Journal of Machine Learning Research 8 (2007) 1325-1370 Submitted 5/06; Revised 3/07; Published 5/07

Graph Laplacians and their Conver gence on Random Neighbor hood
Graphs

Matthias Hein MH@TUEBINGEN.MPG.DE
Max Planck Institute for Biological Cybernetics

Dept. Scholkopf

Spemannstral3e 38

Tilbingen 72076, Germany

Jean-Yves Audibert AUDIBERT@CERTIS.FR
CERTIS

Ecole Nationale des Ponts et Chaussées

19, rue Alfred Nobel - Cité Descartes

F-77455 Marne-la-Vallée cedex 2, France

Ulrike von Luxburg ULRIKE.LUXBURG @TUEBINGEN.MPG.DE
Max Planck Institute for Biological Cybernetics

Dept. Scholkopf

SpemannstralRe 38

Tlbingen 72076, Germany

Editor: Sanjoy Dasgupta

Abstract

Given a sample from a probability measure with support on a submanifold in Euclidean space one
can construct aneighborhood graph which can be seen as an approximation of the submanifold. The
graph Laplacian of such agraph is used in several machine learning methods like semi-supervised
learning, dimensionality reduction and clustering. In this paper we determine the pointwise limit
of three different graph Laplacians used in the literature as the sampl e size increases and the neigh-
borhood size approaches zero. We show that for a uniform measure on the submanifold all graph
Laplacians have the same limit up to constants. However in the case of a non-uniform measure
on the submanifold only the so called random walk graph Laplacian converges to the weighted
Laplace-Beltrami operator.

Keywords: graphs, graph Laplacians, semi-supervised learning, spectral clustering, dimensional-
ity reduction

1. Introduction

In recent years, methods based on graph Laplacians have become increasingly popular in machine
learning. They have been used in semi-supervised learning (Belkin and Niyogi, 2004; Zhou et al.,
2004; Zhu and Ghahramani, 2002), spectral clustering (Spielman and Teng, 1996; von Luxburg,
2006) and dimensionality reduction (Belkin and Niyogi, 2003; Coifman and Lafon, 2006). Their
popularity is mainly due to the following properties of the Laplacian which will be discussed in
more detail in a later section:
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¢ the Laplacian is the generator of the diffusion process (label propagation in semi-supervised
learning),

o the eigenvectors of the Laplacian have special geometric properties (motivation for spectral
clustering),

e the Laplacian induces an adaptive regularization functional, which adapts to the density and
the geometric structure of the data (semi-supervised learning, classification).

If the data lies in RY the neighborhood graph built from the random sample can be seen as an ap-
proximation of the continuous structure. In particular, if the data has support on a low-dimensional
submanifold the neighborhood graph is a discrete approximation of the submanifold. In machine
learning we are interested in the intrinsic properties and objects of this submanifold. The approxi-
mation of the Laplace-Beltrami operator via the graph Laplacian is a very important one since it has
numerous applications as we will discuss later.

Approximations of the Laplace-Beltrami operator or related objects have been studied for cer-
tain special deterministic graphs. The easiest case is a grid in RY. In numerics it is standard to
approximate the Laplacian with finite-differences schemes on the grid. These can be seen as a spe-
cial instances of a graph Laplacian. There convergence for decreasing grid-size follows easily by
an argument using Taylor expansions. Another more involved example is the work of Varopoulos
(1984), where for a graph generated by an €-packing of a manifold, the equivalence of certain prop-
erties of random walks on the graph and Brownian motion on the manifold have been established.
The connection between random walks and the graph Laplacian becomes obvious by noting that
the graph Laplacian as well as the Laplace-Beltrami operator are the generators of the diffusion
process on the graph and the manifold, respectively. In Xu (2004) the convergence of a discrete ap-
proximation of the Laplace Beltrami operator for a triangulation of a 2D-surface in R® was shown.
However, it is unclear whether the approximation described there can be written as a graph Lapla-
cian and whether this result can be generalized to higher dimensions.

In the case where the graph is generated randomly, only first results have been proved so far.
The first work on the large sample limit of graph Laplacians has been done by Bousquet et al.
(2004). There the authors studied the convergence of the regularization functional induced by the
graph Laplacian using the law of large numbers for U -statistics. In a second step taking the limit of
the neighborhoodsize h — 0, they got %, 0(p?0) as the effective limit operator in RY. Their result
has recently been generalized to the su%manifold case and uniform convergence over the space of
Holder-functions by Hein (2005, 2006). In von Luxburg et al. (2007), the neighborhoodsize h was
kept fixed while the large sample limit of the graph Laplacian was considered. In this setting, the
authors showed strong convergence results of graph Laplacians to certain integral operators, which
imply the convergence of the eigenvalues and eigenfunctions. Thereby showing the consistency of
spectral clustering for a fixed neighborhood size.

In contrast to the previous work in this paper we will consider the large sample limit and the
limit as the neighborhood size approaches zero simultaneously for a certain class of neighbhorhood
graphs. The main emphasis lies on the case where the data generating measure has support on a
submanifold of RY. The bias term, that is the difference between the continuous counterpart of the
graph Laplacian and the Laplacian itself has been studied first for compact submanifolds without
boundary by Smolyanov, von Weizsacker, and Wittich (2000) and Belkin (2003) for the Gaussian
kernel and a uniform data generating measure and was then generalized by Lafon (2004) to general
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isotropic weights and general probability measures. Additionally Lafon showed that the use of data-
dependent weights for the graph allows to control the influence of the density. They all show that the
bias term converges pointwise if the neighborhood size goes to zero. The convergence of the graph
Laplacian towards these continuous averaging operators was left open. This part was first studied by
Hein et al. (2005) and Belkin and Niyogi (2005). In Belkin and Niyogi (2005) the convergence was
shown for the so called unnormalized graph Laplacian in the case of a uniform probability measure
on a compact manifold without boundary and using the Gaussian kernel for the weights, whereas
in Hein et al. (2005) the pointwise convergence was shown for the random walk graph Laplacian
in the case of general probability measures on non-compact manifolds with boundary using general
isotropic data-dependent weights. More recently Giné and Koltchinskii (2006) have extended the
pointwise convergence for the unnormalized graph Laplacian shown by Belkin and Niyogi (2005)
to uniform convergence on compact submanifolds without boundary giving explicit rates. In Singer
(2006), see also Giné and Koltchinskii (2006), the rate of convergence given by Hein et al. (2005)
has been improved in the setting of the uniform measure. In this paper we will study the three most
often used graph Laplacians in the machine learning literature and show their pointwise convergence
in the general setting of Lafon (2004) and Hein et al. (2005), that is we will in particular consider
the case where by using data-dependent weights for the graph we can control the influence of the
density on the limit operator.

In Section 2 we introduce the basic framework necessary to define graph Laplacians for general
directed weighted graphs and then simplify the general case to undirected graphs. In particular, we
define the three graph Laplacians used in machine learning so far, which we call the normalized,
the unnormalized and the random walk Laplacian. In Section 3 we introduce the neighborhood
graphs studied in this paper, followed by an introduction to the so called weighted Laplace-Beltrami
operator, which will turn out to be the limit operator in general. We also study properties of this
limit operator and provide insights why and how this operator can be used for semi-supervised
learning, clustering and regression. Then finally we present the main convergence result for all
three graph Laplacians and give the conditions on the neighborhood size as a function of the sample
size necessary for convergence. In Section 4 we illustrate the main result by studying the difference
between the three graph Laplacians and the effects of different data-dependent weights on the limit
operator. In Section 5 we prove the main result. We introduce a framework for studying non-
compact manifolds with boundary and provide the necessary assumptions on the submanifold M,
the data generating measure P and the kernel k used for defining the weights of the edges. We
would like to note that the theorems given in Section 5 contain slightly stronger results than the
ones presented in Section 3. The reader who is not familiar with differential geometry will find a
brief introduction to the basic material used in this paper in Appendix A.

