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f ∈ C0(Ω)
�;���

C0(Ω)
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x, y ∈ Ω (Ω).
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|f(x) − f(y)| ≤ C|x− y|α *;����
����
x, y ∈ Ω (Ω).
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5

�"A�� [��$7(�$K#�����!YO�
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|f(x)|pdλn(x)) 1
p
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f(x)g(x) dλn(x)
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f, g ∈ L2(Ω).
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‖f‖Hm,p :=

m∑

|α|=0

‖∂αf‖Lp
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f ∈ Hm,p(Ω) (p ∈ [1,∞]).
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〈∂αf, ∂αg〉L2 ∀f, g ∈ Hm(Ω).
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h̃(X̃, Ỹ ) = 〈ν̃, d2f̃(X̃, Ỹ )〉 = 〈ν ◦ P, d2f |P(dPX̃, dPỸ )〉 = 〈ν, d2f(X, Y )〉|P = h(X, Y ) ◦ P73X ���#� H���L!� ��������5 ���
h̃ = P∗h

��� ��%�K#�78 ���	%3�"�SX�5I*;��� �#A�� � �	�
%��3
��Z�"�$%V�B
��
L̃
5
L̃ = dPL(dP)−1 �

�I�
%�L	�
dPp

�
K 
�% ��K#���B�!�"��XW*;���
p ∈ Σ̃

5\���$5 ��% �"A��F��
�%���� 
���� ��*4����%��P
��1
������$7��"
�5 
�% �����"A�������% 
��
�B
��!���
%���5\�"A�� �#�"
�L$� 
�%�H H��$�"�$�#� ��% 
�%R�J��*

L̃

�%�H

L ◦ P 
������	��5 �"AR��K
K̃ = K(f) ◦ P


�%�H

H̃ = H(f) ◦ P
�I6-�
K#��5 H̃ = 2H̃ν̃ = 2(H(f) ◦ P) (ν ◦ P) = H(f) ◦ P ��%

Ũ
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ρ 6= 0

53
�%�HFK��$�
f̂ := C ◦f ��:/A��$%

df̂ = ρ df
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ĝ = ρ2 g
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dµf̂ =
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det ĝ dλ2 = ρ2dµf
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H(f̂) = 4ĝf̂ =
1√

det ĝ

2∑

i,j=1

∂i(ĝ
ij

√
det ĝ ∂j f̂) =

1

ρ
√

det g

2∑

i,j=1

∂i(g
ij
√

det g∂jf) =
1

ρ
H(f),

2�A��$�#�
(gij)
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W(C ◦ f) =
1
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∫

Σ

|Ĥ|2 dµf̂ =
1
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∫

Σ

|1
ρ
H(f)|2 ρ2 dµf =

1

2
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Σ

|H(f)|2 dµf = W(f).
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C : R3\{0} → R3\{0} : x 7→ x
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X, Y ∈ TpΣ

df̂pX =
1

|f(p)|2 (dfpX − 2

|f(p)|2 〈f(p), dfpX〉 f(p)),

�%�H �#AR��K

ĝp(X, Y ) =
1

|f(p)|4 〈dfpX − 2

|f(p)|2 〈f(p), dfpX〉 f(p), dfpY − 2

|f(p)|2 〈f(p), dfpY 〉 f(p)〉

=
1

|f(p)|4 (gp(X, Y ) ± 4

|f(p)|2 〈f(p), dfpX〉 〈f(p), dfpY 〉)

=
1

|f(p)|4 gp(X, Y ).
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dµf̂ = 1
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7(�F
�% ���(�$% ���#���$%3�M
�7��
�JK���7�K#�!� 2��S�"A

f |U
��%@���$L$�#�
^���5

ν

 ��%��
� %������V
��A6 �$��H ��%
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〈ν̂(p), ν̂(p)〉 = |f(p)|4 〈dC|f(p)ν(p), dC|f(p)ν(p)〉

= 〈ν(p) − 2

|f(p)|2 〈ν(p), f(p)〉 f(p), ν(p)− 2

|f(p)|2 〈ν(p), f(p)〉 f(p)〉

= |ν(p)|2 ± 4

|f(p)|2 〈ν(p), f(p)〉2

= 1,
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〈ν̂(p), ∂j f̂(p)〉 = |f(p)|2 〈dC|f(p)ν(p), ∂j f̂(p)〉
= |f(p)|2 〈dC|f(p)ν(p), dC|f(p) ∂jf(p)〉
= 0,
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j = 1, 2
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h, ĥ
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f, f̂

5I�#�$K �D�	L$�#�
^��	�
X�5
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ĥij = 〈ν̂, ∂i∂j f̂〉
= 〈ν − 2

|f |2 〈ν, f〉 f, ∂i∂j f̂〉
LMA 
���% �#���
�

=
1

|f |2 〈ν, ∂i∂jf〉 −
2

|f |4gij〈ν, f〉 −
2

|f |4 〈ν, f〉〈f, ∂i∂jf〉

+
8

|f |6 〈f, ∂if〉〈f, ∂jf〉〈ν, f〉 −
2

|f |4 〈ν, f〉〈f, ∂i∂jf〉

+
8

|f |6 〈ν, f〉〈f, ∂if〉〈f, ∂jf〉 +
4

|f |4 〈ν, f〉〈f, ∂i∂jf〉
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|f |6 〈ν, f〉〈f, ∂if〉〈f, ∂jf〉

=
1

|f |2 〈ν, ∂i∂jf〉 −
2

|f |4gij〈ν, f〉

=
1

|f |2hij −
2

|f |4gij〈ν, f〉

⇒ ĥ =
1

|f |2h−
2

|f |4 〈ν, f〉g
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ĥ(ei, ej) =
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|f |2h(ei, ej) −
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|f |4 〈ν, f〉g(ei, ej)
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κ̂i = ĥ(êi, êi) = |f |4ĥ(ei, ei) = |f |4( κi
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|H(f̂)|2 −K(f̂))dµf̂ = ((

κ̂1 + κ̂2

2
)2 − κ̂1κ̂2)dµf̂

= (|f |2κ1 − κ2

2
)2 1

|f |4dµf

= ((
κ1 + κ2

2
)2 − κ1κ2)dµf

= (
1
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|H(f)|2 −K(f))dµf .
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W(C ◦ f) − 4πχ(C(f(Σ))) =
1

2

∫

Σ

|H(C ◦ f)|2 dµf̂ − 2

∫
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K(C ◦ f) dµf̂
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|H(C ◦ f)|2 −K(C ◦ f)) dµf̂
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= W(f) − 4πχ(f(Σ)).
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|H(f)|2 dµf + 24 log|f |2 dµf

� �I� �M

< �e?50'_ 0'_ _�L�ADE�?5L � _I]%4RE6G��@]5L�]@_Z&B_ 2I?503_ _ 4 E ��03&+$b��&B_IE�0'_Z02>@�6$2] NOE�N 0'> 2I?5E�45GILhLB� ��0 ��E6> � E�$2L �� 1F_Z032 03_�AMLBG EBPA�& � � E�P5��$3&B_ _�03�6&B$ P �%E 0'>@�6$2]@N5E�0 2^�HL�GU��$3&+G 0 2
�� 



��� �0� � ��� � � ���.� �
	 � ��� � � 
 � ��	 �

��%
Σ\f−1(0)

� ,-���4�"���"A��4��� LP
��
�
�OX ��*��"A��U
�������� �	%3�"K�2 � LP
�%J
�K#K����B� 2��
�#A������ ����K#K ��* ���$%��	�#
����S�OX
�"A�
��

Σ
�
K����#�
�	%3�"�$H �2� � ��� 
�% �"�V
��!���SX �"A�� H��
^��	�����	%�L$� �#A��	�����	� �"� �"A�� ��%3�"�$���"
��\��* �"A��J
�7D� ^��

� 8R� 
����
�OX�5 2�A��$�#�F�"A�� H����B
���% ��* �
%R�#�	���#
��"�
��% ��K
Σ
2��
�#A H��
K#C A������$K 
��#����%�H �#A������#� YO�
�V
����	K1��*

�"A��?���#������% 5I
�%�H �"A��$%W�
�$�/�#A�� H���K�C �"
�H���� L$��%3^��$�#���?�"�FG	�$�#���

[\�$�
p ∈ f−1(0)

� 68* �#�	� �(�$��*;�����B�
%�� 
@�������
H � ���#����%
Mp

��*
R3 � 2�A���LMA H��I�$K9%����JLMA 
�%���� �#A��

�	%��	�#��X:
 5 24� LP
�% 
�K�K#��� � 73X �#A�� ��� ���
��L	�S�1*;��%�L!�"����% �"A��$���#�$� �#A 
��
f
��KJ�
�IL	
����SX ���
^��	% 
�K �"A��

���#
���A ��*1
 *;��%�L!�"����%
u := up : DR(0) → R

��%
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∫

∂Dr

g̃(gradg̃ log|f̃ |2, η)(z) dlg̃(z)

=

∫

S1

g̃(gradg̃ log|f̃ |2, η)(rθ)
√
〈Geθ, eθ〉(rθ) rdθ

= r

∫
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〈G gradg̃ log|f̃ |2, η〉(rθ)
√
〈Geθ, eθ〉(rθ) dθ

= 2

∫
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1

1 + |u(rθ)|2
r2

√
〈Geθ, eθ〉
〈G−1er, er〉

(rθ) 〈er + dut
u

r
,G−1er〉(rθ) dθ
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ru(ξθ), u(ξθ)〉r2 + 〈∂ru(ξθ), ∂ru(ξθ)〉r2
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ru(ξθ), u(ξθ)〉+ 〈∂ru(ξθ), ∂ru(ξθ)〉)
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|G−1 − Id| = |
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d
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Γ(t)−1 dt|
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dt
Γ(t) Γ(t)−1 dt|

≤
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|Γ(t)−1|2 |dut du| dt
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lim
r→0

B(r) =

∫

S1

2 dθ + lim
r→0
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2

r
〈dut u,G−1er〉(rθ) dθ = 4π.
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W(C ◦ f |Σr) = W(f |Σr) − 2
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δW(f)φ = 2

∫

Σ

[
4gH(f) + 2H(f)(H(f)2 −K(f))

]
〈φ, ν〉 dµf ,

& J�V � RFR
φ ∈ C4(Σ,R3)
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√
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x = (x1, x2, x3)
t ∈ R3 !@> �r3#�/#

wside(x) = sign(x3)
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sign(0) := 0
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√

(h(x) − eps)2 + (|x3| − L + eps)2
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√
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dx(z) = (elevation + 1) z2 − 2(|x3| + h(x) elevation +
elevation2 (L − eps) − elevation eps) z + (x2

3 + h(x)2 + (elevation (L − eps) − eps)2)
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h(x) 6= 0
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x3 6= ±(L+2)
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h(x)2+(|x3|−(1+L))2
) + (0, 0, wside(x) (1 + L))t)
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f ∈ C4(Σ,R3)
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δW(f)
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L2(Σ,R3)∗
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δW(f)
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L2(Σ,R3)
; �4B_7CB+� >F7?> 8 7?@ 	�� L2(Σ,R3)∗

B6T4��7?@X7 ��� �L> �?`
W (f) ∈ L2(Σ,R3)

���� #���6�B" �J<��
δW(f)φ = 〈W (f), φ〉L2(Σ,R3)

� 	�@ ��
!

φ ∈ L2(Σ,R3)

B
aD@ 	�	��SB?P\�H#

f ∈ C4(Σ,R3)
DD�����k�E-b-B���$3$�C���U!

φ ∈ L2(Σ,R3)
	
�B�����

δW(f)φ := 2

∫

Σ

[
4gH(f) + 2(H(f)2 −K(f))

]
〈φ, ν〉 dµf

�E3;V����C##��!�3��E��&$�XDI6 �;���
&a�26Ij ��&a�I>;���� ?�E����R2�(���C�C#�6

|δW(f)φ| ≤ 2‖4gH(f) + 2(H(f)2 −K(f))‖L2(Σ,R3)‖φ‖L2(Σ,R3) =: C(f)‖φ‖L2(Σ,R3)
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C(f)
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f
�C3M��*S&/����3�3

C4 	8Q �B&����O���E3��P3#�$�;* �$��- #����C3M�E����R2�(���C�C#�6�#��(�K#
δW(f)

�E3
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3L���

L2(Σ,R3)
>@���C&a�Q� �E�E�N>@3:��3M#��P���
<�����3�#a� ��<

δW(f)
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L2(Σ,R3)∗
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W (f) ∈ L2(Σ,R3)

3�� #$�E3`*�6��C���
〈W (f), φ〉L2(Σ,R3) = δW(f)φ
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Σ
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W (f) ∈ L2(Σ,R3)
: *
δW(f)
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L2 [ �Z@ �Q:��O7?<  	�� W 6�>�<-HC3Y<��5>Q:A4#��< DI6
W (f) = gradL2 W(f)

FSRT4NU�:?9�9�:�>IVWU �X:?Y
4CB��=:����=Y J$Fd�QFMLZ4EB#6�4

gradL2 W(f) = 2(4gH(f) +2(H(f)2−K(f))H(f))ν.
��6N4CB��\[��!
!
 > 	�@X7

] 	��^:��04EB��F7@
����@ ��O9 ] 	��_;
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∂tf = − gradL2 W(f) = −2(4gH(f) + 2(H(f)2 −K(f))H(f))ν
:?>

Σ.
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ν
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H(f)
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K(f)
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R3 d$Hj6
f
F
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Σ
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R3 Y��#� f0 : Σ → R3 H)<]: �\< �+> 8 7?@ T > 0
�Z<]:

� � �Z> �!
�"
(f(t))t∈[0,T )

	��<�?> 	�	� 6�
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f(t) : Σ → R3 �I���O9:� :A7:��9?@B� 8 7:�  !��7L7?Y�	�
��� ��E	�<	��

f0
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L2 [ �Z@ �Q:��O7?<  ] 	�� 	��  6��7P[��!
!
 > 	�@X7G7?<�7?@���" �Z<]:  !�1�� ���� #���IH 7:�
f(0) = f0

B��?<
	� !��7?@ � 	�@&:���;  !��7 � �Z> �!
�"

(f(t))t∈[0,T )

�:�1��
!
'���� #���6�B"

∂tf(t, p)= − gradL2 W(f(t))(p)
f(0, p)= f0(p)

}
∀ p ∈ Σ ∀ t ∈ [0, T ).
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w : Ω ⊂o Rn → R
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w
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gradL2 W(f) = 0
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∑
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∑
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3 722.36 2365.99 11 276.08 63.61
4 401.00 124.96 12 274.50 60.53
5 363.58 144.05 13 274.40 58.09
6 329.22 96.17 14 275.42 56.00
7 309.47 89.33 15 277.34 54.25
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7 26.63 8.75 15 26.18 8.60
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1 84.64 22.33
2 76.30 22.33
3 74.02 20.38
4 72.03 19.83
5 70.26 19.35
6 68.66 18.93
7 67.21 18.55
8 65.88 18.22
9 64.66 17.91
10 63.53 17.63

20 55.45 15.78
30 50.51 14.90
40 47.09 14.46
50 44.61 14.15
60 42.79 13.92
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600 24.80 21.06 170 39.33 33.39
700 24.81 64.81 210 39.33 149.62
740 24.86 269.81 240 217.44 763.81
796 25.18 6151.23 260 307.30 15296.05
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1 66.32 91.02 10 48.35 106.43
2 54.04 109.01 20 48.36 124.84
3 49.81 89.53 30 48.58 180.52
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5 48.63 96.65 50 108.30 119.12
6 48.50 99.33
7 48.44 101.04
8 48.40 103.20
9 48.37 104.56
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6AVi4CB����@:?YK6�H�>�:�Um����	#>@H�4CH�:?>�:�UW4CB���U�D@>Q754EH�:?>#6�9
Eg

",6 ���5>����E6A9�H�VC6�4EH�:?>�:AUW4CB���7=9�6AVEVXH�7O6�9
� �J@B�O9:��
 7@ 7?<�7?@���"�
 �r� �0�IH�9�92�IH�VEBn4C:mY�H�>QH�YiH�V#��FZMe:A4"�	4EB#6�4 C H�V_H�>Q���=lD�=>Q���5>�4r:�U%4EB�� �eH
�=Yi6A>Q>QH�6A>
Y �54��XH�7

g
7oBQ:?V��=>n:?>

S2 F	� �X:?D��?B`lQ9j6�>v:AUQ4EB��Zl��X:2:�U#H�V �?H�d��=>#�D�=9�:��mF�G0B��rU�:?9�9�:��IH�>��0U;�5�f9��5YiYi6�4C6
7=:A9�9��57540VX:?Y �Nl��E:?lD���b4CH��5V0:AU C F

R
Eg

6�4E4o6�H�>QV0HM4CV0Y�H�>QH�YvDQY�:?> C F
RER +�d����X�KYiH�>QH�Y�H�V����

h : (S2, can) → (S2, g)
:AU
Eg

H�> C H�VZ6/75:?>@U�:��;%
Yi6A9,;@:��XH��=>24o6�4EH�:?> %Tl��#�5V#���Xd$H�>��n�@H �(�=:?Y�:��El@BQH�VXYaF

√ �w>��iVXDQ7oB
�QH�� �5:?Yi:��ElQBQH�VEY H�VuDQ>QH �JD��eDQlK4E:v6ml��#�57	�5�QH�>�� 	 +��QH�DQV
4��C6A>@VXU�:��XYaF

