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INVERSION PRINCIPLES AND THE COMPLETENESS OF INTUITIONISTIC
NATURAL DEDUCTION SYSTEMS

Some influential semantical conceptions for intuitionistic logic, in particular
those of M. Dummett and D. Prawitz, consider the introduction rules (I-rules)
for logical operators to be 'canonical' rules which give a meaning to these
operators; the elimination rules (E-rules) are then justified with respect to a
semantics depending on I-rules. The often stated harmony between I- and E-rules
suggests that one might reverse this procedure, i.e. choose the E-rules to be
canonical and justify the I-rules with respect to a semantics depending on E-
rules. In the following, which represents an attempt in this direction, we shall
define a concept of validity based on E-rules. It can then be shown that all I-
rules are valid, and conversely that all valid rules are derivable in intuitio-
nistic logic. In this sense intuitionistic logic is complete. This approach is
dual to that proposed in [7] where the inversion principle, as formulated by
Prawitz [3,4], is generalized to a notion of validity based on I-rules, with
respect to which the completeness of intuitionistic logic could be established.
So the present approach formulates an 'inverted' inversion principle.

The Inversion Principle In Lorenzen [2], the inversion principle is treated as
a principle to establish the admissibility of rules. A rule R is called admissible
in a calculus K, if its addition to the inference rules of Kk, yielding an ex-
tended calculus K+R, does not enlarge the set of formulas derivable in k, i.e.
for each formula D, if lz7gD, then kgD. Here the 'if...then' is understood con-
structively, i.e. there must be an effective procedure eliminating each applica-
tion of R in a derivation of D. The inversion principle is applied in such cases
where the premises of R can be derived in XK only by application of certain in-
ference rules Ry,...,R, of K: then we know that a derivation of the premises of
R in K contains a derivation of at least some of the premises of Ry,...,R,; if
we know furthermore that for each i (1 <i<n) the step from the premises of Rj
to the conclusion of R is admissible, we can infer the admissibility of R. (For
a precise description see [1]). The main application of the inversion principle
within formal logic is the justification of the A-, v-, and 3-E-rules as ad-
missible rules in every calculus K having the A—, v—, 3-I-rules as the only in-
ference rules making it possible to infer conjunctions, disjunctions and existen-
tial quantifications. As can easily be seen, the admissibility concept and thus
the inversion principle in Lorenzen's version does not work for derivations from
assumptions. If we defined R to be admissible in K if for all finite sets of
assumptions I' and all formulas D: if F't#RD then T'kpD, then each admissible rule
R would be derivable: Taking I' to be the set of premises of R and D to be its
conclusion, CtgwrD would be trivially fulfilled, thus FkiD would hold.

Following some remarks of Gentzen, Prawitz used in [3,4] a somewhat different
inversion principle to describe the relation between I- and E-rules of natural
deduction systems: if the major premise of an E-rule is derived using an I-rule
in the last step, this derivation already 'contains', together with derivations
of the minor premises of the E-rule, a derivation of the conclusion of the E-rule.
This relation is made explicit in the reduction steps and normalization proce-
dures stated by Prawitz. Such an inversion principle obviously does not allow the
elimination of an E-rule R from all derivations in C+R, where C is the (canoni-
cal) part of an intuitionistic natural deduction system having only I-rules as
inference rules. But we can formulate it in a way that makes it closely related
to Lorenzen's inversion principle: Define for an E-rule R a derivation in C+R

to be a derivation which applies R only if its major premise is the conclusion

of an application of an I-rule. Then it holds in fact for all E-rules R thét for
all sets of assumptions I' and all formulas D: if ['kmgpD , then I'kzD. The QLfferv
ence to Lorenzen's inversion principle is that in calculi without assumptions



the major premise of an E-rule can be derived only by using an I-rule in the last
step where this fact must be required in the case of calculi with assumptions.

On the one hand this weakens the inversion principle, but on the other hand it
makes it possible to treat - in this framework (which was not possible in Loren-
zen [2]).

Prawitz' inversion principle is defined for the standard E-rules with one major
premise. In Schroeder-Heister [7] it is generalized to a principle that may be
used for the justification of arbitrary rules R (the E-rules being special cases
thereof). The general schema for an arbitrary rule in a natural deduction system
can be stated as
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where the I''s are (possibly empty) sets of formulas, indicating the assumptions
which may be discharged by application of that rule, and the x's are sets of
eigenvariables to be respected. In order to formulate an inversion principle, we
assume a (possibly empty) set of non-atomic assumption- and eigenvariable-free
premises to be distinguished by a star, thus arriving at the schema

r |

(2) T T

*Ay *AL By Bn

A
Here the starred A's function like major premises in the usual E-rules which must
now be written as A B Alx/y]
. . . .o . . . . . .y (y not free
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For ¢ as the canonical part of the natural deduction calculus having only I-rules
as inference rules, a derivation in C+R for a rule of the form (2) is defined

as applying R only if the starred premises are derived using an I-rule in the
last step, i.e. the starred premises are counted as major premises in a genera-
lized sense. We say that the inversion principle holds for R, or that R is valid,
if for all T, D: if ThksygD, then r'tzD. It can be shown not only that for all
rules of intuitionistic logic I the inversion principle holds (i.e. that they are
valid), but also that all rules for which the inversion principle holds are de-
rivable in I; so I is in a certain sense complete.