2. Abstract Definition of the Graph Structure

In this section we define the structure on a graph which is required in order to define the graph
Laplacian. To this end one has to introduce Hilbert spaces Hy and Hg of functions on the vertices
V and edges E, define a difference operator d, and then set the graph Laplacian as A = d*d. We
first do this in full generality for directed graphs and then specialize it to undirected graphs. This
approach is well-known for undirected graphs in discrete potential theory and spectral graph theory,
see for example Dodziuk (1984), Chung (1997), Woess (2000) and McDonald and Meyers (2002),
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and was generalized to directed graphs by Zhou et al. (2005) for a special choice of Hy,Hg and d.
To our knowledge the very general setting introduced here has not been discussed elsewhere.

In many articles graph Laplacians are used without explicitly mentioning d, Hy and Hg. This
can be misleading since, as we will show, there always exists a whole family of choices for d, Hy
and Hg which all yield the same graph Laplacian.

2.1 Hilbert Spaces of Functions on the Vertices V and the Edges E

Let (V,W) be a graph where V denotes the set of vertices with [V| =n and W a positive n x n
similarity matrix, thatisw;; >0, i, j=1,...,n. W need not to be symmetric, that means we consider
the case of a directed graph. The special case of an undirected graph will be discussed in a following
section. Let E C V x V be the set of edges e;; = (i, j) with w;; > 0. e is said to be a directed edge
from the vertex i to the vertex j with weight w;;. Moreover, we define the outgoing and ingoing sum
of weights of a vertex i as

n
A"

We assume that do +di‘” >0, i=1,...,n, meaning that each vertex has at least one in- or outgoing
edge. Let R. = {x e R|x > 0} and R = {x € R|x > 0}. The inner product on the function space
RY is defined as

1 n
(f,g)y = ﬁi; fi 9i Xi,

where Xi = (Xout (d®) + Xin(di")) with Xout : R — Ry and Xin : Ry — Ry, Xout(0) = Xin(0) =0
and further Xoue and Xin strictly positive on R*..
We also define an inner product on the space of functions RE on the edges:

1 n
(F,G)g = WiZlHjGij@(Wij),

where @: Ry — R, ¢(0) =0 and @ strictly positive on R*.. Note that with these assumptions
on @ the sum is taken only over the set of edges E. One can check that both inner products are
well-defined. We denote by #(V,X) = (Ry, (-,-)y/) and H(E,@) = (RE, (-,-)g) the corresponding
Hilbert spaces. As a last remark let us clarify the roles of RY and RE. The first one is the space
of functions on the vertices and therefore can be regarded as a normal function space. However,
elements of RE can be interpreted as a flow on the edges so that the function value on an edge e;;
corresponds to the “mass” flowing from one vertex i to the vertex j (per unit time).

2.2 The Difference Operator d and its Adjoint d*
Definition 1 The difference operator d : H(V,X) — # (E, @) is defined as follows:

Vejj €E, (df)(eij) = y(wij) (F(§) — (i),

wherey: R} — R?.
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Remark 2 Note that d is zero on the constant functions as one would expect it from a derivative.
In Zhou et al. (2004) another difference operator d is used:

(A1) (er) = yowij) (s — 75 ). O

Note that in Zhou et al. (2004) they have y(wj;) = 1. This difference operator is in general not
zero on the constant functions. This in turn leads to the effect that the associated Laplacian is also
not zero on the constant functions. For general graphs without any geometric interpretation this is
just a matter of choice. However, the choice of d matters if one wants a consistent continuum limit
of the graph. One cannot expect convergence of the graph Laplacian associated to the difference
operator d of Equation (1) towards a Laplacian, since as each of the graph Laplacians in the
sequence is not zero on the constant functions, also the limit operator will share this property unless
limp_.d(X;) =c,Vi=1,...,n, where c is a constant. We derive also the limit operator of the
graph Laplacian induced by the difference operator of Equation (1) introduced by Zhou et al. in
the machine learning literature and usually denoted as the normalized graph Laplacian in spectral
graph theory (Chung, 1997).

Obviously, in the finite case d is always a bounded operator. The adjoint operatord* : # (E, @) —
H(V,X) is defined by

<dfau>E:<f3d*u>V> VfEH(Vy)()’ UE.(]‘[(E,(p).

Lemma 3 The adjointd* : H(E, @) — # (V,X) of the difference operator d is explicitly given by:
@00 = e (5 v wn glw) — 3 viwns) wi gl @
= 2% \n i;y il) Uil il n i;V i) Ui @(Wii) |-

Proof Using the indicator function f(j) = 1 itis straightforward to derive:

n

%XI (d*u)(I) = (d1._j,u)g = %IZ <V(Wi|)ui|(P(Wi|) —Y(Wli)uli(P(Wn)>,

where we have used (d1.—j,U)g = 55 311 (dT—)ijuijQ(wij). u

The first term of the rhs of (2) can be interpreted as the outgoing flow, whereas the second term
can be seen as the ingoing flow. The corresponding continuous counterpart of d is the gradient of
a function and for d* it is the divergence of a vector-field, measuring the infinitesimal difference
between in- and outgoing flow.

2.3 The General Graph Laplacian

Definition 4 (graph Laplacian for a directed graph) Given Hilbert spaces # (V,X)
and H (E, @) and the difference operator d : # (V,x) — #(E, @) the graph Laplacian A: #H (V,x) —
H(V,X) is defined as

A=d*d.
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Lemma5 Explicitly, A: H(V,x) — H(V,X) is given as:

(Aaf)I) = Zi)(l [ﬁi (v(wir )2 @(wir ) +y(wii ) 2@(wii)) (F(1) — f(i))].

Proof The explicit expression A can be easily derived by plugging the expression of d* and d
together:

@400 =5 (5 3 v 7IF0) Dl — 1 3 o L)~ F(lotw)
1 12 12 .
zz—m{f(l)ﬁ;wij—ﬁi_ f(l)W,l},
where we have introduced Wij = (y(wi)?@(Wir) + y(wii)>@(w;;)). |

Proposition 6 A is self-adjoint and positive semi-definite.

Proof By definition, (f,Ag),, = (df,dg)g = (Af,g)y, and (f,Af),, = (df,df)g > 0. |

2.4 The Special Case of an Undirected Graph

In the case of an undirected graph we have wi; = wj;, that is whenever there is an edge from i
to j there is an edge with the same value from j to i. This implies that there is no difference
between in- and outgoing edges. Therefore, d® = d!", so that we will denote the degree function
by d with d; = %z’j‘:lwij. The same for the weights in Hy, Xout = Xin, SO that we have only one
function x. If one likes to interpret functions on E as flows, it is reasonable to restrict the space Hg
to antisymmetric functions since symmetric functions are associated to flows which transport the
same mass from vertex i to vertex j and back. Therefore, as a net effect, no mass is transported at
all so that from a physical point of view these functions cannot be observed at all. Since anyway we
consider only functions on the edges of the form d f (where f is in #,) which are by construction
antisymmetric, we will not do this restriction explicitly.
The adjoint d* simplifies in the undirected case to

(B0)0) = gy 2 Y )00 ) ().

and the general graph Laplacian on an undirected graph has the following form:

Definition 7 (graph Laplacian for an undirected graph) Given Hilbert spaces
H(V,x) and #H(E,@) and the difference operator d : # (V,x) — # (E, ) the graph Laplacian A
H(V,X) — H(V,X) is defined as

A=d"d.

Explicitly, for any vertex I, we have

1
n

AN = @300 = 2| T 3 Vmotm) —3 3 107 m)am)
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In the literature one finds the following special cases of the general graph Laplacian. Unfortu-
nately there exist no unique names for the three graph Laplacians we introduce here, most of the
time all of them are just called graph Laplacians. Only the term ’unnormalized’ or combinatorial’
graph Laplacian seems to be established now. However, the other two could both be called normal-
ized graph Laplacian. Since the first one is closely related to a random walk on the graph we call it
random walk graph Laplacian and the other one normalized graph Laplacian.

The ’random walk’ graph Laplacian is defined as:

n
(B™1) (i) = '—EZW., (i), A™f=(1-DW)t,

where the matrix D is defined as Djj = dj&jj. Note that P = D-1W is a stochastic matrix and
therefore can be used to define a Markov random walk on V, see for example Woess (2000). The
unnormalized’ (or ’combinatorial’) graph Laplacian is defined as

(BY 1) (i) =

DIH

n
Z i), AWf—=(D-W)f.

