A Internet appendix

LRR model anatomy

This appendix provides all derivations needed for a complete simulation of the long-run
risk (LRR) model by Bansal and Yaron (2004). The macroeconomic environment of

the LRR model is determined by a four-equation macro VAR:

log consumption growth i1 = He + Tt + 0Mian (A-1)
latent growth component Tir1 = PTy + PeTri1q (A-2)
log dividend growth Jdt+1 = [d + QT + QaoU41 (A-3)
latent stochastic variance ot =0+ (o} — 0%) + oWt (A-4)
with N, €4, Wi, Uy R N(0,1).

Following Campbell and Shiller (1988), the log return to the latent aggregate wealth

portfolio 7, and the log return to the market portfolio 7, are modeled as:

Tat+1 = Ko + K12i41 — 2¢ + Gyt (A-5)

Tmi+1 = Kom + F1lmZmt+1 — Zmyt T Gdi+1 (A-6)

with z = Ag + A1z, + Ago? (A-7)
Zmit = Aom + ATt + Ao mo?, (A-8)

where z; denotes the latent log price-consumption ratio, and z,,; denotes the log price-

exp(Zz)

Trexp(s 20d Ko = In(1+exp(z)) — K1z. Analogous expressions

dividend ratio and k; =
hold for K4, and Kqm,.
The Epstein and Zin (1989) utility function implies the following stochastic discount

factor (SDF) that prices the assets in the economy:

0
—v p—(1-0
My = 59Gt+w1 a,g—l )' (A-Q)
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A.1 Linear approximations

To model the dependence between log returns and the log price-dividend ratio, Bansal
and Yaron (2004) refer to a linear approximation suggested by Campbell and Shiller
(1988). The linear relationship between the log return h; and the log dividend-price

ratio d; suggested by Campbell and Shiller (1988) can be derived as follows:

ht =In (P7§+1 + Dt) — ].n(.Pt)

= ln (Pt + Dt—l) + A].n (Pt+1 ‘I— Dt) — ln(Pt)

We use a first-order Taylor series expansion for Aln (P, + D;) at Pyy = P, and

Dt = Dt—I:

P+ D
Aln (Pt+1 + Dt) = ln(Pt+1 + Dt) — hl(Pt + thl) = In (L)

P+ D,

~In(1) + [Py1+ Dy — P — Dy

P+ D,
_ BB Di—Dig
Pt + Dt_1 Pt + Dt—l .

Assuming the price is a constant fraction p of the price including the dividends,

P, ~ p(P,+ D;_1), and hence, D; 1 ~ (1 — p) (P, + D;_1), we can approximate:

Py — P, D, — Dy,
Tt (- ) T
2 (1-p) D,

~ pAln(Piq1) + (1 — p)Aln(Dy).

Aln (P + Dy) = p



Inserting this results into the expression for h; yields:

hi ~In (P, 4+ D;_1) + pAln(Piy1) + (1 — p)Aln(Dy) — In(P)
= I (P + Di1) + p (prar — pe) + (1 = p) (de — disa) — pe

=In (P + Di_1) + ppey1 + (1 = p)dy — (1 — p)(di—1 — pt) — 2p;

P+ D,
=In (tTH) — (1= )6 + ppi1 + (1 — p)dy — py
t
~ —In(p) — (1 — p)d¢ + ppes1 + (1 — p)dy — p

=k + pprsr + (1 = p)de — pr. (A-10)

Note that Campbell and Shiller (1988) model a log dividend-price ratio d;, whereas the
LRR model refers to the log price-dividend ratio z,,;. Translating this result into the

notation used by Bansal and Yaron (2004) yields:

Ty = —In(p) — (1 — p)(di—1 — p¢) + ppes1 + (1 — p)d; — py
=—In(p) + (1 = p)(pt — ds—1) + p(Pe1 — di) — (pr — dy—1) + dy — dy—y

= Ro,m + R1mZm,t — Zm,t—1 + d,t, (A_ll)
where rg,, and K1, are given by:

Kom = — In(p) + (1 - p)zm,t—l

Rim = pP-



We can rewrite Ko, and K1 ,, as follows:

P, 1 1
Rim ~ = =
y Pt + Dt—l PtJrIgt—l 1+ exp(im’t)
exp(Zm.t)

1+ exp(zm.t)

Because p and thus & ,,, should be a constant ratio, we use a time average to obtain a

constant value:

exp(Zn,)
A ) A-12
T T () i

For kg, to be a constant, we also use a time average to obtain a constant value:

1+ exp(Zn)