Assumption Rules We allow not only formulas but also 'assumption rules' of the
form {A,,...,A }® A to be assumptions on which derivations in natural deduction
calculi may depend. (Here the sets {Aj,...,Ap} and/or x may be empty; in the for-
mer case the assumption rule is identified with the assumption A). Assumption
rules are applied in a derivation according to the schema

{Ay, oA )= A Ai[g/;l
Alx/t]

An assumption rule {A,,...,Ap}=xA represents on the object level the metalogical
assumption that a derivation of A from {A;,...,A,} is given whereby eventual
further assumptions do not contain any variable of x free. The concept of assump-
tion rules allows us to define the derivability of a rule of form (1) as

{FrfilAl,...,Pn==EnAn}P—A, analogously to the usual definition of the giriviziiity

" AL [x/t]
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of the form =~ as {Al,...,Aﬂ}FuA. If A denotes a set of premises of a
rule of form (1), A' is defined to be the set =, A ,....,=_ A }. So a rule
X noXp

B is derivable if A'A. (For a systematic treatment of assumption rules also
of higher levels see [6]).

An Inversion Principle Based on Elimination Rules The 'harmonv' between I- and
E-rules has often been emphasized but usually I-rules are chosen to be canonical
rules (with the exception of the approach sketched in [4, Appendix A.2] which is
somewhat different from the one given here). I shall take the E-rules to be ca-
nonical and justify the I-rules by an inversion principle which treats I-rules

as inverses of E-rules, dual to the path taken in [7]. This means that we have to
formulate counterparts to the concepts defined there. (E.g., counterparts of the
major premises of E-rules are now the conclusions of I-rules). Thus we define the
canonical part ¢ of the intuitionistic natural deduction calculus I to be the sub-
system containing only the E-rules for A, v, -, 1, V¥, 3 (as stated above, but
without a star). T}=D is defined as usual where I' may include assumption rules.
The general form of an arbitrary rule R is
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where a non-atomic conclusion A can be starred (premisses must not be starred).

A derivation in C+R is a derivation in the calculus resulting from C by addition
of R as an inference rule, where, if A is starred, the conclusion of each applica-
tion of R in the derivation is major premise of an application of an E-rule. We
shall say that R fulfils the inversion principle or is valid if for all I, D: if
FrE?RD’ then I'k=D. Since all E-rules of I belong to C , they are trivially valid.
The I-rules of 9, now to be written as

A
. . . ¥y (v not free
A B A B B Alx/y] " VxA) Alx/t] ( Lhas no I-rule)
* AAB ¥ AvVB * AVB * A-B * VxA ¥ IxA

can be shown to be valid by application of the standard reduction steps. So all
inference rules of I are valid. Conversely, we can prove that all valid rules
are derivable in I: First we state that all valid rules R without starred con-
clusions are derivable in C and hence in I. (Take I' to be A'; then ﬁ'}f:ﬁA holds
trivially and thus Q'FEA). Secondly, if a rule R of one of the forms ¢

A A A A A A
* AAB * AvB * A-B * | ¥ ¥xA * dxaA

is valid, then also
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A A A C C A A A A A B
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(y not free in 3xA or B) for all B, respectively, are valid and hence derivable
in I. (E.g. in the third case, by replacing each application of

.

. A :
A A by A-B A , we obtain a derivation in C+R, from which R can be
B B

eliminated). By application of I-rules in I the derivability of R in I then follows.
(E.g. in the second case, we have a derivation of AVB from A'U{A=AvVB, B=AVB}
in I; replacing all applications of the assumption rules A=Av B and B=AVB by
applications of thev -I-rules we obtain a derivation of AvB from A'). If we



denote by I'lk-D that D is derivable from " only by use of valid rules, we have

established:
Theorem 'l—p iff PF}D.

Remarks I. This theorem does not include that each rule derivable in I is valid.
For example the rule R

.
-

A B C
*(AAB)AC

which can be derived in I by twofold application of A-I is not valid in our
sense. Its application is not eliminable e.g. from the derivation

A B C
(AAB)AC
AAB
in C+R. Thus if A'|kD,
always yield a valid rule. So the proposed inversion principle is weaker than the
definitions of validity Prawitz proposed in [4,5], which are transitive in the
sense that combination of valid rules always yield valid rules. A completeness
proof for intuitionistic logic with respect to Prawitz' concept of validity (or
a related concept) would be more informative than the one given here, but is
still a desideratum.
2. We would obtain an analogous result for classical logic if we took C to include

A need not be valid. Combination of valid rules does not

A=l
L instead of 1
A A

If we wanted to give reasons for preferring intuitionistic logic to classical
logic in our framework, we would have to argue for a certain choice of canonical
E-rules (e.g. that major premises of E-rules must not depend on assumptions). The
completeness result ifself does not provide reasons for such a preference.
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