We have the following conditions on x,yand @in order to get these Laplacians:

V(Wi (wij) Wi VA (Wij) Q(wi )

VeijeE: w: ————-=—_unnorm:
! X@d) X(d)

We observe that by choosing AM™) or AW the functions ¢ and y are not fixed. Therefore it can
cause confusion if one speaks of the ’random walk’ or ’unnormalized’ graph Laplacian without
explicitly defining the corresponding Hilbert spaces and the difference operator. We also consider
the normalized graph Laplacian A™ introduced by Chung (1997); Zhou et al. (2004) using the
difference operator of Equation (1) and the general spaces H(V,X) and A (E,@). Following the
scheme a straightforward calculation shows the following:

= Wjj.

Lemma 8 The graph Laplacian Anorm = d*d with the difference operator d from Equation (1) can
be explicitly written as

n 1 f(h1 2 _ _ 12 (i) _ _
A0 = o | gt 3 P mam) — 1 5 O ot

The choice x(d;) = 1 and y?(wi; )@(w;;) = w; leads then to the graph Laplacian proposed in Chung
and Langlands (1996); Zhou et al. (2004),

@O0 = | -

nVa Lvar i 3 ]

R |

AMf =D 2(D-W)D 2f=(1-D WD %)f.

or equivalently

Note that AW = DAM) and AM = D-3AWD~ 3.
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3. Limit of the Graph Laplacian for Random Neighborhood Graphs

Before we state the convergence results for the three graph Laplacians on random neighborhood
graphs, we first have to define the limit operator. Maybe not surprisingly, in general the Laplace-
Beltrami operator will not be the limit operator of the graph Laplacian. Instead it will converge to
the weighted Laplace-Beltrami operator which is the natural generalization of the Laplace-Beltrami
operator for a Riemannian manifold equipped with a non-uniform probability measure. The def-
inition of this limit operator and a discussion of its use for different applications in clustering,
semi-supervised learning and regression is the topic of the next section, followed by a sketch of the
convergence results.

3.1 Construction of the Neighborhood Graph

We assume to have a sample X;,i=1,...,n drawn i.i.d. from a probability measure P which has
support on a submanifold M. For the exact assumptions regarding P, M and the kernel function k
used to define the weights we refer to Section 5.2. The sample then determines the set of vertices V
of the graph. Additionally we are given a certain kernel functionk : R, — R and the neighborhood
parameter h € RY.. As proposed by Lafon (2004) and Coifman and Lafon (2006), we use this kernel
function k to define the following family of data-dependent kernel functions R)\,h parameterized by
AeRas:

L k([]% =" /h?)

h™ [dn n(X;)dhn (X))

where dnn(Xi) = 25T Ak (]| X — X; H /h2 ) is the degree function introduced in Section 2 with

respect to the edge-weights k(||Xi —X; H /h?). Finally we use ky n to define the weight wij =
w(Xi,X;) of the edge between the points X; and X; as

Wy n(Xi, X)) = kn n(Xi, ;).

Note that the case A = 0 corresponds to weights with no data-dependent modification. The parameter
h € R? determines the neighborhood of a point since we will assume that k has compact support,
that is X; and X; have an edge if ||X; — X;j|| < hRq where Ry is the support of kernel function. Note
that we will have k(0) = 0, so that there are no loops in the graph. This assumption is not necessary,
but it simplifies the proofs and makes some of the estimators unbiased.

In Section 2.4 we introduced the random walk, the unnormalized and the normalized graph
Laplacian. From now on we consider these graph Laplacians for the random neighborhood graph,
that is the weights of the graph w;; have the form wij; = w(X;,Xj) = k;\ (X, Xj). Using the kernel
function we can easily extend the graph Laplacians to the whole submanifold M These extensions
can be seen as estimators for the Laplacian on M. We introduce also the extended degree function
d}m and the average operator '&A,hm’

k)\ h(Xh )

1

n - 1 n o
d hn(X ﬁzlk)\h (x,Xj) (A)\,h,nf)(x>:ﬁ;k)\,h(xaxj)f(xj)
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Note that d}h,n = '&)\,hml- The extended graph Laplacians are defined as follows:

1 " 1 (Axnhng
randomwalk (A" £)(x) = ﬁ( fo E:;Amnf) (0= ( déxhﬁn ) (%), 3)
o ,hn
. (u) 1 ~ ~ 1 ~
unnormalized B30 )00 = =5 (dhnf = Fanaf ) () = 75 (Arnog) (),
normalized (A%nf)(x) == \/dlkh?n(x) (d},h’n dfmn - (Am’n dfmn>> (x)

__ 1 (A /
= hzm(A)\,h,ng ) (%),

where we have introduced g(y) := f(x) — f(y) and g’(y) : ity v Note that all

— _ v
Vohnn(®  /Oanny)

extensions reproduce the graph Laplacian on the sample:
(AF)(A) = (Af)(X) = (MannF)(Xi), Vi=1,....n.

The factor 1/h? arises by introducing a factor 1/h in the weight y of the derivative operator d of
the graph. This is necessary since d is supposed to approximate a derivative. Since the Laplacian
corresponds to a second derivative we get from the definition of the graph Laplacian a factor 1/h2,

We would like to note that in the case of the random walk and and the normalized graph Lapla-
cian the normalization with 1/h™ in the weights cancels out, whereas it does not cancel for the
unnormalized graph Laplacian except in the case A = 1/2. The problem here is that in general
the intrinsic dimension m of the manifold is unknown. Therefore a normalization with the correct
factor him is not possible, and in the limit h — 0 the estimate of the unnormalized graph Laplacian
will generally either vanish or blow up. The easy way to circumvent this is just to rescale the whole
estimate such that 1 s, d~Ajh7n(Xi) equals a fixed constant for every n. The disadvantage is that this
method of rescaling introduces a global factor in the limit. A more elegant way might be to simulta-
neously estimate the dimension m of the submanifold and use the estimated dimension to calculate
the correct normalization factor, see, for example, Hein and Audibert (2005). However, in this work
we assume for simplicity that for the unnormalized graph Laplacian the intrinsic dimension m of
the submanifold is known. It might be interesting to consider both estimates simultaneously, but we
leave this as an open problem.

We will consider in the following the limit h — 0, that is the neighborhood of each point X;
shrinks to zero. However, since n — oo and h as a function of n approaches zero sufficiently slow,
the number of points in each neighborhood approaches o, so that roughly spoken sums approximate
the corresponding integrals. This is the basic principle behind our convergence result and is well
known in the framework of nonparametric regression (see Gyorfi et al., 2004).

3.2 The Weighted Laplacian and the Continuous Smoothness Functional

The Laplacian is one of the most prominent operators in mathematics. The following general prop-
erties are taken from the books of Rosenberg (1997) and Bérard (1986). It occurs in many partial
differential equations governing physics, mainly because in Euclidean space it is the only linear
second-order differential operator which is translation and rotation invariant. In Euclidean space R¢
it is defined as Aga f = div(grad f) = Y&, 87 f. Moreover, for any domain Q C RY it is a negative-
semidefinite symmetric operator on CZ’(Q), which is a dense subset of L,(Q) (formally self-adjoint),
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and satisfies
/ fAhdx:—/ (OF, Oh) dx.
Q Q

It can be extended to a self-adjoint operator on L»(Q) in several ways depending on the choice
of boundary conditions. For any compact domain Q (with suitable boundary conditions) it can be
shown that A has a pure point spectrum and the eigenfunctions are smooth and form a complete
orthonormal basis of L,(Q), see, for example, Bérard (1986).
The Laplace-Beltrami operator on a Riemannian manifold M is the natural equivalent of the
Laplacian in RY, defined as
Ay f =div(grad f) = 0?0, f.

However, the more natural definition is the following. For any f,g € CZ(M), we have

/fAth(x):—/ (OF, Ohy v (x),
M M

where dV = /detgdx is the natural volume element of M. This definition allows easily an extension
to the case where we have a Riemannian manifold M with a measure P . In this paper P will be the
probability measure generating the data. We assume in the following that P is absolutely continuous
wrt the natural volume element dV of the manifold. Its density is denoted by p. Note that the case
when the probability measure is absolutely continuous wrt the Lebesgue measure on R is a special
case of our setting.