— ) + Zm - K/l,mgm
exp(Zm

Kom ~ —In(K1m) + (1 — K1) 2m = In (

=1In(1+exp(Zn)) — K1.mZm- (A-13)



A.2 Derivation of the coefficients Ay, A;, and A,

To find the expressions for the coefficients Ay, A;, and Ay in Equation (A-7), we use

the basic asset pricing equation with the SDF from Equation (A-9):
6
B [6°G i Rt Riva | = 1.
Taking the logarithm of Equation (A-9) yields:

0
M1 = ID(MH_l) = an((;) - Egt_H + (8 - 1)7",1’“_1,

where g1 =In(Giq) and 1o = In(Rypp1).
It follows that

1 =E; [exp(In(Myy1) + 7i441)]

0
= Et |:8Xp(0 111((5) — Egt_i_l + (0 — 1)7ﬂa7t+1 + ri,t+1):| . (A—14)

The model must price any return, so the Euler equation also holds for r; ;11 = 74 ¢11:

7
1 =E, {exp (9 In(§) — Egtﬂ + Qra,tﬂ)}
1
= exp (Et [Myg1 + Taq1] + §Vart [y + 7"a7t+1})

1
0 =E; [miy1 + rop] + §Vart [Mig1 + Taps1] -

Inserting the linear approximation for r, 41, we obtain:
0
0= flnd — E]Et(gt_FI)
+ 0 [FLQ + I<J1A0 + HlAlEt(fL’tJrl) + /€1A2Et(0't2+1) — AO — Alxt — AQO'tZ + ]Et(gt+1>:|

1 0\>
+ 3 [ (9 - E) Var,(g,.1) + 6 (K%A%Vﬁrt($t+1) + K%A%Vart(atzﬂ))



because Covy(gir1, 2e41) = 0, Covi(gi1,07,1) = 0 and Covy(wys1,07,) = 0.

It follows that:

0
0=0Ind— E(/ch—i‘xt) +8 [Iig +H1A0 + IilAlpIt +K1A2(0'2 —|—I/1(O't2 - 0'2)) — Ao
(A-15)

1
= Avry = Ao+ pre+ ] + 5 7

Equation (A-15) must hold for all values of z;, which means that all terms involving

0\ 2
(9 — —> o} + 6% (k1AlQ207 + KT AS07)

x; must cancel out:

0 !
_E$t + efilAlpJJt — HAlxt + Hl‘t =0

0
_Eajt + 0 [k Ar1pxy — Ay + ) = 0. (A-16)

Equation (A-15) also has to hold for all values of o7:

1
0/‘{,11421/10'3 — QAQO'tQ + 5

9 2
(9— E) 03+92A§ﬁ§¢ga§] Lo

1 1
0 (I{1V1A2 — Ag) + 5 (9 - %) + 5(9141/{1906)2] 0',52 = 0. (A—l?)

Equation (A-16) leads to the expression for the parameter A;:

0
—E+9[R1A1P—A1+1]:O

-0 14
—Gmp—e— 1-/%1,0.

A (A-18)

Equation (A-17) leads to the expression for the parameter As:

0 (kv —1) A 41 o2 2+1(9A ot =0
K11 2ty " 5 1R1Pe 0y =

_% [(9 - %)2 + (9A1ﬁ1<p6)2] = O(k1vs — 1) A



(9 - %)2 + (0A1k100)?

1
Ay = -
2 2 9[1—1‘{,1V1]

(A-19)

The constant can be obtained by setting the sum of all z; and o7 terms in Equa-

tion (A-15) to zero:

1
0=0Ilnd— %uc + 6 [Ko + k1 4o + k1 As(1 — 11)0” — Ao + pe] + 5 0> (k{A307)

1 1
0=1Ind + (1 — E) e + Ko + (Hl — 1)140 —+ :‘11(1 — 1/1)0'2142 -+ 5 9(511420’10)2

0
lln5 + <1 - %) e + Ko + l€1A20'2(1 - 1/1) + 5(/‘111420@)2 . (A—QO)

AO_

_1—I€1



A.3 Derivation of the coefficients A ,,, A;,,, and A,,,

To find the expressions for the coefficients Ag,,, A1 m, and A, ,, in Equation (A-8), we
use the basic asset pricing equation with the SDF from Equation (A-9) to price the
return to the market portfolio. According to Equation (A-6), combined with Equa-

tions (A-1) and (A-8), 7,441 is given by:

Tm,t+1 = Kom + Kim [Ao,m + At T + A2,mat2+1]
- [AO,m + Arm + A2,m‘7t2} + pa + OTL + QAT U1

Applying the basic pricing equation to 7,,;, we can derive the expressions for Ag,,,

Al,m7 and AQ?mI

1 = E; [exp(myi1 + Tm,t+1)]
1
1 =exp | E; [myg1 + rogsa] + §Va1“t (M1 + Tmtt1]

0
0=60Ind— E(MC +a) + (60— 1) [no + k1 Ag + k1A pzs + K1 Ag(0? + vi (0} — 0?))