�
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')(+*,*,- 4 0���0���0
C 6= ∅, �J<F`1�Z@B #�O9@�3
��Z@

idS2 ∈ C
aD@ 	�	��SB{RT4	H�VZ7=9
�O6��s4CBQ6�4

idS2

9�H
�=VuH�>
C0(S2, S2)

;$H�VrYi:?>@:A4C:?>��A;$6A>Q�tVE6�4CH�V,	 �5V "B� �2$ F �w9�VX:Q;2HM4ZBQ6AV	6
l�:?VEHM4CH�d�� �?6�7=:��QH�6A>NH�>`4EB��Z759j6AVXVEH�7O6A9JV#�5>QV#�ZVE:&4EB#6�4{H�4{B#6AV�6e>Q:?> %T>��	�?6�4CHMd�� �?6A7=:��@Hj6A> �J�N7oB#6�H�> �XDQ9���F

#:��86�>J��7=:?Y�l#6A7 4W7oB#6��b4

ϕ : U → R2 :AU
idS2

;�� �nB#6Od��
ϕ ◦ idS2 ◦ϕ−1 ≡ idϕ(U) ∈ H1(ϕ(U))26A>Q�c4CBJDQV

idS2 ∈ C ��� LAF��@F �@F
')(+*,*,- 4 0���0�|�08�!�

f
��� �Z< 	�@B�O7?<  �  ��E	�< [ `]@X7:��7?@EY��J<�� C1 [ :�� � 7:	�> 	�@ ` �����?> 	��

S2  !�1�� *���� ����IH 7:�
�1@ a ��;  !��7?<

h ∈ C ⇒ h ◦ f ∈ C.
aD@ 	�	��SBGP\�54

h ∈ C ;
f

6AVeH�>
4CB��N9��5YiYi6@FQG0B��=>�:��Jd$H�:?DQVE9M�
h ◦ f ∈ C0(S2, S2)

H�VIY�:?>Q:A4E:?>��N6A>Q�
VC6�4CH�VE	 �=V "B� �G$ FCP�� 4

ϕ : Uϕ → R2, ψ : Uψ → R2 �D�`75:?YilQ6A754e:��XH��=>�4#�=��7oBQ6��X4EV&:AU
S2 VC6�4EH�VbU��2H�>��

(h ◦ f)(Uϕ) ⊂ Uψ
�I9�:��QF 
-��	#>��

ϕ̃ := ϕ ◦ f−1 ; 4EB��=>�VXH�>Q7$�
f

H�Vk6A>�:��EH
�=>�4o6�4CH�:?> % l��#�=V����bd2H�>��
�QH�� �5:?Yi:��ElQBQH�VEY

ϕ̃ : Uϕ̃ := f(Uϕ) → R2 6A9�VX:kH�VI6n7=:?Y�l#6A7 4I:��EH
�=>�4"�5�c7oB#6��X4e:AU
S2 6A>Q�cVC6�4EH�VE	 �=V

h(Uϕ̃) ⊂ Uψ
FNQ �i4EB$D@V/B#6Od��

ψ ◦ h ◦ f ◦ ϕ−1 = ψ ◦ h ◦ ϕ̃−1 ∈ H1(ϕ̃(Uϕ̃) = ϕ(Uϕ),R
2)

VE:
4CBQ6�4&9
�=Y�YK6
L?F��@F���4#�=9�9�VIDQV

h ◦ f ∈ H1(S2, S2)
F�G0B��/VE6AYB�?� �JD#6�4CH�:A>a4"�59�9�VeD@Vw4CBQ6�4

h ◦ f BQ6AV&6
>Q:?> % >��$��6�4CHMd�� �?6A75:��QH�6A>\6A>Q�c�IB��=>Q7$�

h ◦ f ∈ C F
')(+*,*,-�4�0�� 0 .10I�!�

h ∈ C0(S2, S2)
��� > 	�<.	� 	�<�7 �Z<]:L<.	�< [ 9:	�<1�@ E�Z<  I;  !��7?< h ��� �@�A@ � 7�9@ ��JYZ7CB��?<

`1�Z@B ��O9@��
��Z@X; 7?YZ7?@B"
h ∈ C ���%�@�A@ � 7�9@ ��JYZ7CB

aD@ 	�	��SB
S2 H�V 7=:?Y�l#6A7 4O;

h
H�V 7=:A>J4EH�>JDQ:?D@V=;�VE:

h(S2)
H�V 75:?Y�l#6A754=F	�2DQl@l%:?V��u4EB������_� ���#�

p ∈ S2\h(S2)6A>Q�c9
�54
q1, q2 ∈ h(S2)

�D�m�QH �(�����=>�4Il%:AH�>�4CV "�VEDQ7oB\l%:AH�>�4CV/���@H�VX4IVXH�>Q7$�
h

H�V	>@:?> % 75:?>QVb4o6A>�4 $ F#G0B��=>
4CB����#�&6��#�8���#�=6�4r7=H
�X7=9
�=Vs4CB��X:?D��?B

p
6A>Q�

q1
;
p
6A>@�

q2
;��#�5VElD�=754EH�d��=9��A;2lQ6��C6AY �54��EH�V#�=� ���K6	�E7&9
�=>���4CB

6A>Q�����=>Q:�4"�=� �J�
γi : [0, 2π] → S2 �IH�4EB

γi(π) = p
U�:��

i ∈ {1, 2} F_RTU
γ1, γ2

���5VE7��EH �D�a4EB��
VC6�YB� �����O6�4\7=H��E759��A;	�4�^6AVEVXDQYB��4CBQ6�4

γ1 = γ2

F �r��7=:?Y�l#6A7 4C>��5VEV\:AU
h(S2)

;	4CB����#�PYvDQVb4 �D�

t1 ∈ [0, π)
�IHM4CB

γ1((t1, π)) ⊂ S2 \ h(S2)
6�>Q�

γ1(t1) ∈ h(S2)
6AVN� �59�9	6�V

t2 ∈ (π, 2π)
�IHM4CB

γ1((π, t2)) ⊂ S2 \ h(S2)
6A>Q�

γ2(t2) ∈ h(S2)
F �wV

q1, q2
B#6Od��0�D�	�=>�7oBQ:AV#�=>�4C:��(�n�QH�VX4EH�>Q7 4O;(� �

B#6Od��
γ1(t1) 6= γ2(t2)

F2P\� 4
γ : [t1, t2] → S2 ; γ := γ1|[t1,π] ∗ γ2|[π,t2]

�IBQH�7oB H�Vn� �59�9*%T����	Q>��=�
�QD��\4C:

γi(π) = p
"
i = 1, 2

$ F_G0B��=>
γ

H�Vi6P75D��Xd���H�>
S2 \ h(S2)

�IHM4CB �5>Q�Ql�:?H�>�4EViH�>
h(S2)

F
G0B����#�5U�:��#�A; ���-Y�:?>Q:A4E:?>QH�7=H�4 ��:AU

h
;
h−1(γ([t1, t2])) ⊂ S2 YvDQVX4 �(�i7=:?>@>��=7 4"�=�qF �8>-4CB��i:A4CB����

B#6A>@�<;
h−1(γ([t1, t2])) = h−1(γ(t1))

·∪ h−1(γ(t2))
F �2H�>@7	�

h−1(γ(t1)), h
−1(γ(t2))

6����K7=9�:?V#�5�<;
>Q:?> %O�=Y�l@4 �A;06A>Q� �QH�V��X:?H�>�4=;r4CB@H�V �?HMd��=Vc6 75:?>�4��C6��QH�7 4CH�:A><F

h
Y/DQVX4
4EB������5U�:���� �D� VED������=7 4CHMd��AFIR >

l#6��b4CH�7=DQ9�6��=;@6A>��
h ∈ C VE6�4CH�V,	 �5V "W� �G$	6A>Q�\H�V0B��5>Q7	� U�:��X4EB�>Q:A> % 75:?>QVX4C6A>�4OF

R >c4CB��m>����24e9
�=Y�YK6�4C6@;J4CB��mY �54��XH�7
g

lQ9j6O�$Ve6 ���?9���F
')(+*,*,- 4�0���0�4�0�� 517@ 

h ∈ C0 ∩ H1(S2, S2)
;
g
�Z< " �?> 	�	� 6�ag �O7?> �Z<�< �#�Z<�>F7@ 3@B�O9 	�<

S2 B 517@ 
d volS2

:A7?<.	� 7  !��7Wg �O7?> �Z<�< �#�Z< Y�	�
��+>F7�� 	�@E> 	�<
S2 ���! !� @X7:�=`�7�9@ + �	

can
BW[ 7%��7@ 

Eg(h) :=
1

2

∫

S2

〈dh, dh〉(TS2
can)∗⊗h−1TS2

g
d volS2 ,

�I��7?@X7 〈., .〉(TS2
can)∗⊗h−1TS2

g

���  6��70g �O7?> �Z<�< �#�Z< >F7@ 4@B�O9%	�<  6��7 8 �A<]:1
 7 (TS2)∗⊗h−1TS2 �J<]:�� 9�7%:
8 " can

�Z<]:  !��7 ` ��
!
 8 �A9oh 	��
g
Y��#�

h
B �E<� !����� � 	�@E> ��
���;

(TS2)∗
:A7?<.	� 7:�  6��7 9:	� �Z<��A7?<  8 �+<]:1
 7

� � �DA�FUA;:(CD=IR8=�?�CX?�J
Eg

= N<�6P�NBA,F ?�C
��� T

��>���=�C ; ��? N,����A
T
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	��
S2 B h−1TS2 :A7?<.	� =7:�  6��7�` �3
!
 8 �A9oh)	��

TS2 Y��#� h B T4��7?<  6��7=�5>������A� Eg ��� ��7@
!
 [ :A7IH)<�7%: � �4B_7CB
�J<]:A7=`�7?<]:A7?<  4	��� !��7 9:� 	���7?< �� �
���� ��;]<.	�< [ <�7E� �� #�JYZ7+�Z<]: H)< �! =7CB?�E< `1�Z@@ #�O9@��
��Z@�; �J< 
�	�9 ��
+9:	�	�@&:��J< �� 7:��;
 !��7 �J<�<�7?@�`]@:	C:���9@ 9 �Z< 8 7\9 ��
 9@�3
��� =7%:)���

〈dh, dh〉(TS2
can)∗⊗h−1TS2

g
= canαβ gij ◦ h

∂hi

∂xα
∂hj

∂xβ
.

" �2FML($

aD@ 	�	��SB�
#:��
h ∈ C1(S2, S2)

;#6A9�9 6AlQlD�O6��XH�>��0�@DQ>Q�Q9
�=Ve6A>Q�
4CB��NY �54��EH�7=V	4CB����#�5:?>a6��#�W759��O6	�E9����4�=9�9L%
����	#>��=�k6�>Q�/4CB��U�=>����#�A�

Eg
H�V 	#>QH�4#�AF �ZBQ:$:?VEH�>��

h
% 75:?Y�l#6�4CH��Q9��_75:?Y�l#6A754 7oB#6��b4CV

ϕ
H�>/4EB��Z�Q:AYK6AH�>

6A>Q�
ψ

H�> 4CB���4o6������54���� 9
�=Y�YK6�L?FKJ$FKJ��2;r4CB�� H�>�d����EV#�5Vc:AU`�IB@H�7oB � � ���=>Q:A4#� �J�
xα

6�>Q�
yi

;
�#�5VElD�=7 4CH�d��=9M�?;S� �tBQ6�d��

dh = ∂hi

∂xα
dxα ⊗ ∂

∂yi

6A>Q�P4CBJDQV9���$DQ6�4CH�:?> �2FMLt6�lQlQ9�H
�=V5F G0B�� �XH��?B�4`B#6A>Q�
VEH����ZH�V��4�=9�9*%T����	#>��=�v6�V�6wY �=Y �(���{:AU

L1 H�U
h ∈ C0∩H1(S2, S2)

�J�Nl��X:?l�:?VEHM4CH�:A>iL?F��@F �&6A>@� ���`4EB��
� +A9������{H�>�� �JD#6A9�H�4 �AF �&9�VX:Q;O4CB�� �EH
�?B�4�B#6A>Q�vVXH����s4"���EY 4��E6A>QVbU�:��EY�VSH�>v6I�	6O�m4CBQ6�4 9
�O6Od��5V{4EB�� �5>������A�
H�>�4#�	���E6A9<DQ>Q7oBQ6A>����5� �i4CB��N7O6A9�7=DQ9�6�4CH�:?> �D�=H�>��n4CB��NVC6AY �N6AV0U�:��

C1 % Yi6AlQV "�7 U F#l<F L�L9DnH�> � �&9M4�D@LS�
6A>Q� l@l<F*����H�>/���A:AV�D@LC� "��2:���:?9
�5dPV#�5754CH�:?>QV�$ $ F Q �
7=6A> 4CBJDQVk����	#>�� 〈dh, dh〉(TS2

can)∗⊗h−1TS2
g

U�:��
h ∈ C0 ∩ H1(S2, S2)

�J� DQVEH�>�� � �JD#6A9�H�4 � �2FMLP6AV\6 ����	#>@H�4CH�:?><F4�eVEH�>��f6�lQ6��X4EH�4CH�:?> :AU`DQ>QHM4 �
VED
�%:��X�QH�>Q6�4"�	4E:84CB��4	#>QHM4"�	75:?Y�l#6A754u6�4C9j6�V�H�>v4EB��0�Q:?Yi6AH�>n:�U

h
;A�4�I���=�@DQ7	�

0 ≤ Eg(h) <∞ F
g 7?> �Z@ChZBGQ �kDQV��

E := Ecan
6AV`6\VXBQ:��b4CB#6A>@� 6A>Q�P7O6�9�9

E(h)
4CB���� �J@B�O9:��
 7@ 7?<�7?@E��"n:�U

h
FNQ �

� �EHM4"� CK := {h ∈ C |E(h) ≤ K} U�:��
K > 0

F#�-��6AH�><; >Q:A4#�n4CB#6�4 CK
H�VmH�>Q���5l(�5>Q���5>J4/:AUZ4EB��

Y �54��XH�7
g

7oBQ:?V��=>�:A>
S2 F

')(+*,*,- 4�0���0���06517@ 
g 8 7�� �?> 	�	� !�Pg �O7?> �Z<�< �#�Z< >F7@ 3@B�O9 	�<

S2 B\T4��7?<  6��7?@X7 �Z@�7 9:	�<1�@ E�Z<  6�
m,M > 0

�@��9:�� !�1�� � 	�@ ��
!

h ∈ C0 ∩H1(S2, S2)

; ��7%�1�ZYZ7

mE(h) ≤ Eg(h) ≤ME(h).

aD@ 	�	��SB?P\� 4 B = {ϕ : Uϕ → R2} �(�N6#	#>QHM4"�m7=:?Y�l#6A7 4e6�4C9�6AV	:?>
S2 VX:n4CB#6�4

ϕ
7O6�> �D�1���$4"�5>Q���5�

4C:k6�>
:?l(�5>
V#� 4I7=:?>�4o6�H�>QH�>��
Uϕ

";���2H�Vb4CV4���t9
�=Y�YK6�L?F J2F��9$ F@G0B��=>
� �W7=6A>
d$H��5�
(gij) : U → R2×26A>Q�

(canij) : U → R2×2 6AVZ4 �r:�75:?>�4CH�>$D@:?DQVZU�6AY�H�9�H��5Vu:�U{l�:?VXH�4CHMd��w����	#>@H�4"�&VX�$YiY �54��EH�7&Yi6�4��XH�7	�5V
"����E:?lQl@H�>��N4CB�� ���2lQ9�H�7=H�4 ���5U;�����=>Q7$�84C:/4EB��&7oBQ6��X4EVZU�:��u>Q:A4o6�4CH�:A>#6A9(VEH�YilQ9�H�75H�4 � $ F �u�K9�H�>��=6��u6A9��������C62;
�4� �J>Q:�� 4EB#6�4`U�:�� �=6A7oB

p ∈ U
;�4EB������
6����i4 �r:�l%:AVEH�4EH�d��V�=H
���=>�d�6A9�D��=V

κ1(p), κ2(p)
:AU

(gij)(p)6A>Q�
µ1(p), µ2(p)

:AU
(canij)(p)

; �#�5VElD�=754EH�d��=9��A;��IBQH�7oBf6����t4CB�� �X:2:A4EVv:AUw6 �JD#6A���E6�4CH�7 � �JD#6�4EH�:?>
4CB��v7=: � ��7=H
�=>�4CV&:AU_�IBQH�7oB ���=lD�=>Q��:?>

p
7=:?>�4EH�>JDQ:?DQVX9��AF �2H�>Q7	�N4CB��5V#� �E:$:A4EV&YvDQVb4WB��5>Q7	� U�:��X4EB �(�

7=:A>J4EH�>JDQ:?D@V=;#4CB��?�=H
���=>�d�6A9�D��=Ve7O6A> �(�NDQ>Q�����EVb4C:$:2��6AVI7=:?>�4EH�>JDQ:?DQVeU�DQ>Q7 4CH�:A>QVI:?>
U

6A>@���Q:k4CBJDQV
6�4X4o6AH�>t4CB��5H
�0Y�H�>QH�YK6A9�6A>@�aYi66�2H�Yi6A9(dA6�9�D��5VeH�>