A recent review article about the weighted Laplace-Beltrami operator is Grigoryan (2006).

Definition 9 (Weighted Laplacian) Let (M,gap) be a Riemannian manifold with measure P where
P has a differentiable and positive density p with respect to the natural volume element dV =
\/detgdx, and let Ay be the Laplace-Beltrami operator on M. For s € R, we define the s-th weighted
Laplacian Ag as

S 1 1 .
Ds =Dy + Bg""b(Dap)Db = Eg""bD‘—,l(pSDb) = div(p® grad).
This definition is motivated by the following equality, for f,g € CZ(M),

[, fagpav = [ f(ag+> (Op.0g))pav = - [ (0F.0g) prav. (4)

The family of weighted Laplacians contains two cases which are particularly interesting. The
first one, s = 0, corresponds to the standard Laplace-Beltrami operator. This case is interesting
if one only wants to use properties of the geometry of the manifold but not of the data generat-
ing probability measure. The second case, s = 1, corresponds to the standard weighted Laplacian
Dy = 502(pOa).

In the next section it will turn out that through a data-dependent change of the weights of the
graph we can get the just defined weighted Laplacians as the limit operators of the graph Laplacian.
The rest of this section will be used to motivate the importance of the understanding of this limit
in different applications. Three different but closely related properties of the Laplacian are used in
machine learning
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e The Laplacian generates the diffusion process. In semi-supervised learning algorithms with a
small number of labeled points one would like to propagate the labels along regions of high-
density, see Zhu and Ghahramani (2002); Zhu et al. (2003). The limit operator As shows the
influence of a non-uniform density p. The second term % (Op,Of) leads to an anisotropy in
the diffusion. If s < 0 this term enforces diffusion in the direction of the maximum of the den-
sity whereas diffusion in the direction away from the maximum of the density is weakened.
If s < 0 this is just the other way round.

e The smoothness functional induced by the weighted Laplacian As, see Equation (4), is given
by
S(f) = [ 19f|7 pav.
M

For s > 0 this smoothness functional prefers functions which are smooth in high-density re-
gions whereas unsmooth behavior in low-density is penalized less. This property can also
be interesting in semi-supervised learning where one assumes especially when only a few la-
beled points are known that the classifier should be constant in high-density regions whereas
changes of the classifier are allowed in low-density regions, see Bousquet et al. (2004) for
some discussion of this point and Hein (2005, 2006) for a proof of convergence of the regular-
izer induced by the graph Laplacian towards the smoothness functional S(f). In Figure 1 this
is illustrated by mapping a density profile in R? onto a two-dimensional manifold. However,

Figure 1: A density profile mapped onto a two-dim. submanifold in R® with two clusters.

also the case s < 0 can be interesting. Minimizing the smoothness functional S(f) implies
that one enforces smoothness of the function f where one has little data, and one allows the
function to vary more where one has sampled a lot of data points. Such a penalization has
been considered by Canu and Elisseeff (1999) for regression.

e The eigenfunctions of the Laplacian Ag can be seen as the limit partioning of spectral clus-
tering for the normalized graph Laplacian (however, a rigorous mathematical proof has not
been given yet, see von Luxburg et al., 2007, for a convergence result for fixed h). If s=10
one gets just a geometric clustering in the sense that irrespectively of the probability measure
generating the data the clustering is determined by the geometry of the submanifold. If s >0
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the eigenfunction corresponding to the first non-zero eigenvalue is likely to change its sign in
a low-density region. This argument follows from the previous discussion on the smoothness
functional S(f) and the Rayleigh-Ritz principle. Let us assume for a moment that M is com-
pact without boundary and that p(x) > 0,Vx € M, then the eigenspace corresponding to the
first eigenvalue Ag = 0O is given by the constant functions. The first non-zero eigenvalue can
then be determined by the Rayleigh-Ritz variational principle

_ S [1Dul? IO X)%dV (x / S
M= { S )PV (x ‘ v =0y.

Since the first eigenfunction has to be orthogonal to the constant functions, it has to change
its sign. However, since ||Ju||? is weighted by a power of the density pS it is obvious that for
s > 0 the function will change its sign in a region of low density.

3.3 Limit of the Graph Laplacians

The following theorem summarizes and slightly weakens the results of Theorem 30 and Theorem
31 of Section 5.

Main Result Let M be a m-dimensional submanifold in R, {Xi}{L, a sample from a probability
measure P on M with density p. Let x € M\0M and define s = 2(1 —A). Then under technical
conditions on the submanifold M, the kernel k and the density p introduced in Section 5, if h — 0
and nh™2 /logn — oo,

random walk: I|m (A(A h)nf)( X) ~ —(Asf)(x) almost surely,
unnormalized: lim (A(A”sz)( X) ~ —p(X) 2 (Asf)(x) almost surely.

The optimal rate is obtained for h(n) = O <(Iog n/n)m%) If h — 0 and nh™#/logn — oo,

normalized: r!im (A&“Lnf)(x) ~ —p(x)%’\As< 1f )\) (X) almost surely.
— 00 i p?7
where ~ means that there exists a constant only depending on the kernel k and A such that equality
holds.

The first observation is that the conjecture that the graph Laplacian approximates the Laplace-
Beltrami operator is only true for the uniform measure, where p is constant. In this case all limits
agree up to constants. However, big differences arise when one has a non-uniform measure on the
submanifold, which is the generic case in machine learning applications. In this case all limits dis-
agree and only the random walk graph Laplacian converges towards the weighted Laplace-Beltrami
operator which is the natural generalization of the Laplace-Beltrami operator when the manifold
is equipped with a non-uniform probability measure. The unnormalized graph Laplacian has the
additional factor p1~2*. However, this limit is actually quite useful, when one thinks of applica-
tions of so called label propagation algorithms in semi-supervised learning. If one uses this graph
Laplacian as the diffusion operator to propagate the labeled data, it means that the diffusion for
A < 1/2 is faster in regions where the density is high. The consequence is that labels in regions of
high density are propagated faster than labels in low-density regions. This makes sense since under
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the cluster assumption labels in regions of low density are less informative than labels in regions of
high density. In general, from the viewpoint of a diffusion process the weighted Laplace-Beltrami
operator Ag = Ay + %DpD can be seen as inducing an anisotropic diffusion due to the extra term
%DpD, which is directed towards or away from increasing density depending on s. This is a desired
property in semi-supervised learning, where one actually wants that the diffusion is mainly along
regions of the same density level in order to fulfill the cluster assumption.

The second observation is that the data-dependent modification of edge weights allows to control
the influence of the density on the limit operator as observed by Coifman and Lafon (2006). In fact
one can even eliminate it for s =0 resp. A = 1 in the case of the random walk graph Laplacian. This
could be interesting in computer graphics where the random walk graph Laplacian is used for mesh
and point cloud processing, see, for example, Sorkine (2006). If one has gathered points of a curved
object with a laser scanner it is likely that the points have a non-uniform distribution on the object.
Its surface is a two-dimensional submanifold in R3. In computer graphics the non-uniform measure
is only an artefact of the sampling procedure and one is only interested in the Laplace-Beltrami
operator to infer geometric properties. Therefore the elimination of the influence of a non-uniform
measure on the submanifold is of high interest there. We note that up to a multiplication with the
inverse of the density the elimination of density effects is also possible for the unnormalized graph
Laplacian, but not for the normalized graph Laplacian. All previous observations are naturally also
true if the data does not lie on a submanifold but has d-dimensional support in RY.

The interpretation of the limit of the normalized graph Laplacian is more involved. An expan-
sion of the limit operator shows the complex dependency on the density p:

1, f 1 1, f 5 1 f
pz As( p%x) =Mf+ BDpr —(A— 5) 0 10p|I+ (A — E)BAM p.
We leave it to the reader to think of possible applications of this Laplacian.

The discussion shows that the choice of the graph Laplacian depends on what kind of problem
one wants to solve. Therefore, in our opinion there is no universal best choice between the random
walk and the unnormalized graph Laplacian from a machine learning point of view. However, from
a mathematical point of view only the random walk graph Laplacian has the correct (pointwise)
limit to the weighted Laplace-Beltrami operator.