— AQ — Al.fEt — AQU? + pe + It] + Ro,m + /{l,mAO,m (A-Ql)
+ /{l,mAl,mpxt + "431,711142,771(0-2 +n (O-t2 - 02)) - AO,m

1
- Al,miﬁt - A2,m0t2 + pa + ¢z + §Vart(mt+1 + Tm,t+1)~

Derive the expression for Vary(msi1 + rimt41):

0
Vary(m1 + Tm1) = Varg |0Ind — Egtﬂ + (0 —Drgeer + Tm,t+1]

0
= Var, | — EgtJrl +(0-1) [’fo + k1(Ao + Arzp + A2U1t2+1) — A

2
— Ay — Asop + gt+1] + Kom + KimAom + Eim AL mTea

2 2
+K1mA2mOr 1 — Ao — AtmTe — Aom0; + pa + o1y + SOdUtUtH]



0
= Var, <9 -1- —) g1+ (0 — 1) K1 A1

(8

2 2
+ 51A20t+1i| + K1 m AL mTe + KimAom0 g + SOdUtUtH]

= Var;

0
(9 —-1- a) i1+ (0 — D)k1 Ay + K1 mArm) Tea

+ ((9 — 1)/€1A2 + 'Lil,mAQ,m) Ut2+1 + QDdUtut+1] .

Finally:

o\ 2
Vary(mes1 + rmes1) = (9 —1— J) o+ ([(9 — 1K1 A1+ Hl,mALm]Q 02+ gof,) o} (A-22)

—I— [(0 — 1)/*{1142 —I— K,LmAQ’m]Q 0'120,
because Covy(gir1, 2e41) = 0, Covi(gi1,07,1) = 0 and Covy(wss1,074) = 0.

To derive the coefficient A, ,,, we insert Equation (A-22) into Equation (A-21) and
collect all terms that involve x;. They are set to zero, because the Euler equation must

hold for all values of the state variables:

0
_Ext + (9 — 1) [K)lAlpZL‘t — All't + IL’t] + /ﬁlymAmeit — Al,mxt + bet ; 0
0
_E + ((9 — 1) [Al(lﬂ',lp — 1) + 1] + Al,m("il,mp — 1) + ¢ =0

0 1
—E‘f‘(e—l) |:(E—1> +1:| + A m(kimp—1) +¢ =0

L4 (0-Di+o  o-3

11— R1,mp B I /fl,mp'

Ap = (A-23)




To derive the coefficient A, ,,, we collect all terms involving o7 and set them to zero,

because the Euler equation must hold for all values of the state variables:

(9 — ].)(K/IAQVl - AQ) + "fl,mAZmVl - A2,m

1 2
+ = (9 -1- 3) + (k1 mA1mpe — (1 — 9)/11141906)2 + 903

0
9 )

with (§ — 1 — %) = Ay (KimArm@e) = Bme, and (1 — 0)k1A10e) = At

1
(1 - 9)("@1V1 - 1)A2 - 5 P\zflﬂ? + (ﬁm,e - )\m,e)2 + 903] = A2,m(/€l,mV1 - 1)

1—6)(1— Ay + 2N 4 (Bie — Ame)? + 03
Az,m=< J(1 = ran) Az + 5N, + (B, ) Sﬁd]' (A-24)
(1 — Kymin)

To derive Ay, we set the sum of all terms involving z; and ¢} in Equation (A-21) to

Zero:

0
O = (911](5 — Eﬂc =+ (6 — 1) [/io + lilA(] + /€1A2(1 — 1/1)0'2 — AO + ,LLC} + KO,m
1
+ ffl,mAO,m + ﬁl,mAg,ma2(1 — I/1> — A(Lm + Hd + 5 [(6 — 1)K1A2 + ff17mA2,m]2 O'EU
0
(1 — "il,m)AO,m = 6111(5 — Eﬂc + (9 — 1) [KJO + KqA() + H1A2(1 — V1>O'2 — A() + ,LLC:|

1
+ Ro,m + IiLmAQ’mO'Q(l — Vl) + Hd + 5 [(0 — 1)/11142 + Fél,mAZm]Q 0'121)

