigenvalues and Eigenvectors

Given the matrix:
-3 2
SEE
a) Calculate the eigenvalues and the respective eigenvectors of A.

b) Use the eigenvalues to calculate the determinant of A.

ExErcisE 3 Eigenvalues

A 3x 3 matrix A has the eigenvalues A\ = 1, Ay = 3 and A\3 = 4. Compute the determinant
of A, rg(A), the determinant of A~! and the eigenvalues of A~!. What can be said about
the quadratic form x’Ax of the matrix A for any vectors of x?

EXERCISE 4 Eigenvalues

Find the characteristic vectors of the matrix <;1 ?)
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EXERCISE 5 Quadratic Form

Given the matrix
2 -2
(17
a) Determine the definiteness of the quadratic form Q = ' Az.

b) Explain in two sentences maximum what this means for the graph {(z1,z2,Q)|Q =
(w15 20) A(1;22)"}.

EXERCISE 6 Quadratic Form

Write the quadratic form
Q = 42% + dayxy — 23

in matrix notation and determine its definiteness.

EXERCISE 7 Sign definiteness

Express each quadratic form below as a matrix product involving a symmetric coefficient
matrix:

a) q = 3u? — duv + Tv?

b) ¢ = u® + Tuv + 3v?

2

joR

6y — 5y? — 2z

q

D

— 2uiug + dujusg + 5u% + 4u§ — 2ugusg

)
)
¢) q = 8uv — u? — 3102
)
) q
)

f

—u? + duv — 6uw — 402 — Tw?

q
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EXERCISE 8 Sign definiteness

Given a quadratic form v/ Du. where D is 2 x 2, the characteristic equation of D can be
written as:

din—r  di2

=0 dig=d
dor  dag— (dr2 = dz)

Expand the determinant; express the roots of this equation by use of the quadratic formula
and deduce the following:

a) No imaginary number (a number involving y/—1) can occur in r1 and ro.
. . 0
b) To have repeated roots, the matrix D must be in the form of <8 c>

c) To have either positive or negative smidefiniteness, the determinant of the matrix D
must vanish, i.e. |D| = 0.
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Solution Exercise 1:

a) )\1:3.5 and )\2:0
b) )\1:2and/\2:—5

c) A\ =4.30278; Ay =0.69722; A3 =1

Solution Exercise 2:

a) Eigenvector for \; = 1:
a
= (2a> for a € R\ {0}

Eigenvector for Ay = —2:

N (fb) for b€ R\ {0}

2

b) det(A) = —2

Solution Exercise 4:

_ L
NG

Solution Exercise 5:

S

)

a) positive definite

Solution Exercise 6:

Q =2’ Az with A = (;l _21)

A is indefinite
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Solution Exercise 7:

Quadratic form: ¢ = x’Ax

a)

d) /
- (Zj) <_32 —35> @
| B2
q=| u2 -1 5 -1 U2
us 2 -1 4 us
f)
SRR
q v 2 4 0 v
w -3 0 -7 w

Solution Exercise 8:
Refer to the video.