4. lustration of the Results

In this section we want to illustrate the differences between the three graph Laplacians and the
control of the influence of the data-generating measure via the parameter A.

4.1 Flat Space R?

In the first example the data lies in Euclidean space R2. Here we want to show two things. First, the
sketch of the main result shows that if the data generating measure is uniform all graph Laplacians
converge for all values of the reweighting parameter A up to constants to the Laplace-Beltrami
operator, which is in the case of R? just the standard Laplacian. In Figure 2 the estimates of the
three graph Laplacians are shown for the uniform measure [—3,3]? and A = 0. It can be seen that up
to a scaling all estimates agree very well. In a second example we study the effect of a non-uniform
data-generating measure. In general all estimates disagree in this case. We illustrate this effect
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Estimated Laplacian of f Estimated Laplacian of f Estimated Laplacian of f

Figure 2: For the uniform distribution all graph Laplacians, Ag\”ﬁ’)n, A(A”)hn and Ag\”ﬁm (from left to
right) agree up to constants for all A. In the figure the estimates of the Laplaman are
shown for the uniform measure on [—3,3]? and the function f(x) = sm(2 1XI1%)/ IX12
with 2500 samples and h = 1.4,

in the case of R? with a Gaussian distribution A((0,1) as data-generating measure and the simple
function f(x) = ;% —4. Note that Af = 0 so that for the random walk and the unnormalized graph
Laplacian only the anisotropic part of the limit operator, %Dpr is non-zero. Explicitly the limits
are given as

S
AM™) Asf:AH—BDpr:—szixi,
AW ~ LA f = —se 7 I > %
Coan f 1 3 1
MO~ e = 3 (T )= =N IxP-20-3)]-

This shows that even applied to simple functions there can be large differences between the different
limit operators provided the samples come from a non-uniform probability measure. Note that like
in nonparametric kernel regression the estimate is quite bad at the boundary. This well known
boundary effect arises since at the boundary one does not average over a full ball but only over
some part of a ball. Thus the first derivative Of of order O(h) does not cancel out so that multiplied
with the factor 1/h? we have a term of order O(1/h) which blows up. Roughly spoken this effect
takes place at all points of order O(h) away from the boundary, see also Coifman and Lafon (2006).

4.2 The Sphere S?

In our next example we consider the case where the data lies on a submanifold M in RY. Here
we want to illustrate in the case of a sphere S? in R® the control of the influence of the density
via the parameter A. In this case we sample from the probability measure with density p(@,0) =
8%[ + %cosz(e) in spherical coordinates with respect to the volume element dV = sin(0)déd¢. This
density has a two-cluster structure on the sphere, where the northern and southern hemisphere rep-
resent one cluster. An estimate of the density p is shown in the Figure 4. We show the results of the
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Error

Estimated Laplacian of f

True Laplacian of f

True Laplacian of f Estimated Laplacian of f Error

Error

60

40

Figure 3: lllustration of the differences of the three graph Laplacians, random walk, unnormalized
and normalized (from the top) for A = 0. The function f is f = $2_, x; — 4 and the 2500
samples come from a standard Gaussian distribution on R2. The neighborhood size h is

setto 1.2.
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random walk graph Laplacian together with the result of the weighted Laplace-Beltrami operator
and an error plot for A = 0,1,2 resulting in s = —2,0, 2 for the function f(@,8) = cos(0). First one
can see that for a non-uniform probability measure the results for different values of A differ quite
a lot. Note that the function f is adapted to the cluster structure in the sense that it does not change
much in each cluster but changes very much in region of low density. In the case of s =2 we can
see that Asf would lead to a diffusion which would lead roughly to a kind of step function which
changes at the equator. The same is true for s = 0 but the effect is much smaller than for s = 2. In
the case of s = —2 we have a completely different behavior. Asf has now flipped its sign near to the
equator so that the induced diffusion process would try to smooth the function in the low density
region.

5. Proof of the Main Result

In this section we will present the main results which were sketched in Section 3.3 together with the
proofs. In Section 5.1 we first introduce some non-standard tools from differential geometry which
we will use later on. In particular, it turns out that the so called manifolds with boundary of bounded
geometry are the natural framework where one can still deal with non-compact manifolds in a
setting comparable to the compact case. After a proper statement of the assumptions under which
we prove the convergence results of the graph Laplacian and a preliminary result about convolutions
on submanifolds which is of interest on its own, we then start with the final proofs. The proof is
basically divided into two parts, the bias and the variance, where these terms are only approximately
valid. The reader not familiar with differential geometry is encouraged to first read the appendix on
basics of differential geometry in order to be equipped with the necessary background.

5.1 Non-compact Submanifolds in RY with Boundary

We prove the pointwise convergence for non-compact submanifolds. Therefore we have to restrict
the class of submanifolds since manifolds with unbounded curvature do not allow reasonable func-
tion spaces.

Remark 10 In the rest of this paper we use the Einstein summation convention that is over indices
occurring twice has to be summed. Note that the definition of the curvature tensor differs between
textbooks. We use here the conventions regarding the definitions of curvature etc. of Lee (1997).

5.1.1 MANIFOLDS WITH BOUNDARY OF BOUNDED GEOMETRY

We will consider in general non-compact submanifolds with boundary. In textbooks on Riemannian
geometry one usually only finds material for the case where the manifold has no boundary. Also
the analysis, for example the definition of Sobolev spaces on non-compact Riemannian manifolds,
seems to be non-standard. We profit here very much from the thesis and an accompanying paper of
Schick (1996, 2001) which introduces manifolds with boundary of bounded geometry. All material
of this section is taken from these articles. Naturally this plus of generality leads also to a slightly
larger technical overload. Nevertheless we think that it is worth this effort since the class of mani-
folds with boundary of bounded geometry includes almost any kind of submanifold one could have
in mind. Moreover, to our knowledge, it is the most general setting where one can still introduce a
notion of Sobolev spaces with the usual properties.
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f Density

0.05
0.04
0.03
0.02

0.01

Figure 4: Ilustration of the effect of A = 0,1,2 (row 2 — 4) resulting in s = —2,0, 2 for the sphere
with a non-uniform data-generating probability measure and the function f (8, @) = cos(0)
(row 1) for the random walk Laplacian with n = 2500 and h = 0.6
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Note that the boundary dM is an isometric submanifold of M of dimension m — 1. Therefore it
has a second fundamental form T which should not be mixed up with the second fundamental form
M of M which is with respect to the ambient space RY. We denote by O the connection and by R the
curvature of oM. Moreover, let v be the normal inward vector field at oM.

Definition 11 (Manifold with boundary of bounded geometry) Let M be a manifold with bound-
ary M (possibly empty). It is of bounded geometry if the following holds:

e (N) Normal Collar: there exists rc > 0 so that the normal geodesic flow,
K (X,t) — expy(tvx),

is defined on M x [0,rc) and is a diffeomorphism onto its image (v is the inward normal
vector). Let N(s) := K(0M x [0, s]) be the collar set for 0 <s < r¢.

e (IC) The injectivity radius inj,), of M is positive.

e (1) Injectivity radius of M: There is r; > 0 so that if r < r; then for x € M\N(r) the exponential
map is a diffeomorphism on By (0,r) C TyM so that normal coordinates are defined on every
ball By (x,r) for x € M\N(r).

e (B) Curvature bou_nds: For every k € N there is Cy so that ]DiR| < Cy and ﬁiﬁ < C for
0 <i <k, where O' denotes the covariant derivative of order i.

Note that (B) imposes bounds on all orders of the derivatives of the curvatures. One could also
restrict the definition to the order of derivatives needed for the goals one pursues. But this would
require even more notational effort, therefore we skip this. In particular, in Schick (1996) it is
argued that boundedness of all derivatives of the curvature is very close to the boundedness of the
curvature alone.

The lower bound on the injectivity radius of M and the bound on the curvature are standard
to define manifolds of bounded geometry without boundary. Now the problem of the injectivity
radius of M is that at the boundary it somehow makes only partially sense since injy,(x) — 0 as
d(x,0M) — 0. Therefore one replaces next to the boundary standard normal coordinates with normal
collar coordinates.