R+ ���
7=:AYil#6�754C>��=VEVe:AU�4CB��m�Q:AYK6AH�><F6P\� 4

mB := min
ϕ∈B

min{κϕ1 (p), κϕ2 (p) | p ∈ Uϕ}
max{µϕ1 (p), µϕ2 (p) | p ∈ Uϕ}

6�>Q�
MB := max

ϕ∈B

max{κϕ1 (p), κϕ2 (p) | p ∈ Uϕ}
min{µϕ1 (p), µϕ2 (p) | p ∈ Uϕ}

,

4CB��=>
0 < mB,MB < ∞ :?>Q9��\���5l(�5>Q��:?>a4CB��/6�4C9�6AVw7oB@:?V#�5><F�Q �/7=:A>Q7=9�DQ��� ��� �JD#6A���E6�4CH�7NU�:��XY

7O6�9�7=D@9�DQV	4EB#6�4IH�>\6n7oB#6��b4
ϕ ∈ B ;Q�4�`B#6Od��

mB canϕijX
iXj ≤ gϕijX

iXj ≤ MB canϕijX
iXj " �2F J9$

U�:��
6�9�9Id��=7 4C:��XV
X ∈ TS2 "

p ∈ U
$ F P\�54

h ∈ C0 ∩ H1(S2, S2)
F �ZBQ:$:?V#��6"	Q>QH�4#��7=:?Y�l#6A7 4

VX4#�����=:����E6AlQBQH�7/6�4C9j6�V A H�>c4CB��N�Q:?Yi6AH�>\:AU
h

�IBQH�7oB�H�V
h
%T7=:?Y�l#6�4EH �Q9
�&4C: B 6AVwH�>\9��5YiYi6
L?FKJ$FKJ��2F
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G0B��5>��4�w7=6A>n� �EHM4"�
canψαβ = ρψδαβ

;A�IHM4CB
ρψ : Vψ → R+ 75:?>�4CH�>$D@:?DQV_U�:��_6A9�9

ψ : Vψ → R2 ∈ A F
Q �m4EBJDQVI9�:$7O6A9�9���B#6Od������c9��=Y�Yi6 �2F J2F �

mB〈dh, dh〉(TS2
can)∗⊗h−1TS2

can
=

mB
ρψ

2∑

α=1

canϕij ◦h
∂hi

∂xα
∂hj

∂xα

(5.2)

≤ 1

ρψ

2∑

α=1

gϕij ◦ h
∂hi

∂xα
∂hj

∂xα

= 〈dh, dh〉(TS2
can)∗⊗h−1TS2

g

(5.2)

≤ MB
ρψ

2∑

α=1

canϕij ◦h
∂hi

∂xα
∂hj

∂xα

= MB〈dh, dh〉(TS2
can)∗⊗h−1TS2

can6A9�Yi:?Vb4 � d����b�J�IB������A;��IB����#�
ϕ ∈ B 6A>@�

(xα)
6��#�_4CB��_7=:$:��E�QH�>#6�4#�=V<�IH�4EB �#�5VElD�=754�4C:

ϕ
FOR >�4"�	���C6�4EH�>��

4CB@H�V/9�:27=6A9sH�>����JD#6A9�HM4 ���IH�4CB^4CB��
6�H�� :AUe6al#6��X4EH�4EH�:?>P:AUIDQ>QHM4 �?;�� � ��� 4/4EB��t���5VEH
���=� ���=VED@9�4v�IHM4CB
7=:A>QVX4C6A>�4CV

mB,MB
���=lD�=>Q�QH�>��v:?>i4CB��W6�4C9j6�V=F �w:�� � d����=;#6AV��%:A4EB

E
6A>@�

Eg
6����&H�>Q���=lD�=>@���=>�4I:AU

4CB��`6�4C9j6�V ���c9��=Y�Yi6 �2F J2F �$;@4CB��m75:?>QVX4C6A>�4CVw6��#�mDQ>@H�d����EVE6A9�F
G0B�� ���=>����C6�9�H�V��=� 
&H
�XH�7oBQ9
�54��5>������A�NH�VS7=:?>2U�:��EYi6A9�9M�&H�>�dA6	�EHj6�>J4SH�>mH�4CVS�Q:AYK6AH�> �XDQVX4 6AV 4CB��?Q�H�9�9�Y�:��#�
�=>����#����H�V&H�>aH�4EV&H�Yi6����!"�V��	�/4EB��=:��#�=Y J2F��@F��0$ F(G0BQH�V ���2lQ9�6AH�>QVe4CB��N4CB����	�vl�:?H�>J4&7=:?>@�QH�4EH�:?>\H�>�4EB��
7=9�6AVEV C F
')(+*,*,- 4�0�� 0���0 5 7@ 

h ∈ C0 ∩H1(S2, S2)
; 
 7@ 

µ : S2 → S2 � ��� 8 �!�0�  3@ �Z<1�6� 	�@E> ;�
 7@ g 8 7 �Z< "�?> 	�	� !�tg �O7?> �Z<�< �#�Z< >F7@ 4@B�O9<	�<
S2 B
T4��7?<

Eg(h ◦ µ) = Eg(h).aD@ 	�	��SB P\�54
ϕ : Uϕ → R2 6A>Q�

ψ : Uψ → R2 �D� (h ◦µ)
%T7=:?Y�l#6�4EH �Q9
�07oB#6��X4EVZ:AU

S2 6A>Q�KVXDQ7oBK4EB#6�4
ϕ

H�V&6�VX4#���#�5:����E6AlQBQH�7`l��X:	���=7 4CH�:?>:"�VEDQ7oB 7oB#6	�X4CV8���2H�Vb4 ���a7=:?>�4EH�>JDQH�4 �c:�U
h ◦ µ $ F(G0B��5><;q���5>Q:A4EH�>��

���
(yα)

4EB��&9�:27=6A9#7=:$:��X�QH�>#6�4"�=Vu6AVXVE:$7=H�6�4"�5�i4C:N4CB��w7=:?>2U�:��EYi6A9#7oB#6��b4
ϕ̃ := ϕ ◦µ−1 : µ(Uϕ) → R2

6A>Q�)���
(xα)

4EBQ:?V��K6AVXVE:$7=H�6�4"�5�^4C:
ϕ
; �4�K9�:$7O6�9�9��aB#6Od�� ∂(h◦µ)i

∂xα
= ∂hi

∂yγ
◦ µ ∂µγ

∂xα

���P4EB�� �$:��%:A9��5d
7oB#6AH�> �XDQ9��cL?FML?F �\6A>@�^4CBJDQV`:��@4C6AH�>PH�>P9�:$7O6A9 7=:$:��E�QH�>#6�4#�=V "�DQVXH�>��al��E:Al%:?VXH�4EH�:?> �2FML?F��a6A>@�-9�H�>��O6	�
6A9
��� ���E60$

〈d(h ◦ µ), d(h ◦ µ)〉(TS2
can)∗⊗(h◦µ)−1TS2

g
=

1

λϕ
δαβ

∂µγ

∂xα
∂µρ

∂xβ
(gψij ◦ h

∂hi

∂yγ
∂hj

∂yρ
) ◦ µ

=
1

λϕ
|det(dµ)|(δγρ gψij ◦ h

∂hi

∂yγ
∂hj

∂yρ
) ◦ µ

=
λϕ̃ ◦ µ
λϕ

|det(dµ)|(c̃anγρ gψij ◦ h
∂hi

∂yγ
∂hj

∂yρ
) ◦ µ

=
λϕ̃ ◦ µ
λϕ

|det(dµ)| 〈dh, dh〉(TS2
can)∗⊗h−1TS2

g
◦ µ

6A9�Yi:?Vb41�5d����b�$�IB����#�t�IHM4CB
canϕαβ = λϕδαβ

6A>Q�
c̃anαβ := canϕ̃αβ = λϕ̃δαβ

�J��75:?>@U�:��XYK6�9�H�4 �a:AU
4CB��t7oB#6��b4CV=F �r�-4EB��K4��E6A>QVbU�:��EYi6�4CH�:?>^U�:��EYvDQ9�6\U�:��/H�>�4"�$���C6A9�Vv6A>@� DQVEH�>�� √

det(canϕ) = λϕ
6AV

�4�=9�9S6�V √
det(c̃anϕ) ◦ µ = λϕ̃ ◦ µ ;2� �?���54I4EB��W���=VXH
���=� ���=VXDQ9�4I:AU

Eg(h ◦ µ) = Eg(h)
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(hn)n∈N ⊂ C0(S2, S2)

4C:
6I9�H�Y�H�4 ∈ C0(S2, S2)

F �8>��s7=:?>QVXH�Vb4CV�:AU���� �JD��=Vb4CH�>��w4EB#6�4
supp∈S2 dS2(hn(p), h(p)) → 0

6AV
n→ ∞�IB����#�

dS2

H�Ve4EB��/�QH�VX4C6A>Q7	�NU�DQ>Q7 4CH�:A>aH�>Q�QDQ7$�=������6A>�� �IH��5YK6�>Q>QHj6�>\Y �54��EH�7N:A>
S2 � 4CB��`:A4CB����&H�V

4C:\DQ>Q�����EVb4o6A>@�
hn, h

6�VNY �=Y �(���EVN:AU
C0(S2,R3)

6A>@�^4C: �#���JD��=Vb4 ‖hn − h‖C0(S2,R3) → 0
F �&V

S2 H�V07=:?Y�l#6A7 4O;'��:A4EBa>Q:�4CH�:A>QV07=:?H�>Q7=H����AF�Q �W�IH�9�9q4CBJDQVIVXl(�=6��
:AU{DQ>QH�U�:��EY 75:?>�d����#���5>Q7	�/�IHM4CBQ:AD@4
VElD�=75H�U��$H�>��k4EB�� ���@6A7 4wY �O6�>QH�>��@F
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g 8 7 � �?> 	�	� !�Kg �O7?> �Z<�< �#�Z< >F7@ 4@@�O9 	�<
S2 ; K > 0

B
T4��7?<  !��7��B�A<�9@ ��E	�< ��

Eg : CK → R

���W9�:��4���mV#�5YiHL% 75:?>�4CH�>JDQ:ADQV ���! 6��@X7:�=`�7�9@  	 �+< � � 	�@E> 9:	�<�YZ7?@E�A7?<�9�7�; �4BZ7CB � 	�@ �Z< "
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(hn)n∈N ⊂ CK
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��J> �! 

h ∈ CK
;+��7%�1�ZYZ7

Eg(h) ≤ lim inf
n→∞

Eg(hn).

Q �k�IH�9�9 �?H�d��k4 �r:\�QH �(�����=>�4Nl��E:$:AU�VW:AUu4CBQH�VW9��5YiYi6@F �8>��kDQV��=V �@F\M&6AVXB [ V?�5Y#�D�=�Q�QH�>��
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H�> � �A:?V�D2LC��F
aD@ 	�	�� ���4�@�J<�� � B��%���:��� � �D> 8 7%:Q:��J<���T4��7:	�@X7?>*�ZB �r� �@FXMw6AVEB [ V/�=Y �(�5�Q�QH�>��v4CB��5:��#�5Ya;
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H�VX:?Y �54��XH�7=6A9�9M�B�5Y#�D�=�Q���5��H�>J4E:iVX:?Y �
RN d$Hj6

e
F6Q �N7O6�>a4CBJDQVeDQ>Q�����EVb4o6A>@�

e ◦ C 6AVw6�VXD'�QV��548:�U
H1(S2,RN)
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H1(S2, S2)

F&P�� 4
(hn)n∈N
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CK

�IH�4CB 9�H�Y�H�4
h ∈ CK

;q4CB��5>
E(hn) ≤ K

��� 6AVXVEDQY�l@4CH�:?><F%RT4mH�V8Vb4��C6�H��?B�4EU�:��X�Z6��E��4E:
V#�	�v4EB#6�4
(e◦hn)

7=:A>Jd��������=V	D@>QH�U�:��XYi9M�/H�>
C0(S2,RN)

4C:
e◦h F��&V5; �J��9
�=Y�YK6 �2F J2F �@;?4CB����#�eH�Vu6m7=:?>@VX4o6�>J4

M
�IHM4CB

Eg ≤ME
:A>

C0 ∩H1(S2, S2)
;JVE:`�4�&BQ6�d��

Eg(hn) ≤ MK <∞ U�:��r6A9�9
n ∈ N

F��&9�VE:Q;
6A757=:��X�QH�>��n4E:�:AD�� �#�5YK6��,�t:?>cl#6�����L �k6�>Q���J� �@F6Q�9�:���6 , ;

‖e ◦ hn‖2
H1(S2,RN ) =

∫

S2

|e ◦ hn|2RN d volS2 +2Eg(hn)

≤ vol(S2) sup
p∈S2

|e(p)|2
RN

+ 2Eg(hn)

≤ vol(S2) sup
p∈S2

|e(p)|2
RN

+ 2MK <∞,

VE:P4CB#6�4
(e ◦ hn)n∈N

H�V�6)��:?DQ>Q���5��V�� �JD��=>@7	��H�>
H1(S2,RN)

F/
 �X:?Y �eH�9 �D���b4kVEl#6�7	�a4EB��=:��X� 2 ;
H�4kU�:?9�9�:��IVn4CB#6�4

(e ◦ hn)n∈N

B#6AVK6
H1(S2,RN) [ ��7 ��h�
�" 9:	�<�YZ7?@E���J<��
�@� 8 ��7 ����7?<�9�7 
i�IHM4CB�9�H�Y�H�4

h̃ ∈ H1(S2,RN)
FFQ �v���=>@:A4"�v4EB��nVED'�@V#� �JD��5>Q7	�����

(e ◦ hn)n∈N

; 6���6AH�>qF��e>QH�U�:��EY 7=:?>�d����#���5>Q7	�
H�Y�lQ9�H��=VZVX4��X:?>��i6A>Q�\4CBJDQVw�4�O6(�

L2(S2,RN)
% 7=:A>Jd��������=>Q7$� � 6A9�VX: H1(S2,RN)
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L2(S2,RN)
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e ◦h = h̃
6@F��AF$G0B��&>@:��EY�Vr4EB��=>

VC6�4CH�VbU�� ‖e◦h‖H1(S2,RN ) ≤ lim infn→∞ ‖e ◦ hn‖H1(S2,RN )

6A>@��4EB$D@V
Eg(h) ≤ lim infn→∞Eg(hn)�IBQH�7oBaVXBQ:��IVe4EB#6�4

Eg : CK → R
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h ∈ C0 ∩ H1(S2, S2)

;*
 7@ 
ϕ : U → R2, ψ : V → R2 8 7 h [ 9:	�> `1�� �� 8 
 79:	�> `1�A9@ 9:�1�Z@@ !� 	��

S2 �@� 9:�  !�1�� 
V
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u := ψ ◦h◦ϕ−1 BT4��7?<

u ∈ C0 ∩ H1(ϕ(U),R2)
B �#7�
8 J; 
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(hn)n∈N ⊂ C0 ∩ H1(S2, S2) 8 7 � ��7 ��� 7?<�9�7)���! 6�
hn(U) ⊂ V

B2�!�
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n ∈ N
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H1(ϕ(U),R2) ≤ ‖ψ‖2

C0(V,R2) vol(ϕ(U)) + 2E(u)
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E(u) =

∫

ϕ(U)

|du|2 dx1dx2

=

∫

ϕ(U)

δαβ δij
∂ui

∂xα
∂uj

∂xβ
dx1dx2

=

∫

ϕ(U)

canαβ ◦ϕ−1 δij
∂hi

∂xα
◦ ϕ−1 ∂h

j

∂xβ
◦ ϕ−1

√
det(can) ◦ ϕ−1 dx1dx2

≤ C

∫

ϕ(U)

(canαβ canψij ◦h
∂hi

∂xα
∂hj

∂xβ

√
det(can)) ◦ ϕ−1 dx1dx2

= C

∫

U
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can)∗⊗h−1TS2
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d volS2

�IB����#�
(xα)

���5>Q:A4#�=Vn4CB��
75:2:��E�QH�>#6�4"�5Vv�IH�4EB �#�=VXl(�5754�4C:
ϕ
F �ZBQ:$:?V#�\6�l#6AH��v:AUG	#>QHM4"�
7=:AYil#6�754

h
% 75:?YilQ6�4CH��Q9��e6�4E9j6AV��=V A,B :?>

S2 7=:A>J4C6AH�>@H�>��
ϕ, ψ

�#�=VXl(�5754EH�d��59��i�IH�4CBt6vl#6��X4EH�4EH�:?>�:AUSDQ>@H�4 �
(ηl)VED
�%:��X�QH�>Q6�4"�e4C: A VE6�4CH�VXU��$H�>��

η ≡ 1
:?>

U
F@G0B��=>

E(u) ≤ CE(h) <∞ ���i4EB��86���:�d��W6�>Q�K4CBJDQV
u ∈ C0 ∩H1(ϕ(U),R2)

F
M8���$4O;�9�� 4

(hn)n∈N ⊂ C0∩H1(S2, S2)
�D�u6IV�� �JD��5>Q7	�u�IH�4CB

hn(U) ⊂ V
4CB#6�4SVE6�4CH�V,	 �5V

E(hn) ≤ KU�:�� 6A9�9
n ∈ N

F9P\�54
un := ψ◦hn◦ϕ−1 ;�4CB��=> �#�5lQ9j6A75H�>��

u
�J�

un
H�>`4CB��06(�%:�d��07=6A9�75DQ9j6�4CH�:A><;O� �/���54

‖un‖2
H1(ϕ(U),R2) ≤ ‖ψ‖2

C0(V,R2) vol(ϕ(U))+2C
∫
U
〈dhn, dhn〉(TS2

can)∗⊗h−1TS2
can
d volS2

F��&V{6��%:�d��A;
7oBQ:$:?VEH�>��a6A>�� 	#>QH�4#�k7=:?Y�l#6A7 4

hn
% 75:?YilQ6�4CH��Q9��`l#6AH
�m:AUZ6�4E9j6AV��=V An,Bn

:?>
S2 7=:?>�4o6�H�>QH�>��

ϕ, ψ
;