1 0
A07m = m GIH(S—E,LLC—F(&— 1) |:K0+K1A0+I€1A2(1—1/1>0'2
— A() + /JJC:| + Ko,m + K/l,mA2’m0-2(1 — 1/1) + g (A—25)
1 2 o
+ 5 [(9 - 1)/{11A2 + /€17mA27m] Owl-
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A.4 Representation of the risk-free rate

The formula for the risk-free rate can be derived by plugging in r¢; for 74, into the
basic pricing equation:
0
1=E, {exp(é’ln(é) — Egt+1 + (0 — Drose1 + rf’t)}
0 1 0
1= exp (]Et 9111(5) — Egt_i_l + (9 — 1)Ta,t+1 + Tﬁt + §Vart ——gt+1 + (0 — 1)7’a7t+1 )

¥

0 1 0
O = 011’1(5) — E]Et(gt_i_l) + (0 — ].)Et(ra7t+1) + T‘f’t + §Vart |:Egt+1 ‘l— (1 — Q)Ta7t+1:| .

The risk-free rate is thus given by:
0 1
Tre = —6 hl((S) + EEt(gt—i_l) + (1 - 9>]Et(ra,t+1) — §Vart(mt+1).

In addition, E;(74++1) can be obtained from the definition of 7 441:

Tat+1 = Ko + K12e41 — 2t + gyt
= Ko t+ K1 [Ao + A1y + A20t2+1} - [AO + Ay + A2‘7152] + Ge1

Et(ra7t+1) = Ko + K1 [AO + Alpl't + A2(0'2 + Vl(O'tQ - 0'2))} — AO — Alilj't — AQO'tQ + He + Ty
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Var; (my41) is computed as follows:

[0
Var, (my41) = Var, EgtJrl +(1— 9>7”a,t+1}
L
= Vart E‘qtﬂ + (1 — 9)(%1A1$t+1 + H1A20't2+1 + gt+1):|
(0
= Vart <E +1-— 9) Jt+1 + (1 - 9):‘4}1141.%}4_1 + (1 - 8)K1A20t2+1:|

with COVt(gt+1, xtJr]_) =0:

0 2
= (E +1-— 9) Var,(gir1) + (1 — 0)?(k1.A1)*Vary(z11)

+ (1 — 0)*(k142)*Vary (o7, )
with (—% +0—1)=Anyy (1= 0)k1A10e) = Apme, and (1 — 0)r1As = Ay

_ 12 2 2 2 2 2
- )‘m,nat + )‘m,eo-t + )‘m,wo-w'
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A.5 Risk premia

The gross risk-free rate is given by:

1

Rijy1 = ———.
fit+1 Et<Mt+1)

The log return on the risk-free asset is given by:

In(Ryp1) = — In [Ey(Miga)]
rieer = — In By (exp(mig))]
o (e + )

1
= —Et(mt+1) - §Vart(mt+1). (A-26)

To derive the risk premium on the aggregate wealth portfolio, we use the following

Euler equation to obtain the relation between E;(my11) and E;(74¢41):

E, [My1Ropa] =1
E; [exp (mys1 + Tap1)] = 1
1
exp (Et(mt—i-l +rapi1) ivart(mt—i-l + 7’a,t+1)) =1

1
Ei(mes1) + Ei(ra ) + §Va1"t(mt+1 +7q141) = 0.
Finally:

1
Et(mt—H) = _Et<ra,t+1) - 5 [Vart(th) + Vart<ra,t+1) +2 COVt(mt—f—l; Ta,t+1)] . (A-27)
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Next we use Equation (A-26) and subsequently insert Equation (A-27) to determine

the risk premium on the aggregate wealth portfolio:

1
Ey [Tagt1 — 1] = Ey |:ra,t+1 + Ei(mygq) + §Vart(mt+1):|
1 1
=LK, |:Ta,t+1 - Et(ra,t—i-l) - EVart(th) - ivart(ra,t—t-l)
1
— Covi(Myq1, Tags1) + Evart<mt+l)}
= —Cov, [mt+17 Ta,t+1] - §V&1"t(7“a,t+1)

= —Cov, [mt—H - Et(mt—i-l)a Tat+1 — Et(ra,t-&-l)] - Evart(ra,t-i-l)-

To write the risk premium in detail, we must derive the expressions my; 1 — Ei(myq1)

and 74441 — Et(ra,tﬂ)i

Tat+1 = Ko + K121 — 2t + Gt
= Ko + K1 [Ao + Ay + A20-152+1] — Ay — Ay — A2U752 + G111
Ey(rat+1) = Ko + K1 [Ao + Ay pxy + A2(02 + 1/1(0,52 — 02))} — Ay — Ay — AQUtQ
+ e + Ty
Tagr1 — Ee(raer1) = K1y [Rep1 — pae) + K1y [07, — 0 — v1(07 — 0%)] + [gra1 — pe — 4]