Definition 12 (normal collar coordinates) Let M be a Riemannian manifold with
boundary M. Fix x’ € M and an orthonormal basis of T,,dM to identify T, dM with R™ 1. For
ri,ro > 0 sufficiently small (such that the following map is injective) define normal collar coordi-
nates,
Ny 2 Bgm-1(0,r1) x [0,r2] — M : (v,t) — eszf(pg/M o (tV)-
The pair (r1,ry) is called the width of the normal collar chart ny.
The next proposition shows why manifolds of bounded geometry are especially interesting.

Proposition 13 (Schick 2001) Assume that conditions (N), (1C), (1) of Definition 11 hold.
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e (B1) There exist 0 < Ry < ripj(0M), 0 < Rz <rc and 0 < Rz <r; and constants Cx > 0 for
each K € N such that whenever we have normal boundary coordinates of width (rq,r2) with
r; <R and r, <R, or normal coordinates of radius r3 < r; then in these coordinates,

ID%;j| <Ck and |D%"|<Ck forall |a|<K.

The condition (B) in Definition 11 holds if and only if (B1) holds. The constants Ck can be chosen
to depend only on rj, rc,injsy, and Cy.

Note that due to g”gjk = 6}( one gets upper and lower bounds on the operator norms of g and
g1, respectively, which result in upper and lower bounds for \/detg. This implies that we have
upper and lower bounds on the volume form dV (x) = /detgdx.

Lemma 14 (Schick 2001) Let (M,g) be a Riemannian manifold with boundary of
bounded geometry of dimension m. Then there exists Ry > 0 and constants S; > 0 and S, such that
forall x e M and r < Rg one has

Sir™ < wvol(Bm(x,r)) < Spr™.

Another important tool for analysis on manifolds are appropriate function spaces. In order to
define a Sobolev norm one first has to fix a family of charts U; with M C U;U; and then define
the Sobolev norm with respect to these charts. The resulting norm will depend on the choice of
the charts U;. Since in differential geometry the choice of the charts should not matter, the natural
question arises how the Sobolev norm corresponding to a different choice of charts V; is related to
that for the choice U;. In general, the Sobolev norms will not be the same. However, if one assumes
that the transition maps are smooth and the manifold M is compact then the resulting norms will
be equivalent and therefore define the same topology. Now if one has a non-compact manifold this
argumentation does not work anymore. This problem is solved in general by defining the norm with
respect to a covering of M by normal coordinate charts. Then it can be shown that the change of
coordinates between these normal coordinate charts is well-behaved due to the bounded geometry
of M. In that way it is possible to establish a well-defined notion of Sobolev spaces on manifolds
with boundary of bounded geometry in the sense that any norm defined with respect to a different
covering of M by normal coordinate charts is equivalent. Let (U;, @ )ici be a countable covering of
the submanifold M with normal coordinate charts of M, that is M C Ui U;, then:

f =maxsup sup |D™(foq@t)(x)|.
Ilvon = maxsup sup [D"(Foqr*)(x)|
In the following we will denote with C¥(M) the space of C*-functions on M together with the norm
[ llexqmy -

5.1.2 INTRINSIC VERSUS EXTRINSIC PROPERTIES

Most of the proofs for the continuous part will work with Taylor expansions in normal coordinates.
It is then of special interest to have a connection between intrinsic and extrinsic distances. Since the
distance on M is induced from RY, it is obvious that one has ||x —y||gs ~ dm(x,y) for all x,y € M
which are sufficiently close. The next proposition proven by Smolyanov, von Weizsécker, and
Wittich (2000) provides an asymptotic expression of geometric quantities of the submanifold M in
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the neighborhood of a point x € M. Particularly, it gives a third-order approximation of the intrinsic
distance du(X,y) in M in terms of the extrinsic distance in the ambient space X which is in our case
just the Euclidean distance in RY,

Proposition 15 Let i : M — RY be an isometric embedding of the smooth m-dimensional Rieman-
nian manifold M into RY. Let x € M and V be a neighborhood of 0 in R™and let W : V — U provide
normal coordinates of a neighborhood U of x, that is W(0) = x. Then for ally € V:

Iyl = 606 9() = G0 W)(y) 1002+ 25 N DIE gs +OCyl ),

where I is the second fundamental form of M and y the unique geodesic from x to W¥(y) such that
Y =Y'dy. The volume form dV = /det g;;(y)dy of M satisfies in normal coordinates,

av = (1+ gRuni ¥y +O(lyl3m) ).
In particular,
(8/det)(0) = 3R,
where R is the scalar curvature (i.e., R = g'*g/'Riju).

We would like to note that in Smolyanov, von Weizsacker, and Wittich (2007) this proposition
was formulated for general ambient spaces X, that is arbitrary Riemannian manifolds X. Using the
more general form of this proposition one could extend the results in this paper to submanifolds
of other ambient spaces X. However, in order to use the scheme one needs to know the geodesic
distances in X, which are usually not available for general Riemannian manifolds. Nevertheless, for
some special cases like the sphere, one knows the geodesic distances. Submanifolds of the sphere
could be of interest, for example in geophysics or astronomy.

The previous proposition is very helpful since it gives an asymptotic expression of the geodesic
distance dv (x,y) on M in terms of the extrinsic Euclidean distance. The following lemma is a non-
asymptotic statement taken from Bernstein et al. (2001) which we present in a slightly different
form. But first we establish a connection between what they call the 'minimum radius of curvature’
and upper bounds on the extrinsic curvatures of M and oM. Let

Mmax =Sup  sup  ||M(v,v)][, Mmax = sup  sup  ||TT(v,v)
XEM veTuM, |jv]|=1 Xe0M veT oM, |v||=1

)

where T is the second fundamental form of M as a submanifold of M. We set Myax = O if the
boundary dM is empty.

Using the relation between the acceleration in the ambient space and the second fundamental
form for unit-speed curves y with no acceleration in M (D;y = 0) established in Section A.3, we get
for the Euclidean acceleration of such a curve yin RY,

IVl = M)l

Now if one has a non-empty boundary dM it can happen that a length-minimizing curve goes (par-
tially) along the boundary (imagine RY with a ball at the origin cut out). Then the segment ¢ along
the boundary will be a geodesic of the submanifold OM, see Alexander and Alexander (1981), that
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is Dy¢ = O¢¢ = 0 where O is the connection of dM induced by M. However, ¢ will not be a geodesic
in M (in the sense of a curve with no acceleration) since by the Gauss-Formula in Theorem 41,

DiCc = Bté—i-ﬁ(é,é) = ﬁ(C,C).

Therefore, in general the upper bound on the Euclidean acceleration of a length-minimizing curve y
in M is given by,

¥l = [TV, V) + (% V)| < Mimax + Mimax-
Using this inequality, one can derive a lower bound on the minimum radius of curvature’ p defined
in Bernstein et al. (2001) as p = inf{1/ ||y||za} where the infimum is taken over all unit-speed
geodesics y of M (in the sense of length-minimizing curves):

p Z = .
nmax + nmax
Finally we can formulate the Lemma from Bernstein et al. (2001).

Lemma 16 Letx,y € M with du(x,y) < 1. Then

2psin(dm(x,y)/(2p)) < [[X —Y[ga < dm(X,Y).
Noting that sin(x) > x/2 for 0 < x < 11/2, we get as an easier to handle corollary:

Corollary 17 Letx,y € M with du(x,y) < 1. Then

1
EdM(x,y) < X =Y[lge < dm(X,y).

In the given form this corollary is quite useless since we only have the Euclidean distances
between points and therefore we have no possibility to check the condition dy (x,y) < 1. In general
small Euclidean distance does not imply small intrinsic distance. Imagine a circle where one has cut
out a very small segment. Then the Euclidean distance between the two ends is very small however
the geodesic distance is very large. We show now that under an additional assumption one can
transform the above corollary so that one can use it when one has only knowledge about Euclidean
distances.