�#�5VElD�=7 4CH�d��=9M�?; �4�c�����XH�d�� ‖un‖2
H1(ϕ(U),R2) ≤ ‖ψ‖2

C0(V,R2) vol(ϕ(U)) + 2CK
F�G0BJDQV �J� �wH�9 �D���X4
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VElQ6A7	�W4CB��=:��b�(����;@4EB������WH�VI6v�4�O6��J9��
H1(ϕ(U),R2)

% 7=:A>Jd������?H�>��kVXD'�QV#���JD��=>Q7$�v:AU
(un)

�IH�4EB\9�H�Y�H�4
H�>
H1(ϕ(U),R2)

F
P\�54`>Q:��

(hn)n∈N ⊂ C0 ∩ H1(S2, S2)
�(�i6aV�� �JD��5>Q7	�t�IHM4CB

hn(U) ⊂ V
6A>Q�^DQ>QH�U�:��EY�9���75:?> %

d����#���5>�4\4E:f6 9�H�Y�H�4
h ∈ C0(S2, S2)

F2Q � ���$4"�=>@� 4EB�� 7oB#6��b4
ψ

4C:f6A> :?lD�=>�>��5H��?B ��:?D��XBQ:$:2�
W := {p ∈ R3 | |p| ∈ (0, 2), p|p| ∈ V } :AU

V
H�>

R3 ; VXDQ7oB 4CBQ6�4
ψ : W → R2 H�V`:AUI7=9�6AVEV

C1

���cV#� 4E4CH�>��
ψ(p) := ψ( p

|p|)
U�:��

p ∈ W
F
W

7=:?>�4o6�H�>QVw6A9�9q9�H�>��WV#�	�AYB�5>J4EVw75:?>Q>��5754EH�>��il%:?H�>�4CVI:AU
VVEH�>Q7	�

V
H�Vs7=:?>�4o6�H�>��5�KH�>K6A>K:Al(�5>KB��5YiH�VElQB����#��;$VX:`4EB#6�4u� �w7O6A>K6AlQlQ9M�n4CB��eYB�=6A>id�6A9�D��04CB��5:��#�5Y

:AU{7O6A9�7=DQ9�DQV	4C:
ψ
F 
#:��

x ∈ ϕ(U)
;Q4CBQH�V/�?H�d��=V "�VXH�>Q7$�

hn(U) ⊂ V ⊂ W
$

|un(x) − u(x)| ≤ sup
y∈W

‖dψ(y)‖ |hn(ϕ−1(x)) − h(ϕ−1(x))| ≤ sup
y∈W

‖dψ(y)‖ ‖hn − h‖C0

VE: 4EB#6�4
(un)

75:?>�d��������=VkDQ>@H�U�:��XYi9M� 4C:
u

6AV
n → ∞ :?>

ϕ(U)
F P�� 4k>Q:��m;_6A�Q�@H�4CH�:?>#6A9�9��A;

(hn)�D� �5>������A� ��:?DQ>Q���5� 6A>@�f4EB$D@V
(un)

B#6Od��a6��4�O6(�$9M�
H1(ϕ(U),R2)

% 7=:A>Jd������?H�>��PVED
�QV#���$D��=>Q7$�
�IH�4EB 9�H�YiHM4

ũ ∈ H1(ϕ(U),R2)
F �&V#��:A4EB 4 �2lD�=Vn:�UI7=:?>�d����#���5>Q7	�5ViH�Yil@9�� �4�O6��

L2(ϕ(U),R2)
%

7=:A>Jd��������=>Q7$�A;(� �NB#6Od��
u = ũ

6�9�Y�:?VX4/� d����X�J�IB������n6A>Q�
4EB$D@V
u ∈ C0 ∩H1(ϕ(U),R2)

F

 H�>#6A9�9M�?;O9
�54

(hn)n∈N ⊂ C0(S2, S2)
�D�	6wD@>QH�U�:��XYi9M�W7=:A>Jd������?H�>��&V#� �JD��5>Q7	�	�IHM4CB`9�H�Y�H�4

h
; A,B 6A>��

�?HMd��=>nlQ6AH
��:AU 	#>QHM4"�06�4C9j6�V#�=V{:?>
S2 FZP�� 4 ε > 0

F�G0B��=> ���v9
�=Y�YK6mL?F J2F��&6A>Q�n9��5YiYi6mL?FKJ$FKJ��2;��4�07O6A>
�#��	#>�� A = {ϕ : Uϕ → R2} 6A>Q� B = {ψ : Vψ → R2} VED@7oBK4CB#6�4u4EB��5�n6��#��	#>QHM4"�A;A7=:?Y�l#6A7 4O;J6A>Q�
h
% 75:?YilQ6�4CH��Q9��{6A>Q�W4CBQ6�4�6A9�9�7oB#6��b4CVSH�> B 7=6A> �(�)���$4"�=>@���=�N4C:

ε
%S�Q6A9�9�V<6���:?D@4<4EB��=H��<�Q:?Yi6AH�>QV?"�H,F#��F54C:

Bε(Vψ)
$ F�G0B��=><;��J�/DQ>QHMU�:��EY 7=:A>Jd��������=>Q7$�A;?4EB������0H�V�6�>

n0

�IH�4EB
hn(Uϕ) ⊂ Bε(h(Uϕ)) ⊂ Bε(Vψ)U�:��I6A9�9

n ≥ n0

F��=�=>Q7$�N4EB�� �#��	#>��=�a6�4E9j6AV��=Ve6��#�
hn
% 75:?YilQ6�4CH��Q9��eU�:��

n ≥ n0

F
�&Ve�QH�� ���#�=>�4EHj6�4EH�:?>cH�Ve6k9�:$7O6A9 l��E:$7	�=VXV=;(4CB��N7oB#6AH�>�6�>Q��l��X:2�@DQ754��EDQ9
�=Ve���=VX7��XH �D�=��H�>al��E:?l�:?VEHM4CH�:?>
L?FML?F �&7O6�� �X�v:�d�����U �E:AY 4EB��0lQ9j6�>#6�� 7=6AV#�04E: �2:���:?9�� d`U�DQ>@754CH�:?>QV�:A>nVED��bU�6A7	�5V/���`4CB��I6���:�d��09
�=Y�YK6@F
Q �`6	�#�m>Q:�� H�>\6kl%:AVEH�4EH�:?>t4E:kl��E:�d��m4CB��`9�:��4���IV��=Y�H*% 75:?>�4CH�>$D@H�4 �i:AU

Eg
"�9��=Y�Yi6 �2F J2F �9$	�IHM4CBQ:AD@4

�#�59��$H�>���:?> �@F M&6�VEB [ V9�=Y �(�5�Q�QH�>��a4CB��=:����=Y\F P\�54
g
�(�K6�VEY�:$:A4CB �eH
�=Yi6A>Q>QH�6A>PYB� 4��EH�7k:?>

S2 ;
K > 0

VEDQ7oB\4CB#6�4 CK 6= ∅ �J�c9
�=Y�YK6 �2FKJ$FKJ2F
aD@ 	�	�� � � 	� 	� �@�J<�� � B �%���:��� � ��> 8 7%:Q:��J<��FT4��7:	�@X7?>*�ZBFP\� 4 ε > 0

6A>@�/9�� 4
(hn)n∈N

�D�Z6eDQ>QHMU�:��EY�9��
7=:A>Jd������?H�>��iV#���$D��=>Q7$�vH�> CK

�IH�4EBa9�H�Y�H�4
h ∈ CK

F �ZBQ:$:?V��/6kl#6AH��0:AU 	#>@H�4"�m75:?YilQ6A754
h
%Z6A>Q�

hn
%

7=:AYil#6�4CH �@9���6�4C9�6AV#�5V A = {ϕl : Ul → R2}Ll=1,B = {ψl : Vl → R2}Ll=1

:?>
S2 ;�VEDQ7oB 4EB#6�4 A7=:A>QVEH�VX4CVS:AU2VX4#�����=:����E6AlQBQH�7sl��E:	���5754EH�:?>QV �IHM4CBW4CB��u6AH��m:AU@9
�=Y�YK6��2FKJ$F D@F;Q�HM4CBQ:AD@4 9�:AVEVS:AUI���=>����C6A9�H�4 �A;

7=:ADQ>�4CH�>��&7oB#6��b4CV{H�> B V��5d����C6A9$4CH�YB�5V�HMUQ>��57	�5VEVC6	�X�?;�� �r7O6A>v6AVEVXDQYB�s4CBQ6�4
h(U l) ⊂ Vl

F�G0B��5>#���N4EB��
VC6�YB�_9
�=Y�YK6@; 4CB��sU�D@>Q754EH�:?>QV

un;l := ψl◦hn◦ϕ−1
l : ϕl(Ul) → R2 ; ul := ψl◦h◦ϕ−1

l : ϕl(Ul) → R29�H
�mH�>
C0 ∩H1(ϕ(Ul),R

2)
6�>Q�

(un;l)
75:?>�d��������=V&DQ>QH�U�:��EY�9��
6�>Q���4�O6��J9��\H�>

H1(ϕl(Ul),R
2)

4C:
ul

�I9�:��QF �Z:?9�9
�=7 4CH�>��m6A9�9����=VXDQ9�4EVZ6A>@�K>Q:A4C6�4CH�:?><;A�4�eDQV#�e4CB��eVX�$Y�YB� 4��X�n6A>Q�Kl�:?VXH�4CHMd��0����	#>QHM4"�=>��=VEV
:AU
glij := gϕlij

4E: ���54 "
(ηl)

�(�5H�>���6nl#6��b4CHM4CH�:A>t:AU{DQ>QH�4 �tVED'��:��E�@H�>#6�4#�84C: A $

Eg(hn) =

L∑

l=1

∫

ϕl(Ul)

(ηl ◦ ϕ−1
l )(glij ◦ ψ−1

l ◦ un;l) δ
αβ
∂uin;l

∂xα
∂ujn;l

∂xβ
dx1dx2

=

2∑

α=1

L∑

l=1

∫

ϕl(Ul)

(ηl ◦ ϕ−1
l )(glij ◦ ψ−1

l ◦ un;l) (
∂uin;l

∂xα
)(
∂ujn;l

∂xα
) dx1dx2

��� QSJ
T
A
T
!
T
; � >�R�����A

T



��� ����� ���E� � ����� ����� � � ���<� L?L�L

±0
=

2∑

α=1

L∑

l=1

∫

ϕl(Ul)

(ηl ◦ ϕ−1
l )(glij ◦ ψ−1

l ◦ un;l) (
∂uil
∂xα

)(
∂ujl
∂xα

) dx1dx2

+
2∑

α=1

L∑

l=1

∫

ϕl(Ul)

(ηl ◦ ϕ−1
l )(glij ◦ ψ−1

l ◦ un;l) (
∂(un;l − ul)

i

∂xα
)(
∂(un;l − ul)

j

∂xα
)dx1dx2

+ 2
2∑

α=1

L∑

l=1

∫

ϕl(Ul)

(ηl ◦ ϕ−1
l ) (glij ◦ ψ−1

l ◦ un;l) (
∂uil
∂xα

)(
∂(un;l − ul)

j

∂xα
) dx1dx2

ηl≥0

≥
2∑

i,α=1

L∑

l=1

∫

ϕl(Ul)

(ηl ◦ ϕ−1
l )(glij ◦ ψ−1

l ◦ un;l) (
∂uil
∂xα

)(
∂ujl
∂xα

) dx1dx2

+ 2

2∑

i,α=1

L∑

l=1

∫

ϕl(Ul)

(ηl ◦ ϕ−1
l ) (glij ◦ ψ−1

l ◦ un;l) (
∂uil
∂xα

)(
∂(un;l − ul)

j

∂xα
) dx1dx2

�IB����#��4CB�� 	��XVX4c4"���EY :?>�4CB�� �XH��?B�4cB#6�>Q� VXH�����75:?>�d��������=V\4C:
Eg(h)

VEH�>Q7	�
(un;l)

75:?>�d��������=V
DQ>QHMU�:��EY�9��k4E:

ul
6A>Q�\VEH�>Q7	�

glij ◦ ψ−1
l

H�V	7=:A>J4EH�>JDQ:?D@V=F 
 H�>#6A9�9M�?;
(
∂(un;l−ul)j

∂xα
)
75:?>�d����#���5Ve�4�O6��J9M�t4C:

0
H�>
L2(ϕl(Ul),R

2)
6�>Q�

glij
H�V �%:?D@>Q���=�PVE:c4CBQ6�4m4CB��kV#�57=:?>@�^4"���EY d�6A>QH�VEB��5VN6AV

n → ∞ F Q �
7=:A>Q7=9�DQ���

lim infn→∞Eg(hn) ≥ Eg(h)
6A>Q�\6����N�@:?>��AF

')(+*,*,- 4�0���042�� 0�517@ 
G ⊂ R2 8 7%� 8 	��A<]:A7%:\:�	�> ���J< ���! !� �?> 	�	� 6� 8 	��A<]: �Z@B" ; u ∈ H1(G,R2)

B
[ @B�! ��J<��

u = (a, b)
�Z<]:  E��h��J<��

(x, y)
��� 9:	�	�@&:��J< �� =7:� �J<

G
; ��7%�1�ZYZ7

∫

G

η det(da, db) dx dy = −
∫

G

a det(dη, db) dx dy
� 	�@ ��
!


η ∈ C∞
0 (G).

�?< `1�Z@@ #�O9@��
��Z@�;+� �
un ⇀ u

��7 ��h�
�" �J<
H1(G,R2)

�Z<]: �A< � � 	�@E> 
�" �J<
C0(G,R2)

;+ 6��7?<
∫

G

η det(dun) dx dy →
∫

G

η det(du) dx dy
���
n→ ∞.

aD@ 	�	��SB%RT4 H�V � �59�9*%O�J>Q:��I>N4EB#6�4
C∞∩H1(G,R2)

H�VS���5>QV#�uH�>
H1(G,R2)

"�7 U F �AF#�@F�lqF �	�eH�> � �&9M4�D@LS� $ F
Q �WH�>�4"�5>Q�t4C:n9
�O6A�c6A>\6Al@l��E: �2H�Yi6�4CH�:?>t6	�#�?DQY �=>�4=F@G0BJDQV=;#9
�54

u ∈ C∞ ∩H1(G,R2)
;
u = (a, b)

;
η ∈ C∞

0 (G)
F�G0B��5> � �tBQ6�d�� ���-����	#>QHM4CH�:?>-:AU04EB��K�4�=�����tl��E:$�QDQ7 4O;����^4EB��tl��X:2�QD@754 �XDQ9���U�:��

�QH�� ���#�=>�4EHj6A9qU�:��EY�V=;
��� �$4E:����5V�[#4CB��=:����=Y
� � ;(6A>Q�\VEH�>Q7	�
η

B#6�Ve75:?Y�l#6A754IVXDQlQl�:��b4wH�>
G

∫

G

η det(da, db) dxdy =

∫

G

η da ∧ db

=

∫

G

d(aηdb) −
∫

G

a dη ∧ db

= 0 −
∫

G

a det(dη, db) dxdy

� � QSJ
T�� T

95� �K=�C ; � A,A > 9:A
T



L?L?L ��� ��� � � � � �

VE:v4EB#6�404EB��8l�:?VX4EDQ9j6�4#�=� ���$DQ6�4CH�:?>
H�VZd�6A9�H���U�:��
u ∈ C∞ ∩H1(G; R2)

FXP\�54	>Q:��
u = (a, b)

�(�m6AV
H�>
4EB��m9��=Y�Yi6@F2G0B��=>

det(da, db) ∈ L1(G)
6A>@�

det(dη, db) ∈ L2(G)
VEH�>@7	�

a, ∂ia, ∂ib ∈ L2(G)���\����	#>@H�4CH�:?><;#VX:i4CBQ6�4 ��:A4EB ∫
G
η det(da, db) dx dy

6A>Q� ∫
G
a det(dη, db) dx dy

6�����	Q>QH�4#�AFYP\�54
>Q:��

(un = (an, bn))n∈N

�D�/6�V#� �JD��5>Q7	�/H�>
C∞ ∩H1(G,R2)

�IH�4EB "�VX4��X:?>���$
H1 %T9�H�YiHM4

u
F#G0B��=>

7=9
�O6��X9��
det(dan, dbn) → det(da, db)

H�>
L1(G)

6A>Q�c�4�N7=6A>\DQV#� � +?9������0H�>�� �JD#6�9�H�4 ��4C:kV��	�m4CB#6�4

|
∫

G

η det(da, db) dxdy −
∫

G

η det(dan, dbn) dxdy|

≤
∫

G

|η||det(da, db) − det(dan, dbn)| dxdy

≤ ‖η‖C0(G) ‖det(da, db) − det(dan, dbn)‖L1(G) → 0.
	a:����=:�d����=;#�4��	#>@�\4EB#6�4

|
∫

G

an det(dη, dbn) dxdy −
∫

G

a det(dη, db) dxdy|

±0
= |

∫

G

(an − a) det(dη, dbn) + a(det(dη, dbn) − det(dη, db)) dxdy|

≤ ‖a− an‖L2(G) ‖det(dη, dbn)‖L2(G)

+|
∫

G

(a ∂xη)(∂ybn − ∂yb) dxdy| + |
∫

G

(a ∂yη)(∂xbn − ∂xb) dxdy|.