= R1A1peoei11 + K1 Ao Wi + 0

0
My = 01Ind — Egt—i-l + (0 = D)ra e

0
]Et(mt+1) =0lnd — @ [/-Lc + I’t] + (9 - 1)Et(ra,t+l)
0

Myy1 — Ey(myp1) = v [oMs1] + (0 — 1) [0e1 + K1 A1peoieryr + K1 A20 W]
0
= [9 —1- a} oir1 — (1 — 0) k1 Arpeorerrr — (1 — 0)k1 Agoywig

= /\m,n0t77t+1 - )‘m,eo-tet-i-l - )\m,wo-wwt—‘rl‘
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The risk premium on the aggregate wealth portfolio is given by:

E, [Ta,t+1 - 7“f,t+1] = — Covy [mt+1 - Et(mtJrl)a Tat+1 — ]Et(ra,t+1)] - §Va1“t(7°a,t+1)
= - Et [ (/\m,no-tnt-l-l - )\m,egtet-I—l - )\m,wo-wwt—‘rl)
(041 + K1A1peoer11 + 51A2awwt+1)i|

1
-z (Et [0377152“} + Eq [(H1A1¢e)20t26t2+1] + E, [/-@ngafuwa] )

2
= - >\m,170-t2 + )‘m,e("ilAl(pJJtQ + /flAQ)\m,wO-i;

— %((1 + (mAipe)?)of + (HlAQ)gai)'

To derive the risk premium on the market portfolio, we use the following Euler equation

to obtain the relation between E;(my41) and E¢ (7, +41):

By [Mys1 Ronpi1] = 1
Ey¢ [exp (M1 + Tge1)] = 1
1
exp (Et(mt+1 + Ttt1) + évart(mt—i-l + T’m,t+1)) =1

1
Ei(mes1) + Eg(rpes1) + §Vart(mt+l + "ms1) = 0.

Finally:

1
Ei(mis1) = —E(rmas1) — 5 [Vary(miy1) + Vary(rmee1) + 2 Cov(mes, rm1)] -

(A-28)
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Now we use Equations (A-26) and (A-28) to determine the risk premium:

1
Ey [rmgt1 — Tpag1]) = Eq |i7am,t+1 +Ei(myy1) + §Vart(mt+l):|

1 1
= ]Et T‘m’t_t'_l — Et(rm7t+1) — —Vart(mt+1) — —Vart(’rm7t+1)
2 2

1
— Covy(Mys1, Tmer1) + §Vart(mt+1)}
= —Cov; [mt+1, Tm,t+1] - §Vart(rm,t+1)

= —Covy [myg1 — Eg(myyq), Tmt+1 — Et(rm,tJrl)] - §Val"t(7”m,t+1)-

To write the risk premium in detail, first derive the expression for rp, 111 — Ei(rm141):

Tmi+1 = Kom + KlmZmt+1 — Zmt T 9d,t+1
= Ro,m + R1,m [Ao,m + Al,mxt—l-l + A2,m0t2+1] — AO,m — Al,mxt — Ag’mdf
+ fa + 0Tt + Pao UL
Ei(rmit1) = Kom + K1mAom + K1mALmpTs + /117mA2,m(a2 + v (0? — 0?))
— Agm — A1 Tt — 142,771%2 + pa + ¢

Tt — Et(Tmas1) = K1mArm [T — pre] + Hl,mAQ,m(Ufﬂ —o? - Vl(Cft2 — 02)) + ©ao U1

= K1mA1mPe0teir1 + K1m A2 mOuwWit1 + Qa0

16



The risk premium on the market portfolio is given by:

E, [Tm,tﬂ - 7"f,t+1] = — Covy [mt+1 - Et(mtJrl)a Tmt+1 — ]Et(rm,tJrl)] - §V&Yt(7“m,t+1)
= - Et [(Am,ngtnt-&—l - /\m,eatet+1 - /\m,wgwwt+l)

(Paotier1 + Kim A1 m@Peoierir + Fél,mAszwth)}

1
— 5 [Be (waoiuisn) + B (k1mAvmpe)*oielsn) + By (61 A3 g )]

2 2
- )‘m,elil,mAl,mQDeO-t + )\m,wﬁl,mAQ,mo-w

1
D) [@?ZU? + (’fl,mAl,WSDe)QUtQ + (’fl,mAQ,m>2012u} .
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