Lemma 18 Let M have a finite radius of curvature p > 0. We further assume that,

K := inf inf IIX—=yll,
XEM yeM\ By (x )

is non-zero. Then Bga(X,K/2) NM C Bm(X,K) C Bym(X,T). Particularly, if x,y € M and ||x —y|| <

K/2, then

1
édm(x,y) <X =Y[lge < dm(x,y) < K.

Proof By definition k is at most the infimum of ||x —y|| where y satisfies du (x,y) = Tp. Therefore
the set Bra(X,K/2) MM is a subset of By (X, 7). The rest of the lemma then follows by Corollary
17. Figure 5 illustrates this construction. |
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M | /

Figure 5: K is the Euclidean distance of x € M to M\By (X, T).

5.2 Notations and Assumptions

In general we work on complete non-compact manifolds with boundary. Compared to a setting
where one considers only compact manifolds one needs a slightly larger technical overhead. How-
ever, we will indicate how the technical assumptions simplify if one has a compact submanifold
with boundary or even a compact manifold without boundary.

We impose the following assumptions on the manifold M:

Assumption 19 (i) Themapi: M — RY is a smooth embedding,

(ii) The manifold M with the metric induced from RY is a smooth manifold with boundary of
bounded geometry (possibly oM = 0),

(iii) M has bounded second fundamental form,

(iv) 1tholds K := infyem infyem gy (x,mp) 11(X) —i(Y) || > O, where p is the radius of curvature defined
in Section 5.1.2,

(v) For any x € M\oM, d(x) := inf li(x) —i(y)||ga > O, where inj(x) is the
yEM\Bw (x,2 min{inj(x),mp})
injectivity radius® at x and p > 0 is the radius of curvature.

The first condition ensures that i(M) is a smooth submanifold of RY. Usually we do not distin-
guish between i(M) and M. The use of the abstract manifold M as a starting point emphasizes that
there exists an m-dimensional smooth manifold M or roughly equivalent an m-dimensional smooth
parameter space underlying the data. The choice of the d features determines then the representa-
tion in RY. The choice of features corresponds therefore to a specific choice of the inclusion map i
since i determines how M is embedded into R9. This means that another choice of features leads in
general to a different mapping i but the initial abstract manifold M is always the same. However, in
the second condition we assume that the metric structure of M is induced by RY (which implies that
i is trivially an isometric embedding). Therefore the metric structure depends on the embedding i or
equivalently on our choice of features.

The second condition ensures that M is an isometric submanifold of RY which is well-behaved.
As discussed in Section 5.1.1, manifolds of bounded geometry are in general non-compact, complete
Riemannian manifolds with boundary where one has uniform control over all intrinsic curvatures.
The uniform bounds on the curvature allow to do reasonable analysis in this general setting. In

1. Note that the injectivity radius inj(x) is always positive.
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particular, it allows us to introduce the function spaces CK(M) with their associated norm. It might
be possible to prove pointwise results even without the assumption of bounded geometry. But we
think that the setting studied here is already general enough to encompass all cases encountered in
practice.

The third condition ensures that M also has well-behaved extrinsic geometry and implies that
the radius of curvature p is lower bounded. Together with the fourth condition it enables us to get
global upper and lower bounds of the intrinsic distance on M in terms of the extrinsic distance in
RY and vice versa, see Lemma 18.

The fourth condition is only necessary in the case of non-compact submanifolds. It prevents the
manifold from self-approaching. More precisely it ensures that if parts of M are far away from x in
the geometry of M they do not come too close to x in the geometry of RY. Assuming that i(M) is
a submanifold, this assumption is already included implicitly. However, for non-compact subman-
ifolds the self-approaching could happen at infinity. Therefore we exclude it explicitly. Moreover,
note that for submanifolds with boundary one has inj(x) — 0 as x approaches the boundary? oM.
Therefore also &(x) — 0 as d(x,0M) — 0. However, this behavior of &(x) at the boundary does not
matter for the proof of pointwise convergence in the interior of M.

Note that if M is a smooth and compact manifold conditions (ii)-(v) hold automatically.

In order to emphasize the distinction between extrinsic and intrinsic properties of the manifold
we always use the slightly cumbersome notations x € M (intrinsic) and i(x) € RY (extrinsic). The
reader who is not familiar with Riemannian geometry should keep in mind that locally, a subman-
ifold of dimension m looks like R™. This becomes apparent if one uses normal coordinates. Also
the following dictionary between terms of the manifold M and the case when one has only an open
set in RY (i is then the identity mapping) might be useful.

Manifold M open set in RY
gij,\/detg 5”’,1
natural volume element Lebesgue measure
d & d 9p
As Ds=3i15G7+ 5215057

The kernel functions which are used to define the weights of the graph are always functions of the
squared norm in RY. Furthermore, we make the following assumptions on the kernel function k:

Assumption 20 (i) k: R, — R is measurable, non-negative and non-increasing on R*

ak 9%k
' 3 and 5e are bounded,

(i) k € C?(R%), that is in particular k
(i) k, |g—>‘§] and |g%‘| have exponential decay: Jc,a,A € R, such that for any t > A, f(t) <ce ,

where f(t) = max{k(t),| %|(t), |Z¥| (1)},

(iv) k(0)=0.

The assumption that the kernel is non-increasing could be dropped, however it makes the proof
and the presentation easier. Moreover, in practice the weights of the neighborhood graph which are
determined by k are interpreted as similarities. Therefore the usual choice is to take weights which

2. This is the reason why one replaces normal coordinates in the neighborhood of the boundary with normal collar
coordinates.

1349



HEIN, AUDIBERT AND VON LUXBURG

decrease with increasing distance. The fourth condition implies that the graph has no loops.® In
particular, the kernel is not continuous at the origin. All results hold also without this condition.
The advantage of this condition is that some estimators become unbiased. Also let us introduce the
helpful notation, kn(t) = f=k () where we call h the bandwidth of the kernel. Moreover, we define
the following two constants related to the kernel function k,

Ci= [ klyIPdy<es, Co= [ Klyl[Pyidy <.

We also have some assumptions on the probability measure P.

Assumption 21 (i) P is absolutely continuous with respect to the natural volume element dV on
M,

(i) the density p fulfills: p € C3(M) and p(x) > 0,V x € M\aM,
(iii) the sample X, i=1,...,nisdrawn i.i.d. from P,

Note that condition (i) implies P(OM) = 0, that is the boundary oM is a set of measure zero.
We will call the Assumptions 19 on the submanifold, Assumptions 20 on the kernel function, and
Assumptions 21 on the probability measure P together the standard assumptions.

In the following table we summarize the notation used in the proofs:

kiR, - R, kernel function
h>0 neighborhood/bandwidth parameter
meN dimension of the submanifold M
Kn(t) = prk (%) scaled kernel function
AeR reweighting parameter
dhn(X) = 231 kn(]x —Xi]|?) degree function associated with k
i N ka(lIx=Xi]12) i
knn(%:Xi) = @ a7 reweighted kernel
drhn(X) = L5 kan(x,Xi) degree function associated with ky
(Bannf)X) = 151 kon(x,Xi) f(Xi) empirical average operator Ay p, ,
Ag\'j’r‘]’?nf =5 (f — a‘A‘lﬁANh,nf) random walk graph Laplacian
Ag\?\,nf =& (dypnf —Aypnf) unnormalized graph Laplacian
A%nf =5 (f — \ﬁjﬁ'&khm (\/dﬁ)) normalized graph Laplacian
C1 = Jamk(|lyl|2m)dy, C2 = famk(|ly||2m)y3dy | characteristic constants of the kernel
ph(X) = Ezkn(||Ix —Z|%) convolution of p with kj,
(Aanf)(X) = Ezkyn(x,2)f(2) average operator A,
Aﬂ]’), A;”% A&”L Laplacians associated with Ay
As= # div(p® grad) = égabDa(pSDb) s-th weighted Laplacian on M

3. An edge from a vertex to itself is called a loop.
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5.3 Asymptotics of Euclidean Convolutions on the Submanifold M

The following proposition describes the asymptotic expression of the convolution of a function f
on the submanifold M with a kernel function having the Euclidean distance ||x —y|| as its argument
with respect to the probability measure P on M. This result is interesting since it shows how the use
of the Euclidean distance introduces a curvature effect if one averages a function locally. A similar
result has been presented in Coifman and Lafon (2006). We define the density p invariantly with
respect to the natural volume element and also explicitly give the second order curvature terms. Our
proof is similar to that of Smolyanov, von Weizsacker, and Wittich (2007) where under stronger
conditions a similar result was proven for the Gaussian kernel. The more general setting and the
use of general kernel functions make the proof slightly more complicated. In order to emphasize
the distinction between extrinsic and intrinsic properties of the manifold we will use the slightly
cumbersome notations x € M (intrinsic) and i(x) € RY (extrinsic).