Q �`B#6Od�� ‖det(dη, dbn)‖2
L2(G) =

∫
G
|∂xη∂ybn − ∂yη∂xbn|2 dx dy ≤ 4‖dη‖2

C0‖dbn‖2
L2 ≤ C < ∞VEH�>Q7	�

(bn)n∈N

7=:?>�d����#���5V � �4�O6(�$9M� �	H�>
H1(G)

6A>Q�-4EBJDQVvH�4EV
H1 % >Q:��XY H�V �%:?D@>Q���=�"�J� �wH�9 �D���b4

VElQ6A7	�W4CB��=:��b�?F �Z:?>QV�� �JD��5>J4E9��A;(4EB�� 	��EVb4e6A�Q���5>Q�\H�>
4CB��m6(�%:�d��mH�>�� �JD#6A9�H�4 �i7=:?>�d����#���=VI4C:  	���E:kU�:��
n → ∞ 6AV

(an)
7=:A>Jd��������=VnVb4��E:A>��?9�� 4E:

a
H�>
L2(G)

FNQ �i�IH�9�9_>Q:���7O6	�#�iU�:��N4EB��iV��=75:?>Q��6A>Q�
4CB@H
�E�K6A�Q���5>Q�QVrH�>k4CB��wVC6AY �wH�>�� �JD#6�9�H�4 �AF��&V

a ∈ H1(G)
;
η
H�VuVEY�:2:�4CB<;J6A>@�

G
H�V��%:ADQ>Q���5�<; ��:A4EB

a ∂xη
6A>Q�

a ∂yη
9�H
�iH�>

L2(G)
VX:�4CB#6�4`4CB��KV#�=75:?>Q�f6A>Q�^4CBQH��E�-4#���EY H�>^4CB��
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(un)n∈N ⊂ H1(G,R2), un = (an, bn)
75:?>�d��������=V

DQ>QHMU�:��EY�9��K6A>Q�c�4�O6��J9��cH�>
H1(G,R2)
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u ∈ H1(G,R2), u = (a, b)

F#R >@���	�5�<;#4CB�� 	��EVb4w6A�Q���5>Q�
H�>t4EB��m6���:�d��WH�>�� �JD#6A9�H�4 �i7=:?>�d����#���5Ve4E:  	���E:�6AV ‖det(dη, dbn)‖2

L2(G) ≤ C
���t�4�O6(�t7=:?>�d����#���=>Q7$�

:AU
(bn)
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:?>v4CB�� �%:ADQ>Q���5�n�Q:?Yi6AH�>

G
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')(+*,*,- 4 0���042 2 � � ��� ! -#��� � ')(Jz (�� 7 � (Q3 0 9�� 517@ G ⊂ R2 8 7 � :����oh�; u ∈ H1(G,Rn)
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E(u) ≤ K
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0 < δ < 1
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x ∈ G

B T4��7?<  6��7?@X7 7�
8���@ 6� ��	�>F7
r ∈ (δ,

√
δ)

� 	�@ �I���O9:�
u|∂Br(x)∩G
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��� 7@
�":�G9:	�<  #�J< � 	�� � 9 �<�Z<]:

|u(x1) − u(x2)| ≤
√

8πK

log(1
δ
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x1, x2 ∈ ∂Br(x) ∩G.
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h : (S2, can) → (S2, g)
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hn : S2 → S2 �D�N����	#>��5� ���

hn(p) := (cos(np3)p1 + sin(np3)p2,− sin(np3)p1 + cos(np3)p2, p3)t
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p = (p1, p2, p3)t ∈ R3 F(G0B��=>

hn
H�VI7=9
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hn
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hn ∈ C0∩H1(S2, S2)���
l��X:?l%:AVEH�4EH�:?>aL?F��@F �n6�>Q�
4CB#6�4
det d(ϕi ◦ hn ◦ ϕ−1

i ) ≡ 1
;2�IB����#�

i
VX4C6A>Q�QV0U�:�� �=H�4EB����r4CB��W>Q:��X4CB

:��k4CB��aVE:?D24CB l�:?9��cl��X:	���=7 4CH�:?><FuG0BQH�V�YB�=6A>QV�4CB#6�4
hn
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7O6�>�7oB��57&�f4EB#6�4

hn
H�V �QH ���=754EH�d��
VE:^4EB#6�4�H�4kH�Vk6A>�:��EH��5>�4o6�4EH�:?> %Tl��#�5V#���Xd$H�>�� �@H �(�=:?Y�:��El@BQH�VXY :AU

S2 F �r� �2FML?F��@;#4CB����#�NH�Vw6 	 +��QH�DQVI4��E6A>QVbU�:��EY
µn

VXDQ7oB�4CBQ6�4
hn ◦ µn

VC6�4EH�VE	 �=V "B� �G$ F �w9�4C:����54EB����5;
hn ◦ µn ∈ C U�:��06A9�9

n ∈ N
F �8>t4CB��W:�4CB����	B#6A>Q�q;

E(hn ◦ µn) = E(hn)
���t9
�=Y�YK6 �2FKJ$F �v6A>@�t� �

7O6�>W�5VX4CH�YK6�4"� "��IH�4CB
θn(r) := n1−r2

1+r2
$

2E(hn) = 2

∫

{x∈R2 | |x|<1}=:B1(0)

(ρS ◦ hn ◦ ϕ−1
S )((

∂h1
n

∂x1
)2 + (

∂h2
n

∂x2
)2) dx1dx2

= 4

∫

B1(0)

(ρS ◦ hn ◦ ϕ−1
S ) cos2 θn(|x|) dx1dx2 +
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+16n

∫

B1(0)

(ρS ◦ hn ◦ ϕ−1
S )

|x|2
(1 + |x|2)2

cos θn(|x|) sin θn(|x|) dx1dx2

+32n2

∫

B1(0)

(ρS ◦ hn ◦ ϕ−1
S )

(x1)2

(1 + |x|2)4
(sin θn(|x|)x1 − cos θn(|x|)x2)2 dx1dx2

+32n2

∫

B1(0)

(ρS ◦ hn ◦ ϕ−1
S )

(x2)2

(1 + |x|2)4
(sin θn(|x|)x2 + cos θn(|x|)x1)2 dx1dx2

�=9��5YB�5>�4o6��b�
≥ −8πn+ 2 min

p3>0
ρS(p)n

2

∫

B1(0)

(sin θn(|x|)x1 − cos θn(|x|)x2)2(x1)2 dx1dx2

+ 2 min
p3>0

ρS(p)n
2

∫

B1(0)

(sin θn(|x|)x1 + cos θn(|x|)x2)2(x1)2 dx1dx2

l�:?9�6��	7=:$:��X�<F
= −8πn+ min

p3>0
ρS(p)n

2 [2π

1∫

0

sin2 θn(r)r
5 dr +

π

6
]

≥ −8πn+
π

6
n2 → ∞

�IB����#�
ρS

���5>Q:A4"�5Vn4CB��c7=:A>@U�:��EYi6A9uU�6A754E:��n:AU
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ϕS
F �=�=>Q7$�

E
H�ViDQ> ��:?DQ>Q���=��:?> C F �w9�VX:Q;uU�:��t6A>��

p ∈ S2 6A>Q�
6A>��

n > k ∈ N
;{�4�\BQ6�d�� |hn(p) − hk(p)|2 = 2(1 − (p3)2)(1 − cos((n − k)p3))

6A>Q� 4CBJDQV
‖hn − hk‖2

C0(S2,R3) ≥ 0.1 > 0
U�:��N6A9�9

n > k ∈ N
6AV

2(1 − (π
4
)2)(1 − cos((n − k)π

4
)) ≥ 0.1U�:��

n− k 6≡ 0 mod 8
6A>Q�

2(1 − ( 1
n−k)

2)(1 − cos(1)) ≥ 0.1
H�U
n− k ≡ 0 mod 8, n− k 6= 86A>Q�

2(1− (1
2
)2)(1− cos(4)) ≥ 0.1

HMU
k+8 = n

F2G0BJDQV5;
(hn)n∈N

�Q: �=Vr>Q:A4Z7=:?>�4o6�H�>t6NDQ>QHMU�:��EY�9��
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K > 0
;A�I9�:�� CK 6= ∅ "�7 U F�9��=Y�Yi6 �2F J2F J9$ F0P\� 4

0 < ε < mini6=j|pi−pj|
F

�&> �59��5YB�5>J4C6��X�N7=6A9�75DQ9j6�4EH�:?>NVEB@:��IV�4EB#6�4{4CB����#�	H�V�6
δ̃ = δ̃(ε,K) ∈ (0, 1)

�IH�4EB
( 8πK

log( 1

δ̃
)
)

1
2 ≤ ε
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F�P\�54
h ∈ CK
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p ∈ S2 �IHM4CBc6A>�4EH�l�:2�#6�9

p̂
VEDQ7oB
4CBQ6�4

p, p̂ /∈ {p1, p2, p3}
F P\� 4

ϕ : S2 \ {p} → R2 �(�&4EB��
VX4#�����=:����E6AlQBQH�7rl��E:	���5754CH�:?>n6���:?D@4

p
;
u := h◦ϕ−1 F�G0B��=>

u ∈ C0(R2, S2)
H�VS� �=6��J9��N�QH�� ���#�=>�4EHj6��Q9
�

6A>Q�-H�4CV �=>����#�A�^VC6�4CH�VE	 �=V
E(u) =

∫
R2 |du|2 dx1dx2 =

∫
S2\{p} |dh|2 d volS2 = E(h) ≤ K

F P\�54
x0 ∈ R2 ; δ := min{δ̃, 1

4
mini6=j|ϕ(pi) − ϕ(pj)|2}

F�P\� 4
D(x0) := B√

δ(x0) ⊂ R2 VE: 4EB#6�4
u|D(x0) ∈ H1(D(x0),R

3)
;%VXH�>Q7$�

D(x0)
H�V ��:?DQ>@���=�<;

u
B#6AVId�6A9�D��=VeH�>

S2 6A>Q�
E(u) ≤ K < ∞6AVZ�4�8B#6Od��WV#�	�5>\6��%:�d��AF(�$H�>Q7$�

δ ∈ (0, 1)
;�� �W7=6A>c6AlQlQ9M�k4CB�� �Z:AD��C6A>�4E%UP\� �D�=V��?D��W9��5YiYi6 �2FKJ$F�L?L

6A>Q� ��� 4
r(x0) ∈ (δ,

√
δ)

�IHM4CB |u(x1) − u(x2)| ≤ ( 8πK
log( 1

δ̃
)
)

1
2

U�:��I6�9�9
x1, x2 ∈ ∂Br(x0)(x0)

F �wV0� �
B#6Od��n7oB@:?V#�5>

δ ≤ δ̃
6A>Q�

δ̃
VXDQ7oB 4CB#6�4

( 8πK
log( 1

δ̃
)
)

1
2 ≤ ε

4

�4�n7O6�> V#�	�v4EB#6�4 |u(x1) − u(x2)| ≤ ε
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x1, x2 ∈ ∂Br(x0)(x0)
F
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z ∈ ∂Br(x0)(x0)

;Z4CB��5>
u(∂Br(x0)(x0)) ⊂ B ε

4
(u(z)) ⊂ B ε

2
(u(z))

FZG0B���:?l(�5>�V#� 4
V (x0) := S2 \ u(∂Br(x0)(x0))
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=: W (x0)
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S2 \ B ε
2
(u(z)) ⊂ V (x0)

�IBQH�7oB
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ε
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ε
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W (x0)
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ϕ
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ϕ(h−1(W (x0)) \ {p}) = u−1(W (x0)) ⊂ R2 6A9�VX:^H�Vi:Al(�5> 6A>Q�
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ϕ(pi)

F
u−1(W (x0)) ∩ ∂Br(x0)(x0) = ∅ H�Y0%
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4EB#6�4c4CB���H�>Q7=9�DQVEH�:?>
u−1(W (x0)) ⊂ Br(x0)(x0)

·∪ (R2 \ Br(x0)(x0))
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u−1(W (x0)) ⊂ Br(x0)(x0)
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u−1(W (x0)) ⊂ R2 \ Br(x0)(x0)

F �2H�>@7	�
r(x0) <

√
δ ≤ 1

2
mini6=j|ϕ(pi) − ϕ(pj)|

;m6�4�Yi:?Vb4P:?>��
ϕ(pi)

9�H
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Br(x0)(x0)

VX: 4EB#6�4
u−1(W (x0)) ⊂ R2 \ Br(x0)(x0)

F �$H�>Q7$�
δ < r(x0)

6A>Q�
S2 \ B ε

2
(u(z)) ⊂ W (x0)

�4��B#6Od��
u(Bδ(x0)) ⊂ u(Br(x0)(x0)) ⊂ B ε

2
(u(z))
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diam u(Bδ(x0)) ≤ ε
U�:��I6A9�9

x0 ∈ R2.
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diam û(Bδ̂)(x0) ≤ ε
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x0 ∈ R2,
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δ̂ := min{δ̃, 1

4
mini6=j|ϕ̂(pi) − ϕ̂(pj)|2}
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û := h ◦ ϕ̂−1 F
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S2 \ Bπ
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(p)

"��IBQH�7oB � �JD#6A9�VN4EB��kYK6D�@H�YK6�9
7=:A>@U�:��EYi6A9_U�6A7 4C:��v:�U

ϕ̂
:?>

S2 \ Bπ
4
(p̂)

$ ;
ρ := min{ δ

M
, δ̂
M
, π

4
} ;�9�� 4 y ∈ S2 F G0B��5>�:?>��t:AU04EB��

U�:?9�9�:��IH�>��/7O6AV��=VeH�VI6AlQl@9�H�7=6��Q9
�Ax
� y

9�H��=VcH�> 4EB��^759�:?V��=� DQlQlD���\B��=Y�H�VXlQB����#���IH�4CB �#�5VElD�=754a4C:
p
"�H�F#��F

y ∈ Bπ
2
(p)

$ ;04CBJDQV
Bρ(y) ∩ Bπ

4
(p̂) = ∅ 6A>Q�

h(Bρ(y)) = û(ϕ̂−1(Bρ(y))) ⊂ û(BMρ(ϕ̂(y))) ⊂ û(Bδ̂(ϕ̂(y)))6A>@�\4EB������5U�:����
diam h(Bρ(y)) ≤ diam û(Bδ̂(ϕ̂(y))) ≤ ε.

� y
9�H
�=VZH�>K4CB��8:?lD�=>
9�:��4���	B��=Y�H�VXlQB������&�IH�4EB �#�5VElD�=7 404C:

p
"�H�F#��F

y ∈ S2 \Bπ
2
(p)

$ ; �QD@404EB��=>
HM4W9�H
�=V&H�> 4CB��nDQl@l(���WB��=Y�H�VXlQB������v�IH�4EB ���=VXl(�5754m4C:

p̂
6A>@��4EB��nVC6�YB�k6����?DQY �=>�4m6AVm6(�%:�d��

�?HMd��5VeD@V
diam h(Bρ(y)) ≤ ε.

�&V
y ∈ S2 6A>Q�

ε
�4�����v6��,�QH�4��C6��b�c6A>Q�

ρ
�Z6AV&7oBQ:AV#�=>�H�>Q���5l(�5>Q���5>J4&:AU

y
;Q� �`7=:?>@7=9�D@���`4EB#6�4 CKH�V/���JDQH�75:?>�4CH�>JDQ:ADQV=F

�X~=�%3 Mw:��m;S� �i�IH�VEB^4C:�VXBQ:�� 4EB#6�4 CK
H�VN7=9�:AV#�=�^�IH�4CB �#�=VXl(�5754v4E:�DQ>@H�U�:��XY 7=:?>�d����#���5>Q7	��F?P\�54

K > 0
6���6�H�> �(��VED@7oB 4CB#6�4 CK 6= ∅ "W���P9��=Y�Yi6 �$FKJ2F J9$ F\P�� 4

(hn)n∈N ⊂ CK
�D�K6cDQ>QHMU�:��EY�9��

7=:A>Jd������?H�>��aV#���$D��=>Q7$�K�IH�4EB^9�H�Y�H�4
h ∈ C0(S2, S2)

F G0B��=> :���d$H�:ADQVE9M�
h

�C-@�����5� (�� �C|Qyn3�F#�&VNH�>
9��5YiYi6 �$FKJ2F �@;$4CB��8H�>�� �JD#6�9�H�4 � ‖hn‖2

H1(S2,R3) = ‖hn‖2
L2(S2,R3) + 2E(hn) ≤ vol(S2) + 2K

H�YilQ9�H��5V
4CB�� ���2H�Vb4"�5>Q7	�
:AU06

H1(S2,R3)
%T�4�O6(�$9M�-75:?>�d����#�?H�>�� VED'�@V#� �JD��5>Q7	�
�IHM4CB 9�H�Y�H�4

h̃ ∈ H1(S2,R3)��� �wH�9��(���X4�VElQ6A7	��4EB��=:��X� "�7 U F4��F#�QF ���w9�4�D@L?;�Q�9�:0�9J�� $ F �-��6�H�><;_VXH�>Q7$� ��:A4CB D@>QH�U�:��XY 6A>Q��� �=6��
H1(S2,R3)

%T7=:?>�d����#���5>Q7	��9��=6A� 4C:
�4�O6��
L2(S2,R3)

% 75:?>�d����#���5>Q7	��H�>Q�@H�d$H��QDQ6A9�9M�?;(H�4mH�VW7=9��=6��&4EB#6�4
h = h̃

6A9�Yi:?Vb4 �5d����X�J�IB����#�c6A>@�^4CBJDQV
h ∈ C0 ∩ H1(S2, S2)

F �r�P9�:��4���NV#�5YiHL% 75:?>�4CH�>JDQHM4 � :AU



L?L�� ��� ��� � � � � �

4CB��8>Q:��XY}�IH�4EB �#�5VElD�=7 404C:v�4�O6��i7=:?>�d����#���5>Q7	��;#� �m6A9�VE:#�J>Q:�� 4CB#6�4
E(h) ≤ K

F2RT4 �#�=Yi6AH�>QVr4E:
VEB@:�� 4CB#6�4

h
B#6AVe6n>Q:?> %T>��	��6�4CH�d��W���54#���XYiH�>#6A>�4e6A>Q�\H�V0Y�:?>Q:A4E:?>���F

R >QVb4"�O6��K:AU%�QH
���=7 4C9��`7oB��57&�$H�>��`4EB��I����	Q>QH�4EH�:?>k:AU
det dh ≥ 0

� �0�IH�9�9@l��X:�d��I4CB��0U�:?9�9�:��IH�>��&VEH�Y�lQ9
���
7=:A>Q�QH�4EH�:?> "��Z$ xQU�:��I6A9�9

x ∈ S2 4EB������mH�Ve6A>c:?lD�=>\>��=H
�?B �%:?D��EBQ:$:2�
Ux ⊂ S2 ;(6�75:?YilQ6A754I:��XH��5>J4#�=�

7oB#6��b4
ϕx : Ux → R2 :AU

S2 6AVW� �59�9s6AVm6A>P:��XH��=>�4#�=��7oB#6��b4
ψx : Vx → R2 :AU

S2 h
% 75:?Y�l#6�4CH��Q9��

4C:
ϕx

VE:a4EB#6�4
det d(ψx ◦ h ◦ ϕ−1

x ) ≥ 0
62F#�AFS:?>

ϕx(Ux)
F �r� �2:���:?9�� d�7oB#6AH�> �XDQ9��."�7 U FuLAF�L?F �9$ ;

4CB��nYvDQ9�4EH�lQ9�H�7=6�4CH�:?>cl��E:?lD���b4 ��:AUs4EB��n���54#���XYiH�>#6A>�4O;q6A>Q��4CB��vU�6A75484EB#6�4 	#>@H�4"�/DQ>QH�:A>QV8:AUuV#� 4CVm:AU
Y �O6AVXD��#�  	���E:�B#6Od��NYB�=6AVED��#�  	���E:i6AV0� �59�9,;QH�40VXD ��7	�5Vw4C:kVXBQ:�� "��Z$ F
�2:c9�� 4

x ∈ S2 ; y ∈ S2 �IHM4CB
h(x) 6= h(y)

" �#�=Y �=Y �(���84CB#6�4
h

H�V8>Q:�4m7=:?>QVb4o6A>�4 ��� "B� �G$�$ FNP\�54
ϕy

�D�W4CB��NVX4#���#�5:����E6AlQBQH�7Nl��E:	���5754CH�:?>\:AU
S2 6��%:AD@4

y
;
ψh(y)

4CB��mVX4#�����=:����E6AlQBQH�7`l��E:	���5754CH�:?>\:AU
S2

6���:?D@4
h(y)

F P\�54
0 < ε < 1

2
|h(x) − h(y)| ; Ux := S2 \ h−1(Bε(h(y))) = h−1(S2 \ Bε(h(y)))

;
4CB��=>

Ux
H�Vr:?l(�5>2���K75:?>�4CH�>JDQHM4 �K:�U

h
F �&9�VE:Q;

x ∈ Ux
6A>@�

y /∈ Ux
���K7oB@:?H�7$�8:AU

ε
F��Z:?9�9��5754CH�>��N:?D��

4CB@:?D��?B�4CV5;��4�ZV��	�Z4EB#6�4
Ux

H�V{6A>v:Al(�5>/>��5H��?B ��:?D��EB@:2:$�`:�U
x
H�>

S2 F�P\� 4 Vx := Bε(h(Ux))
;�4CB��5>

VxH�V	6A>
:?lD�=>
>��5H��?B ��:?D��EB@:2:$�t:AU
h(x)

H�>
S2 VC6�4EH�VXU��$H�>��

h(Ux) ⊂ Vx
F �-�?6AH�><;

h(y) /∈ Vx
�J�K7oBQ:?H�7	�

:AU
ε
6�>Q�K4CBJDQV

ψx := ψh(y)|Vx
H�VZ6N7=:?Y�l#6A7 4	:��XH��=>�4#�=�K7oBQ6��X4Z:AU

S2 F�P�� 4 Gx ⊂ ϕx(Ux) ⊂ R2 �D�&6
��:?DQ>Q���5��:?lD�=>a�QH�V,�c�IHM4CBa7	�=>�4��#�

ϕx(x)
;�4EB��=>

ϕx := ϕy|ϕ−1
y (Gx)

;�H�Vw6i75:?YilQ6A754e:��XH��=>�4#�=��7oB#6	�X4
:AU

S2 FYP�� 4 u := ψx ◦ h ◦ ϕ−1
x : Gx → R2 ; un := ψx ◦ hn ◦ ϕ−1

x : Gx → R2 "
un

H�V0� �59�9*%T����	Q>��=�
U�:��

n ≥ n0

VXH�>Q7$�#���\DQ>QH�U�:��EY 7=:?>�d����#���=>Q7$�
hn(ϕ

−1
x (Gx)) ⊂ hn(Ux) ⊂ Bε(h(Ux)) = Vx � �I9�:��

n0 = 1
$ F Q � �J>Q:�� 4CBQ6�4

det dun = det d(ψx ◦ hn ◦ ϕ−1
x ) ≥ 0

6�9�Y�:?VX4 �5d����X�J�IB����#�/:A>
Gx

VEH�>@7	�
hn

B#6AVe6n>Q:?> % >��$��6�4CHMd�� �?6A75:��QH�6A>2���c����	#>@H�4CH�:?>c6A>Q�cVXH�>Q7$����:A4EB\7oBQ6��X4EVeH�>�d?:?9Md��=�a6����W:��EH
�=>�4"�5�<F
Q �i�Z6A>�4v4C:aVEBQ:���4CB#6�4

det du ≥ 0
�IBQH�7oB-H�Y�lQ9�H
�=V�"��8$ ;{6A>Q�-4EB������5U�:����A;{6AV/�QH�VE75DQVEV��=��6���:�d��A;

det dh ≥ 0
F*Q � �J>Q:�� U �E:?Y 9
�=Y�YK6 �2F J2F D�4EB#6�4

un → u
DQ>@H�U�:��XYi9M� 6A>Q���I9�:��

un ⇀ u
H�>

H1(Gx,R
2)

VEH�>@7	�
(hn)

H�V��=>����#�A�1%S��:?DQ>@���=�<F&P\�54
η ∈ C∞

0 (Gx)
�IHM4CB

η ≥ 0
6A>Q��9�� 4

(s, t)
���=>Q:A4#�

4CB��N75:2:��E�QH�>#6�4"�5V0H�>
Gx

;@4CB��=> �J�c9
�=Y�YK6 �2FKJ$F�L�Lv�4� �$>@:�� 4CB#6�4
∫

Gx

η det(du) ds dt = lim
n→∞

∫

Gx

η det(dun) ds dt ≥ 0.

G0B��-U�D@>Q�#6AY �=>�4o6�9/9��5YiYi6�:AUn4CB��-7O6A9�7=DQ9�DQV�:AUnd�6��XHj6�4EH�:?>@V "�75U F&lqFX�0J�� � & �OD9��� $
4CB��5> �?H�d��=V
det du ≥ 0

6A9�Yi:?Vb4/�5d����b�$�IB����#�/:?>
Gx

6�>Q�cVE:k� �NB#6Od��mVEB@:��I> "��Z$ FQG0BJDQV=;
det dh ≥ 0

F
PS6AVX4��@D@4s>Q:A4s9
�O6AVb4O;��4�0�IH�9�9@VEB@:���4CB#6�4

h
H�V Yi:?>@:A4C:?>��AFAG0B���	��EVX4sVb4"�5li75:?>QVEH�VX4EVu:�U%VXBQ:��IH�>��W4EB#6�4

h
H�V	VED������=7 4CHMd��AF �u�t9��5YiYi6 �2F J2F��Q;Q6�9�9

hn
6��#�WVXD������5754CHMd���FCP�� 4I>Q:��

y ∈ S2 ;@4CB��=>����
VED������=7 4CH�d$HM4 �
:AU
hn

4EB������aYvD@VX4��(�
xn ∈ S2 �IH�4EB

hn(xn) = y
F �$H�>Q7$�

S2 H�Vk7=:?Y�l#6A7 4O;s6^VXD'�QV�� �JD��=>@7	� :AU
(xn)n∈N

75:?>�d����#���5Ve4E:
x ∈ S2 F 
#:��	4CB@H�V0VED
�QV#���$D��=>Q7$�A;%�4�NB#6Od����J�K4��EH�6A>��?9
�8H�>�� �JD#6A9�H�4 �

|h(x) − y| ≤ |h(x) − hn(x)| + |hn(x) − y| ≤ ‖h− hn‖C0 + |hn(x) − hn(xn)|
�IB����#�&4EB��G	��EVX4r4"���EY�7=:?>�d����#���=VZ4E:  	���E:#����DQ>QHMU�:��EY 75:?>�d����#���5>Q7	�W6�>Q�K4CB��wV��=7=:A>Q�2���B���JDQH�75:?> %
4CH�>JDQH�4 ��:AU CK "�7 U FN"�RoL�$ $ F2G0BJDQV=;

h(x) = y
6A>Q�

h
��� �=� !�� (��A��� � (�F$G0B��WV��=7=:A>Q�cVX4"�5l
�IH�9�9(>Q:��$�(�

4C:nVXBQ:�� 4EB#6�404CB��Wl��#��% H�Yi6����5V "�DQ>Q�����
h
$Z:AU�75:?>Q>��5754"�5�aV��54EVw6	�#�W7=:A>Q>��=7 4"�5��6AVXVEDQY�H�>��v4CB#6�404EB��

l�����% H�YK6����=V8:�UZVXH�>��?9
�54E:?>QVW6����n7=:?>@>��=7 4"�=� "��IBQH�7oBP�4�n�IH�9�9 VEB@:�� H�>�4CB���9�6AVX48VX4"�5lC$ F\P\� 4
A 6= ∅

�D�v6i75:?>Q>��5754#�=� VED
�QV#� 4W:AU
S2 6�>Q��VED@lQl%:AV#�`4EB#6�4

h−1(A) = X
·∪ Y

�IHM4CB
X, Y 6= ∅ ���=9�6�4CHMd��=9M�

7=9�:?V#�5�aV��54EV&H�>
h−1(A)

�IH�4EBW�5Yil@4 �cH�>�4"���XV#�5754CH�:?><F �r�c75:?>�4CH�>$D@H�4 �c6A>@��VED������=7 4CHMd2HM4 �
:AU
h

6AVI� �59�9
6AV075:?YilQ6A754E>��=VXVe:�U

S2 ; h(X)
6A>@�

h(Y )
6��#�W>@:?> %O�5Yil24 � �#�59j6�4EH�d��=9��i7=9�:?V#�5�cV#�54EVIH�>

A
VE6�4CH�VXU��$H�>��



��� ����� ���E� � ����� ����� � � ���<� L?L �

h(X) ∪ h(Y ) = A
VE:^4EB#6�4k4CB��=H
�nH�>�4"���XV#�5754EH�:?>f7O6A>@>Q:A4��(� �=Y�l@4 � VXH�>Q7$�

A
�Z6AVi6AVEVXDQYB�5�f4E:

�D��75:?>Q>��5754#�=�<F P\�54
a ∈ h(X) ∩ h(Y )

;<4EB��=>
h−1(a) = (h−1(a) ∩ X)

·∪ (h−1(a) ∩ Y )
�IB������

h−1(a)∩X 6= ∅ 6A>Q�
h−1(a)∩Y 6= ∅ 6���� �#�=9�6�4CHMd��59��`7=9�:AV#�=�q;A�IBQH�7oBkH�Vs687=:?>�4��E6A�QH�754CH�:?>v4C:

h−1(a)�D�=H�>���759�:?V��=�\6A>Q�\7=:A>Q>��=7 4"�5�<F
G0B��w9j6AVb4rVb4"�5ltH�V ��6�VZ6A>@>Q:?DQ>Q7$�=���/4C:`VEBQ:�� 4EB#6�4s4CB��wl��#��% H�YK6����=V_:AUqVEH�>��?9�� 4C:?>QVr6����e75:?>Q>��5754#�=�<F
P\�54

a ∈ S2 F �r�
DQ>@H�U�:��XY 7=:?>�d����#���=>Q7$�`�4� �J>Q:�� 4CBQ6�4IU�:��I6A9�9
ε > 0

4EB������mH�Ve6�>JDQY �(���
n0 ∈ NVED@7oBP4EB#6�4WU�:��W6�9�9

n ≥ n0

�4�kB#6Od��
h−1(a) ⊂ h−1

n (Bε(a))
FFQ �nDQV��n4CBQH�V8l��E:Al(���X4 ��4E:
����	#>��i6

VX4��EH�754C9M�nH�>@7��#�=6AVEH�>��mV#���$D��=>Q7$�
(nk)k∈N

H�>Q�QDQ7 4CH�d��=9M�%x �ZB@:2:?VXH�>��
ε = 1

;?4EB������wH�V
n1 ∈ N

VXDQ7oBi4EB#6�4
h−1(a) ⊂ h−1

n (B1(a))
U�:��w6A9�9

n ≥ n1

F(RTU
n1, . . . , nk−1

B#6Od�� �(�$�=>�����	#>��5�<;%4EB������/H�V
nk > nk−1VED@7oB 4CBQ6�4

h−1(a) ⊂ h−1
n (B 1

k
(a))

U�:��
6A9�9
n ≥ nk

"�7oBQ:$:?VEH�>��
ε = 1

k

$ F�Me:��
(hnk)k∈N

H�V
6
VED
�QV#���$D��=>Q7$�P:�U

(hn)n∈N

"��IB@H�7oB��4�a�IH�9�9	���5>Q:A4#� ���
(hk)k∈N

H�>f4EB��aV�� �JD��59 $ F �2DQl@l%:?V��a4EB#6�4
h−1(a) = X

·∪ Y
;��IB����#�

X, Y ⊂ S2 6����/>Q:?> %O�=Y�l@4 �A;�75:?Y�l#6A754&V#� 4CVw�IHM4CBW�=Y�l@4 �\H�>�4"���EV#�5754EH�:?>
" ���=Y �=Y#�D���	4EB#6�4

h
H�V075:?>�4CH�>JDQ:ADQV�$ FCP�� 4

δ := 1
2
d(X, Y ) > 0

F��I� 4
Xδ := Bδ(X)

;
Y δ := Bδ(Y )

;
4CB��=>m� �!�J>Q:�� 4EB#6�4

Xδ∩Y δ = ∅ F;P\� 4 Z := S2\(Xδ∪Y δ)
;=4CB��5>

Z
H�V 7=:AYil#6�754OF �r�875:?>QVX4��EDQ7 4CH�:?><;

��:A4CB
h−1
k (B 1

k
(a)) ∩ Xδ 6A>@�

h−1
k (B 1

k
(a)) ∩ Y δ 6	�#�k:?lD�=>^6A>Q�P>Q:?> % �=Y�l@4 ��U�:��N6A9�9

k ∈ N
F �r�

Y�:?>Q:A4E:?>QH�75H�4 ��:AU
hk

6�>Q�-75:?>Q>��5754"�5�Q>��5VEVn:AU4�Q6A9�9�V=;<�4�K���5�QDQ7	�i4CB#6�4
h−1
k (B 1

k
(a)) ∩ Z 6= ∅ U�:��

k ∈ N
FCP\�54eB��5>Q7	� U�:��X4EB

xk ∈ h−1
k (B 1

k
(a)) ∩ Z F �r�c75:?YilQ6A754E>��=VXVw:AU

Z
4EB������mH�Ve6�VXD'�QV�� �JD��=>@7	�

:AU
(xk)k∈N

�IH�4CBK9�H�Y�H�4
x ∈ Z

"�� �W���5>Q:A4#�&4CBQH�V	VED
�QV#���$D��=>Q7$� ���
(xk)k∈N

$ F P\�540>Q:��
ε > 0

;24EB��=>
��� � �JDQH�7=:?>�4CH�>JDQH�4 ��:AU CK "�7 U FG"�RoL($�$W4EB������iYvD@VX4 �(�

ρ > 0
�IHM4CB

diam(h̃(Bρ(x))) ≤ ε
3

U�:��N6A9�9
h̃ ∈ CK

F P�� 4I>Q:��
k0 ∈ N

�(�8VXDQ7oBc4CB#6�4
d(x, xk) < ρ

; ‖hk − h‖C0 ≤ ε
3

"�DQ>@H�U�:��XY}75:?>�d��������=>@7	��$
6A>Q� 1

k
≤ ε

3

U�:��I6�9�9
k ≥ k0

F#G0B��5> ���
4��XHj6A>��?9��wH�>����$DQ6A9�HM4 �

|h(x) − a| ≤ |h(x) − hk(x)| + |hk(x) − hk(xk)| + |hk(xk) − a| ≤ ε

���k7=:?>@VX4��XDQ754EH�:?>qF$G0BJDQV
h(x) = a

;?�IBQH�7oBKH�Vr6m7=:A>J4��C6A�@H�754EH�:?>n4E:
x ∈ Z

VXH�>Q7$�e4EB��wV��54
Z ∩h−1(a)B#6AVK�(�$�=>
7oBQ:AV#�=>t4E:#�D�-�=Y�l@4 �AF �2:@;@6A9�9#4CB����	�&Vb4"�5lQVZ4C:����54EB����4�?D#6��E6A>�4"�	�e4CB#6�4

h
���#*-���S�(�O�%�1((F

�Z:?9�9��=7 4CH�>��K6�9�9 �%:A9��cU�6A7	�`H�>@U�:��XYK6�4CH�:A><;@�4�vV#�$�/4CB#6�4
h ∈ CK

FYQ �/BQ6�d��v>Q:�� VEB@:��I>�4EB#6�4 CK H�V
7=9�:?V#�5�\�IHM4CB �#�5VElD�=7 4w4E:�D@>QH�U�:��XY 75:?>�d��������=>@7	�AF
�X~=|%3 P\�54

K > 0
VED@7oB 4EB#6�4 CK 6= ∅ ;Z7 U FZ9��5YiYi6 �$FKJ2F J2FrG0B��=> U�:��K6A>��

h ∈ CK
;r�4� B#6Od��

‖h‖C0(S2,R3) = 1
6A>Q�-4EB$D@V#��� "�RoL($`6�>Q� "�R J�$ ; CK H�VJ���$D@H�7=:A>J4EH�>JDQ:?D@V=;�7=9�:AV#�=�q; 6A>@� DQ>QHMU�:��EY�9��

��:?DQ>Q���5�^H�>
C0(S2,R3)

VE:
4CB#6�4 ����4EB��n4CB��5:��#�5Y :AU �
�� 	�=9 �6%"�wVE75:?9�HR"�75U F � �&9M4�D@LS��;<lqFND��0$ CK H�V
"�V�� �JD��5>J4EHj6A9�9�� $Z7=:AYil#6�7540�IH�4EB �#�=VXl(�5754e4C:kDQ>QHMU�:��EY}7=:?>�d����#���=>Q7$�AF
�X~?.<3 �2H�>@7	� C 6= ∅ ���
9
�=Y�YK6 �2F J2FKJ$;24CB����#�WH�V06vY�H�>QH�YiH�VEH�>��NV�� �JD��5>Q7	�

(hn)n∈N

U�:��
Eg

H�> C ;#6A>Q�
4CBJDQV	4EB������WH�VZ6v7=:?>QVb4o6A>�4

K̃ > 0
�IHM4CB

Eg(hn) ≤ K̃
U�:��	6�9�9

n ∈ N
F �r�t9
�=Y�YK6 �2F J2F �2;$4EB������WH�V	6

7=:A>QVX4C6A>�4
m > 0

�IHM4CB
E(hn) ≤ 1

m
Eg(hn) ≤ K̃

m
< ∞ U�:��e6A9�9

n ∈ N
F(G0B��=>��IHM4CB

K := K̃
m

6A>Q�
"�R;�9$ ;�4CB����#�wH�Vr6`9�H�YiHM4

h ∈ CK
:AUS6`VXD'�QV�� �JD��=>@7	�m:AU

(hn)
�IH�4CB �#�5VElD�=754r4C:`DQ>QH�U�:��EY 75:?>�d��������=>@7	�AF

�r�K9�:�� ���0V#�5YiHL% 7=:A>J4EH�>JDQHM4 �i:�U
Eg

;Q7 U FQ9��5YiYi6 �2F J2F �@;@HM40H�VZH�Y�YB�5�QHj6�4#�e4EB#6�4
h

YiH�>QH�Y�H�V��=V
Eg

F
G{6��JH�>��n4C:����54EB���� "�RoL�$S% "�R"��$ ;2� �NB#6Od��NVEBQ:��I>\4CB#6�4

Eg
6�4X4o6AH�>QV	HM4CVIYiH�>QH�Y/DQY�:?> C 6�>Q�\6��#�W4CBJDQV

�Q:?>��m�IHM4CB "�R $ F
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g
��� � �?> 	�	� !�Kg �O7?> �Z<�< �#�Z< >F7@ 4@B�O9<	�<

S2 ; h ∈ C0(S2, S2)
;  !��7?<  !��7?@�7

��� �\`1���J@ 	��DH)< �! 7�;
h [ 9:	�> `1�� �� 8 
 7�; 9:	�> `1�A9@ J; 	�@B�O7?<  =7%: C∞ [ �� #
�����7:� 	�<

S2  !��7�H)@ �@ *	�� �I���O9:� ���
9:	�< � 	�@E> ��
.���! !� @X7:�=`�7�9@  	

can
;+ 6��7%��7�9:	�<]:  �	

g
B

aD@ 	�	��SB�
#:?9�9�:��IVZU �X:?Y 9
�=Y�YK6tL?F J2F��k6A>Q�c9��5YiYi6KL?F J2F J��@F
�L(�������������� 4�0���042Q. �b�#- ! �I-@����������'�� � (�~=��"1( 2 ($��" ($�%�m�#- ! �I-Qz +I(���3 0 ��� P�� 4

X
�(�I6WVXYi:$:A4CBq;

Y
6
C1 %TYK6A>@H�U�:?9��<; D ⊂ C0(X, Y )

F6Q �mVC6O�
4CBQ6�4w6nU�D@>Q754EH�:?>
h ∈ D H�V*�@ E�� ��E	�< �Z@B" ���! 6� @X7:�=`�7�9@ 

 	GY��Z@B�#�� #�E	�< 	��  !��7<�J<]:A7=`�7?<]:A7?<  Y��Z@B�#� 8 
 7:� � 	�@ � �B�+<�9@ #�E	�< ��
 F : D → R
;%HMU U�:��=�5d����b��l#6AH��w:�U

h
% 75:?YilQ6�4CH��Q9��m6�4E9j6AV��=V A = {ϕk : Uk → Rn}Kk=1

:AU
X

6A>Q� B :�U
Y

6A>@� �5d����X��VEY�:2:�4CBaU�6�YiH�9��
:AUs�QH�� �5:?Y�:��ElQB@H�VEY�V

σt : X → X
"
t ∈ (−ε, ε) $0�IH�4CB

σ0 = idX
;q6A>@�

σt ≡ idX
:?D@4EVEH����vVE:?Y �

7=:AYil#6�754wV#�54
W ⊂ Ul

�IH�4CBa>Q:?> % �=Y�l@4 �cH�>�4#���EH�:�� "
l ∈ {1, . . . , K} $0VC6�4CH�VbU��$H�>��

W ∩ Uk = ∅ U�:��
k 6= l, k ∈ {1, . . . , K} ;Q�4�mB#6Od��

h ◦ σt ∈ D U�:��I6�9�9
t ∈ (−ε, ε) 6A>Q�

d

dt
|t=0F(h ◦ σt) = 0.

R >\l#6��X4EH�75DQ9j6��5;24EB��m�����XH�d�6�4CHMd��W:?>
4EB��m9��5U�4IBQ6A>Q�\VEH����WVEB#6A9�9 ���2H�VX4OF
g 7?> �Z@ChZB	�u6	�EHj6�4CH�:A> :AUe4CB��cH�>@���=lD�=>Q���=>�4kdA6	�EHj6(�Q9��5VnH�Vvd����X��VXH�Y�H�9j6	�N4E:P�@H �(���#�5>�4CHj6�4CH�:A> :AUw4EB��
U�DQ>Q7 4CH�:?>#6A92"�7 U F(7oB#6Al@4#��� J9$ ;(:?>Q9��
4EB#6�4e� �/7=:?>QVXH������e4C6A>����5>�4CHj6�9�H�>QVX4#�O6A��:AU_9�H�>��O6	�	dA6	�EHj6�4CH�:A>QVIH�>
VE:AYB�m6AY �QH��5>J4IVXl#6A7$�AFXQ�B��=>@7	�A;#4EBQH�V0>Q:�4CH�:A>\lD���XYiHM4CV	D@VI4E:i>@:A4��=Y#�D�=�

(S2, g)
F

G0B��WU�:?9�9�:��IH�>��/H�VI6klQ9j6A>tU�:��	4CB�� �#�5YK6�H�>QH�>��vl��X:2:AU x

√
Eg

6�4E4o6�H�>QV0HM4CV0Y�H�>QH�YvDQY�:?> C F
RER +�d����X�/YiH�>QH�Y�H�V����

h : (S2, can) → (S2, g)
:AU
Eg

H�> C H�V{6&VXYi:$:A4CBq;
75:?>@U�:��XYK6�9�;@:��EH��5>@4o6�4CH�:A> % l����=V����Xd$H�>��v�QH�� �5:?Yi:��ElQBQH�VEY\F

L +�d����X�cVXDQ7oB\YiH�>QH�Y�H�V����uH�V0VX4C6�4CH�:?>#6��b�i�IHM4CB �#�5VElD�=7 4e4E:ndA6	�EH*%
6�4CH�:A>\:�U 4CB��`H�>Q���=lD�=>@���=>�4edA6	�EHj6(�Q9��5VIU�:��

Eg : C̃ → R
;Q�IHM4CB

C̃ := {h ◦ µ | h ∈ C, µ 	 +��QH�DQV04��C6�>QVXU�:��XY } FJ +�d����X�
h ∈ C0 ∩ H1(S2, S2)

4EB#6�4�H�VnVb4o6�4EH�:?>Q6��X� �IHM4CB �#��%
VXl(�5754I4C:nd�6��XHj6�4EH�:?>
:AU�4CB��NH�>Q���5l(�5>Q���=>�4Id�6��EH�6��Q9
�=VZU�:��

Eg
H�V

B@:?9�:?Y�:��XlQBQH�7&6A>Q�c7=:A>QV#���$D��=>�4C9M�aVXYi:$:A4EBa6�>Q�c7=:?>@U�:��EYi6A9�F
� +�d����X�kVXDQ7oBKY�H�>@H�Y�H�V#���{H�Vs6WVEY�:2:A4EBn:��EH
�=>�4o6�4CH�:A> % l����=V����Xd$H�>��

�@H �(�=:?Y�:��El@BQH�VXYaF
√ �w>��iVXDQ7oB
�QH�� �5:?Yi:��ElQBQH�VEY H�VuDQ>QH �JD��eDQlK4E:v6ml��#�57	�5�QH�>�� 	 +��QH�DQV

4��C6A>@VXU�:��XYaF

aD@ 	�	�� � 	�� ���E� �:�ZB � �4P\�54
g
�D�^6�VEY�:$:A4CB�Y �54��XH�7 :?>

S2 F�Q � �IH�9�98DQV��P4EB��=:��#�=Y LAFKJ2F J�D@;ZH�F#��F
�#�59�� :A>P4EB��B���2H�VX4#�=>Q7$�K:AUrH�VX:A4CB����EYi6A9�75:2:��E�QH�>#6�4"�5V��
7=:?>2U�:��EYi6A9�7oB#6	�X4CVm�IH�4EB ���=VXl(�5754N4C:

g
F��I�54

C̃ := {h ◦ µ | h ∈ C, µ 	 +��QH�DQV04��C6A>QVbU�:��EY } F
����� J

T�� T
�C�/=�C ; ��?�N��@>BA

T���X¦VA !�MD>�P�@B=�R���?�J � � A,P	 >�� 
��6P�@ � ?�CD= Q AEC6AE@ ! ��� � =�CD=���= NBAE@ON � P�N!A,NWR8P �D>�=�N �DA,Fv� ���
T
3
T
 
T
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��� ����� ���E� � ����� ����� � � ���<� L?L��

�X~�~ 2@3 P�� 4
h ∈ C �D�i6
Y�H�>QH�YiH�V#���w:AU

Eg
F �ZBQ:2:AV#��6
7=:?Y�l#6A7 4O;<75:?>@U�:��XYK6A9,;

h
%T7=:?Y�l#6�4EH �Q9
�/l#6AH��

:AU	6�4C9�6AV#�5V A = (ϕk : Uk → R2)Kk=1

; B = (ψk : Vk → R2)Kk=1

:?>
S2 6AV/H�>^75:��E:?9�9j6��b� �2F J2FMLU�

VED
�%:��X�QH�>Q6�4"�W4C:n4EB�� �?H�d��=>\l#6AH
�0:�U�6�4E9j6AV��=V � � FCP�� 4
(ηk)

K
k=1

�D�N6�l#6	�X4CHM4CH�:?>t:AU{DQ>QHM4 �
VED'��:��X�QH�>#6�4"�
4C: A F �r�i����	#>QH�4EH�:?>i:AU d�6��EH�6�4CH�:?>�:AU 4CB��&H�>Q���5l(�5>Q���5>J4ZdA6	�EHj6(�Q9��5V �2F J2FML �Q;JH�4ZVED ��7	�5V	4C:vVXBQ:�� 4EB��
U�:?9�9�:��IH�>��nl��E:?lD���b4 � "��Z$ xQU�:��e6A>��

l ∈ {1, . . . , K} 6A>Q��6�>J�cVXYi:$:A4EBcU�6�YiH�9��i:AU��QH�� �5:?Y�:��ElQB@H�VEY�V
σt : S2 → S2 ; t ∈ (−ε, ε) ;Q�IHM4CB

σ0 ≡ idS2

6A>Q�
σt ≡ idS2

:?D@4EVEH����`VX:?Y �`75:?YilQ6A754eV#� 4
W ⊂ Ul�IH�4EB�>Q:?> % �=Y�l@4 ��H�>J4#���XH�:��5;%�4�iB#6Od��

h ◦ σ−1
t ∈ C̃ 6A>Q� d

dt
|t=0Eg(h ◦ σ−1

t ) = 0
F<G0B@H�VWd�6��EH�6�4CH�:?>

:AU_4EB��/����	#>QHM4CH�:A>�H�Vw6A�QY�H�VXVEH �@9��NVEH�>@7	�`4EB��vH�>Jd����XV#�vU�6AY�H�9M�K4C:t6A>���VXDQ7oB U�6AYiH�9��
VE6�4CH�V,	 �5VW6A9�9S4EB��
�#���JDQH
���=�\7��EHM4"���EHj6n6�VI�4�=9�9�F
�r��l��X:?l�:?VEHM4CH�:A> �$F�L?F��@;_U�:��F�5d����b�

t ∈ (−ε, ε) ;�4CB����#��H�VK6 	 +��@H�DQVk4��E6A>QVXU�:��EY
µt

:AU
S2 VEDQ7oB

4CBQ6�4
σ−1
t ◦ µt

VC6�4EH�V,	��=V!"B� �G$ � ,5F RT4`H�Vm7=9��=6��84CBQ6�4
σt

H�VN:��EH��5>�4o6�4EH�:?> %Tl��#�5V#���Xd$H�>��
VXH�>Q7$�
σ0 = idS2H�V5F	G0BJDQV=;4��� 4EB�� VC6�YB� l��X:?l�:?VEHM4CH�:A><;

µt
H�V
:��EH
�=>�4o6�4CH�:A> % l����=V����Xd$H�>��QF �eVEH�>�� 9��5YiYi6 �2F J2F��-� �

���5�QDQ7	��4EB#6�4
h ◦ σ−1

t ◦ µt ∈ C 6A>Q� B��5>Q7	�
h ◦ σ−1

t ∈ C̃ F �&V
h

H�Vt6-Y�H�>QH�YiH�V#���n:AU
Eg

;s� �
B#6Od��

Eg(h ◦ σ−1
t ) = Eg(h ◦ σ−1

t ◦ µt) ≥ Eg(h)
���a9
�=Y�YK6 �2F J2F �2F#G0B��NU�DQ>Q754EH�:?>

Eg(h ◦ σ−1
t ) :

(−ε, ε) → R : t 7→ Eg(h ◦ σ−1
t )

4CBJDQVmB#6AVm6
Y�H�>QH�YvDQY 6�4
t = 0

FFQ �v�IH�9�9 >@:�� VEB@:�� 4CB#6�4mH�4
H�Vw�QH �(�����=>�4CH�6��Q9
�/6�4

t = 0
6A>Q��4CBJDQV d

dt
|t=0Eg(h ◦ σ−1

t ) = 0
�IB��5>Q7	�

h
B#6AV �(�$�=>�VEBQ:��I> 4C:��(�

VX4C6�4CH�:?>#6��b�K�IHM4CB �#�5VElD�=754e4C:n4EB��WdA6	�EHj6�4CH�:A>t:AU{H�>Q���5l(�5>Q���5>J4ed�6��EH�6��Q9
�=V	:?> C̃ F

-�5>Q:A4CH�>��c4CB��k7=:$:��X�QH�>#6�4"�=V8�IHM4CB �#�5VElD�=754N4C:

ϕk
���

(xα)
6A>@�^DQVXH�>��

canαβ
√

det(can) = δαβ
;

gψkij = ρkδij
��� :?D��W7oB@:?H�7$�n:AUZ75:2:��E�QH�>#6�4"�5V=;q�4�F���54 ����4EB��n4��E6A>QVXU�:��EYi6�4CH�:?>�U�:��XYvDQ9j6�U�:��WH�>�4"��%

���E6A9�V&�IHM4CB 4CB���>��5� d�6��XHj6��@9��
y = ϕk ◦ σ−1

t ◦ ϕ−1
k (x)

"
ϕk ◦ σ−1

t ◦ ϕ−1
k (ϕk(Uk)) = ϕk(Uk)

���
7=:A>QVX4��EDQ7 4CH�:A>C$

2Eg(h ◦ σ−1
t )

=
K∑

k=1

2∑

α,i=1

∫

ϕk(Uk)

(ηk · ρk ◦ h ◦ σ−1
t ) ◦ ϕ−1

k (
∂(ψik ◦ h ◦ σ−1

t ◦ ϕ−1
k )

∂xα
)2 dx1dx2

=
K∑

k=1

∫

ϕk(Uk)

(ηk ◦ σt ◦ ϕ−1
k ){

2∑

i=1

(ρk ◦ h ◦ ϕ−1
k )

∂(ψik ◦ h ◦ ϕ−1
k )

∂yβ
∂(ψik ◦ h ◦ ϕ−1

k )

∂yγ
}

×
2∑

α=1

(
∂(ϕβk ◦ σ−1

t ◦ ϕ−1
k )

∂xα
∂(ϕγk ◦ σ−1

t ◦ ϕ−1
k )

∂xα
)|ϕk◦σt◦ϕ−1

k
det d(ϕk ◦ σt ◦ ϕ−1

k )dy1dy2

�IB����#��� ��B#6Od��PDQV��=��4CB���7oB#6AH�> �EDQ9
��4C:�7O6A9�7=DQ9�6�4"�a4CB���l#6��b4CH�6A9&�����EHMdA6�4CH�d��=V5F�Mw:A4#� 4CB#6�4
4EB��
�Q:?Yi6AH�>QVt:AUm4CB��PH�>�4"�	���C6A9�V
6��#� >@:A4c7oB#6A>����=� �J��4CBQH�VK4��E6A>QVXU�:��EYi6�4CH�:?> �QD�� 4E:�4EB�� 7oBQ:?H�7	��:AU
4CB��vU�6AYiH�9��

σt
F �wV#�

fk(t, y)
6AVW6tVXBQ:��b4CB#6A>@��U�:��w4CB��nH�>�4"�$���C6A>@� H�>�4EB��k6���:�d�� � �JD#6�4EH�:?>��IB����#�

t ∈ (−ε, ε), y ∈ ϕk(Uk)
FqG0B��5>

fk : (−ε, ε) × ϕk(Uk) → R
H�VWY �O6�VED��E6��Q9���F��r�a4CB�� �XDQ9��5V8U�:��

H�>�4#���E7oBQ6A>��?H�>���H�>�4#�	���E6A9	6A>@� �QH �(�����=>�4CH�6�4CH�:?> "�75U F ��F#�QF�lqFZL � ��H�>/� +s9�V�L9L�� $ ; H�4/VED ��7$�=Vn4C: VXBQ:��
4CBQ6�4

fk(t, ·) ∈ L1(ϕk(Uk))
U�:��W6A9�9

t ∈ (−ε, ε) ;%4CBQ6�484CB��nl#6��X4EHj6A9{�����XH�d�6�4EH�d��5V ∂fk
∂t

���2H�Vb4WU�:��W6A9�9
y ∈ ϕk(Uk)

6�>Q��6�9�9
t ∈ (−ε, ε) ;#6�>Q�\4EB#6�4I4CB����#�mH�Vw6k6@F��AF(l�:?VEHM4CH�d��8U�DQ>Q7 4CH�:A>

Fk ∈ L1(ϕk(Uk))

���,P	!�P�=�C Q;?�MDC RB=�C�!4Q$�6P�@BR8N =�C
B
NBA G�AE@OP�>�RB=�� A,N �D=�J
CDA�Q;A�NBN8P�@ �

T�65
µt

CDA,A,F CD?�R ��A�Q;?�C�R8=�C MD?�M6N��V=�R �X@BA�N
�
A,Q;R RB?

t T
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t ∈ (− ε

2
, ε

2
)
F&Q �&�IH�9�9#4CBJDQV
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fk ≥ 0
H�V&Y �O6AVXD��C6��@9��v6�>Q��4CBJDQV

fk(t, ·) ∈ L1(ϕk(Uk))
U�:��86A9�9

t
VXH�>Q7$��4EB��V�5>������A��:AU

h ◦ σ−1
t

H�V 	#>@H�4"�kU�:��N6A9�9
t
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t
%T�����XH�d�6�4CHMd��5Vw:AU

fk
���@H�VX4wU�:��86A9�9

k
;

y ∈ ϕk(Uk)
; 6A>@�

t ∈ (−ε, ε) F{G0BQH��E�Q9M�?;�9�� 4
k 6= l

F�
#:��
y ∈ ϕk(Uk)

;
fk(t, y) = fk(0, y)

U�:��
6A9�9

t
VXH�>Q7$�

σt ≡ idS2

:?D24CVEH����
W

6�>Q�
W ∩ Uk = ∅ ;SVE:�4EB#6�4 ∂fk

∂t
(t, y) = 0 =: Fk(y)

U�:��/6A9�9
t ∈ (−ε, ε) 6A>@�

y ∈ ϕk(Uk)
FqG0B��nVC6AY �nH�Vw4��ED��vU�:��

k = l
6A>Q�

y ∈ Ul \W
F P\� 4m>Q:��

k = l
F
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t
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:AU
ρl
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Cβγ > 0

VXDQ7oB 4CB#6�4nH�>
[− ε

2
, ε

2
] × ϕl(W )
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|∂fl
∂t

(t, y)| ≤ Cβγ
2∑

α,i=1

(
∂(ψil ◦ h ◦ ϕ−1

l )

∂yβ
)(
∂(ψil ◦ h ◦ ϕ−1

l )

∂yγ
)(y) =: Fl(y)

�IB��5>Q7	�
0 ≤ Fk ∈ L1(ϕk(Uk))
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6A9�9
k
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d

dt
Eg(h ◦ σ−1

t )|t=0 =
K∑

k=1

∫

ϕk(Uk)

∂fk
∂t

(0, y) dy1dy2 =

∫

ϕl(W )

∂fl
∂t

(0, y) dy1dy2,
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h ∈ C0 ∩ H1(S2, S2)
�IBQH�7oB^H�V8VX4C6�4CH�:?>#6��b���IH�4EB �#�=VXl(�5754

4C:vd�6��XHj6�4EH�:?>i:AU 4CB��WH�>Q���5l(�5>Q���5>J40d�6��XHj6��@9��=VuU�:��
Eg

H�V	VXYi:$:A4CBt6A>Q�c7=:?>2U�:��EYi6A9�FJG�:v4CBQH�VU�=>@�<;Q9�� 4
h ∈ C0 ∩ H1(S2, S2)

;S9
�54 A = (ϕk : Uk → C)Kk=1

; B = (ψk : Vk → C)Kk=1
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%T7=:?Y�l#6�4EH �Q9
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S2 6AV	H�>
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7=:A>@U�:��EYi6A9�U�6A754E:��W:AU
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ρk
6AVm6(�%:�d���F 
 H*�

l ∈ {1, . . . , K} ; p ∈ Ul ⊂ S2 FNP\�54 (ηk)
K
k=1

�(�k6
l#6��b4CHM4CH�:A>�:AUsDQ>@H�4 ��VXD'��:��E�QH�>#6�4#�`4C: A �IHM4CB

ηl ≡ 1
:?>�6K7=9�:?V#�5� >��=H
�?B �%:AD��EBQ:$:$�

W
:�U
p

�IH�4CB
W ⊂ Ul

F,P�� 4
σt

�(��6aVXYi:$:A4EBPU�6AY�H�9M��:�U	�QH�� �5:?Yi:��ElQBQH�VEY�V8VED@7oB-4CB#6�4
σt ≡ idS2

:AD@4CVXH����
W

;
σ0 ≡ idS2

6AV0H�>K����	#>@H�4CH�:?> �2F J2FML � "�VXDQ7oBa6/U�6AYiH�9���6A9M�	6O�$V/���2H�VX4CVI6�V0H�406	�EH�V��=VI6AV	4EB��*$#:�� :AU{6A>��
VEY�:$:A4CB�d��=754E:�� 	 �=9�� �IH�4CB VXDQlQl�:��X4NH�>

W
$ F �wV

h
H�V8Vb4o6�4EH�:?>Q6��X�aU�:��

Eg
;q� �kB#6Od��

h ◦ σ−1
t ∈ C̃6A>Q� d

dt
|t=0Eg(h ◦ σ−1

t ) = 0
���:"�RERoL($ F��eVEH�>��i4EB��v6��
���#� d2H�6�4CH�:?>QV

f = fl
6�>Q�

u := ψl ◦ h ◦ ϕ−1
l6AVN6���:�d��A;

χ :=
∂(ϕl◦σ−1

t ◦ϕ−1
l

)

∂t
|t=0

;<6A>Q�
(xα)

6AVm7=:$:��X�QH�>#6�4"�=V �D�=9�:?>��?H�>��t4C:
ϕl

;<�4�kB#6Od���:?>
W"��IHM4CB

ηl ≡ 1
:?>

W
6A>Q�c4CB��mDQVXD#6A9��XDQ9��5V	U�:��0�QH �(�����=>�4CH�6�4CH�:?><;@6AV0� �59�9 6AV

ϕl ◦ ϕ−1
l = idϕl(Ul)

$

∂f

∂t
(0, ·) =

2∑

i,α=1

(ρl ◦ h ◦ ϕ−1
l )

∂ui

∂xβ
∂ui

∂xγ
×

[
∂χβ

∂xα
δγα + δβα

∂χγ

∂xα
− δβαδ

γ
α(
∂χ1

∂x1
+
∂χ2

∂x2
)

]
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��� ����� ���E� � ����� ����� � � ���<� L(J�L

=

2∑

i=1

(ρl ◦ h ◦ ϕ−1
l )

[
(
∂χ1

∂x1
− ∂χ2

∂x2
)((

∂ui

∂x1
)2 − (

∂ui

∂x2
)2) + 2

∂χ1

∂x2

∂ui

∂x1

∂ui

∂x2
+ 2

∂χ2

∂x1

∂ui

∂x1

∂ui

∂x2

]

= (
∂χ1

∂x1
− ∂χ2

∂x2
)(| ∂u
∂x1

|2g − | ∂u
∂x2

|2g) + 2(
∂χ1

∂x2
+
∂χ2

∂x1
)(〈 ∂u
∂x1

,
∂u

∂x2
〉g),

�IB����#� |.|g 6A>Q� 〈., .〉g
���=>Q:A4#�04CB��I>Q:��XY 6A>@��H�>Q>����_l��E:$�QDQ7 4sH�>Q�QD@7	�=�����

g
;��#�5VElD�=7 4CHMd��=9M�?F �I� 4E4EH�>��

φ : ϕl(intW ) → C
;
φ(x1, x2) := | ∂u

∂x1 |2g − | ∂u
∂x2 |2g − 2i〈 ∂u

∂x1 ,
∂u
∂x2 〉g

;@4CB@H�V �#�=6A�QV

∂f

∂t
(0, x) = φ1(

∂χ1

∂x1
− ∂χ2

∂x2
) − φ2(

∂χ1

∂x2
+
∂χ2

∂x1
)

U�:��&6A9�9
x ∈ ϕl(intW )

;%�IB����#�
φ1, φ2 ���=>Q:A4#�/4CB�� �#�=6A9 6�>Q� H�Yi6��?H�>#6��X�tl#6��X4&:AU

φ
; �#�5VElD�=7 4CH�d��=9M�?F

G0BJDQV

0

"�RXRoL($
=

d

dt
|t=0Eg(h ◦ σ−1

t )
6AV0H�> "�RERoL($

=

∫

ϕl(intW )

∂f

∂t
(0, x) dx1dx2

=

∫

ϕl(intW )

{φ1(
∂χ1

∂x1
− ∂χ2

∂x2
) − φ2(

∂χ1

∂x2
+
∂χ2

∂x1
)} dx1dx2.

" �2F��0$

���=Y �=Y#�D���_4CBQ6�4
χ

�Z6AVr����	#>��=�2���
χ :=

∂(ϕl◦σ−1
t ◦ϕ−1

l )

∂t
|t=0

F �2H�>Q7	�I� �&7O6A>iDQ>Q�����EVX4C6A>Q�
6�>J��Yi6Al
χ = (χ1, χ2) ∈ C∞

0 (ϕl(intW ),R2)
6AV �D�=H�>��w604o6�>����=>�4Sd��5754E:�� 	 �59��W4C:

R2 6A>@�N4EB��=>`DQV#�uH�4EV4$#:��
σt

4E:ndA6	�X�t4EB��mH�>Q���5l(�5>Q���5>J4ed�6��EH�6��Q9
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χ1, χ2 ∈ C∞

0 (ϕl(intW ),R)H�> ���JD#6�4CH�:?> �2F��@F��ZB@:2:?VXH�>��#	��EVX4
χ := χ1 6A>Q�

χ2 ≡ 0
6A>Q�
4CB��=>

χ := χ2 ; χ1 ≡ 0
;2�4�?���544��:A4CB

0 =

∫

ϕl(intW )

{φ1 ∂χ

∂x1
− φ2 ∂χ

∂x2
} dx1dx2 6A>@�

0 =

∫

ϕl(intW )

{φ1 ∂χ

∂x2
+ φ2 ∂χ

∂x1
} dx1dx2

U�:��W6�9�9
χ ∈ C∞

0 (ϕl(intW ))
F<G0BQH�VWY �O6�>QV&4CBQ6�4

φ : ϕl(intW ) → C
H�V<��7 ��h�
�" � 	�
�	�> 	�@ ` ���O9 � 
 F

�&9�VE:Q;=6AV
l
6�>Q�

p
� ���#�u6����@H�4��E6��X�A;

S2 H�V 75:�d������=���J� 	#>QH�4#�=9M�&Yi6A>��8VXDQ7oB`V��54EV
Wm

�IHM4CB
ϕm(intWm)�D�=H�>��-4CB����Q:?Yi6AH�>QVi:AUmYi6AlQV

um = ϕm ◦ h ◦ ϕ−1
m

6A>Q� Yi6AlQV
φm : ϕm(intWm) → C

���
7=:AYil#6�754C>��=VEVN�IH�4EB

Wm ⊂ Um
F ����	Q>��i4EB��t6�4E9j6AV A :A>

(S2, can)
VXDQ7oB-4CBQ6�4`4EB��KV��54EV

intWm6������@:?YK6�H�>QVm:AUZ����	#>@H�4CH�:?>QVW:AUZ7oB#6��b4CV
ϕm : intWm → C

F RT4NU�:?9�9�:��IV8U �E:?Y ���	�?D@9j6��XH�4 ��4EB��=:��b�
:AUs4CB�� �	6ADQ7oB��1% �IH��5YK6A>@> ���JD#6�4CH�:?>QV&4EB#6�4m6�9�9

φm
6��#�nBQ:A9�:?Y�:��El@BQH�7N6A>Q��:AUs759j6AVXV

C∞ :?>�4EB��=H��
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φm
6A9�9�:��IV0DQVI4C:�DQ>Q�����EVb4o6A>Q�\4CB��5Y

6AVI4CB��N7=: � ��75H��=>�4EV&:AU�6�BQ:A9�:?Y�:��El@BQH�7 �JD#6A���C6�4EH�7m�QH �(�����=>�4CH�6A9�;
φ = φmdz

2 ; z = x1 + ix2 �D�=H�>��
4CB��
7=:?Y�lQ9���� 75:2:��X�QH�>Q6�4"�K�IHM4CB �#�5VElD�=7 4�4E:

ϕm
;
dz := d(x1) + i d(x2)

;
dz2 := dz ⊗ dz
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S2 "�6A>Q��75:?>QV�� �JD��=>�4E9��

φm ≡ 0
:?>

ϕm(intWm)
$ F

Q � �J>Q:�� U �E:?Y 9
�=Y�YK6 �2F J2F DP4CBQ6�4
um ∈ C0 ∩ H1(ϕm(intWm),C)
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m
; ∂u
∂z

:= 1
2
( ∂u
∂x1 − i ∂u

∂x2 )
6A>Q� ∂u

∂z
:= 1

2
( ∂u
∂x1 + i ∂u

∂x2 )
;2H�40H�V

�O6�VX�
4C:�V#�$�N4EB#6�4
φ = ρ ◦ ϕ−1 (|∂u

∂x
|2 − |∂u

∂y
|2 − 2i〈∂u

∂x
, ∂u
∂y
〉) = 4ρ ◦ ϕ−1 ∂u

∂z
∂u
∂z

62F#�AF(:?>
ϕ(intW )" ���=Y �=Y#�D���XH�>��04EB#6�4

ρ
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u
��� |∂u

∂z
|2−|∂u

∂z
|2 = 1

4
((∂u

1

∂x
+ ∂u2

∂y
)2 +(∂u

2

∂x
− ∂u1

∂y
)2−(∂u

1

∂x
− ∂u2

∂y
)2−(∂u

2

∂x
+ ∂u1

∂y
)2) =

∂u1

∂x
∂u2

∂y
− ∂u2

∂x
∂u1

∂y
= det(du)

62F#�AF :A>
ϕ(intW )

F �wV
φ ≡ 0
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ϕ(intW )

6�>Q�
det du ≥ 0
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VEH�>Q7	�

h ∈ C 6A>Q� 4CB��
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∂z
(z) = 0
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z ∈ ϕ(intW )
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ρ 6= 0
$	6A>Q� |∂u

∂z
|2 ≥ |∂u

∂z
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∂um
∂z

= 0
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ϕm(intWm).
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φm ≡ 0
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ϕm(intWm)
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Q
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m = 0, 1, . . . , m0 − 1

Q bdWZD
Xm+1 ∈ Xh(Σh)

Q
λm+1 ∈ Vh(Σh)
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κ(|Xm|2 − 1) dµh ∀ κ ∈ Vh(Σh)
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