Proposition 22 Let M and k satisfy Assumptions 19 and 20. Furthermore, let P have a density p

with respect to the natural volume element and p € C3(M). Then, for any x € M\aM, there exists
an ho(x) > 0 such that for all h < ho(x) and any f € C3(M),

k(100 = (9 20) F(5) piy) /et gely
2
~Cap()T () + 5 Co POOT 0500 + (Bua(pF)) (1)) +O()

where O(h®) is a function depending on x, || f llc3omy @nd || pl|csw) and

1 1
S(x) = 5 [_ R|, + 2 Hzan(aa’aa)Hiuan]’

where R is the scalar curvature and N the second fundamental form of M .

The following Lemma is an application of Bernstein’s inequality. Together with the previous
proposition it will be the main ingredient for proving consistency statements for the graph structure.

Lemma 23 Suppose the standard assumptions hold and let the kernel k have compact support on
[0,R2]. Define by = ||K||o, || |l » b2 =K || £]|2 where K is a constant depending on ||p||,,, [I||., and
Rk. Let x € M\@M and V; := kn(||i(x) —i(X;)||?) f(X;). Then for any bounded function f,

n me2
P(‘%Zlvi ~EV|>e) <2000 <_2b2T2;15/3)'

Let W, = kn([li(x) — i(X)[|2)( () — £(X;)). Then for hR < k/2 and f € C1(M),

P(’%iiwi ~EW| > he) < 26 <_ 2b2n+hr;;is/3>'

Proof Since by assumption kK > 0, by Lemma 18, for any x,y € M with |i(x) —i(y)|| < k/2, we
have dm (x,y) < 2|[i(x) —i(y)||. This implies Va < K/2, Bga(x,a) "M C Bm(x, 2a).
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Let W; := kn(||i(x) —i(X;)|[) f (X;). We have

[Kleo
hm

IIKHm

b1

Wil < ? - [fy)I < 1l =

Ro)NM

ye BRd

For the variance of W we have two cases. First let hRx < s:=min{k/2,Ro/2}. Then we get,

_ : |oo lleo
VarW < B2 k(i) - i(2)12)12(2) < e 112 py(x) < D ke 12
where we have used Lemma 46 in the last step. Now consider hRy > s, then

2
R Ikl

(LS 2
VarW < Tzm [ll% < Smpm [ F1l% -
Therefore we define by = K || f||2 with K = R?|k||2 max{2™S; || ||, ,s ™}. By Bernstein’s inequal-

ity we finally get

nhMe2

P(‘%Zinzlwi —EW| > s) < e M,
Both constants b, and by are independent of x. For the second part note that by Lemma 18 for

hRk < K/2, we have that ||x —y|| < hRy implies du(X,y) < 2||x—y|| < 2hRy. In particular, for all
X,y € M with ||x —y|| <hRy,

[£0x) = f(y)[ < sup [|[OF |5 dm (X,y) < 2hRyesup [|OF |7y -
yeM yeM

A similar reasoning as above leads then to the second statement. |

Note that Ez ka([[i(x) —i(2)]*) f(2) = Jka([liC0) = i(y)1°)f (y) p(y)v/detgdy.

5.4 Pointwise Consistency of the Random Walk, Unnormalized and Normalized Graph
Laplacian

The proof of the convergence result for the three graph Laplacians is organized as follows. First we
introduce the continuous operators Ag\r‘a’), A(”) and Ay ” . Then we derive the limit of the continuous
operators as h — 0. This part of the proof is concerned with the bias part since roughly (A pf)(x)
can be seen as the expectation of Ay , , f(x). Second we show that with high probability all extended
graph Laplacians are close to the corresponding continuous operators. This is the variance part.
Combining both results we arrive finally at the desired consistency results.

5.4.1 THE BIAS PART - DEVIATION OF A) h FROM ITS LIMIT

The following continuous approximation of A(”"’)

Coifman and Lafon (2006).

was similarly introduced in Lafon (2004) and

Definition 24 (Kernel-based aNpproximation of the Laplacian) We introduce the
following averaging operator A, ,, based on the reweighted kernel kj p,,

(Aanf)( /k)\h (x,y)f(y)p(y)/detgdy,
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and with dy, ;, = (A n1) the following continuous operators,

1 1 1 (Ayng
. (rW) Ah
randomwalk s AYP = s <f i, — A, hf) h2 ( G >(X),

unnormalized : AL f = hlz (d;\ hf— ,&Nhf) = (Axh8) (%),
f

f "
normalized : A&”Lf = dy —Ap—— Ay ng)) (%),
5 ~ ? ~ d )
hz\/d)\,h( \/9xh \/dx ) Va0
where we have introduced again g(y) := f(x) — f(y) and ¢(y) := —X_ — W __ The definition

Vo) /Aan(y)

of the normalized approximation A“W) can be justified by the alternative definition of the Laplacian
in RY sometimes made in physics textbooks:

. 1 1
(A1) = !T?)_W (f(x) ~ vol(B(x,r)) /B(x,r) f(y)dy),
where Cyq is a constant depending on the dimension d.

Approximations of the Laplace-Beltrami operator based on averaging with the Gaussian kernel
in the case of a uniform probability measure have been studied for compact submanifolds without
boundary by Smolyanov, von Weizsacker, and Wittich (2000, 2007) and Belkin (2003). Their result
was then generalized by Lafon (2004) to general densities and to a wider class of isotropic, pos-
itive definite kernels for compact submanifolds with boundary. The proof given in Lafon (2004)
applies only to compact hypersurfaces* in RY, a proof for the general case of compact submanifolds
with boundary using boundary conditions has been presented in Coifman and Lafon (2006). In
this section we will prove the pointwise convergence of the continuous approximation for general
submanifolds M with boundary of bounded geometry with the additional Assumptions 19. This
includes the case where M is not compact. Moreover, no assumptions of positive definiteness of the
kernel are made nor any boundary condition on the function f is imposed. Almost any submanifold
occurring in practice should be covered in this very general setting.

For pointwise convergence in the interior of the manifold M boundary conditions on f are not
necessary. However, for uniform convergence there is no way around them. Then the problem
lies not in the proof that the continuous approximation still converges in the right way but in the
transfer of the boundary condition to the discrete graph. The main problem is that since we have no
information about M apart from the random samples the boundary will be hard to locate. Moreover,
since the boundary is a set of measure zero, we will actually almost surely never sample any point
from the boundary. The rigorous treatment of the approximation of the boundary respectively the
boundary conditions of a function on a randomly sampled graph remains as an open problem.

Especially for dimensionality reduction the case of low-dimensional submanifolds in R is im-
portant. Notably, the analysis below also includes the case where due to noise the data is only
concentrated around a submanifold.

Theorem 25 Suppose the standard assumptions hold. Furthermore, let k be a kernel with compact
support on [0,RZ]. Let A € R, and x € M\@M. Then there exists an hy(x) > 0 such that for all

4. A hypersurface is a submanifold of codimension 1.
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h < hy(x) and any f € C3(M),
rw C S
B0 = 5 (BuF)0) + 55 (0P Dy ) +0(h) =

where Ay is the Laplace-Beltrami operator of M and s = 2(1 — ).

56 (8s1)(09+O(h).

Proof For sufficiently small h we have Bra(X,2hRx) "M N dM = 0. Moreover, it can be directly
seen from the proof of Proposition 22 that the upper bound of the interval [0,ho(y)] for which the
expansion holds depends continuously on &(x) and &(y), where g(y) = % min{Tp, inj(y)}. Now hp(x)
is continuous since inj(x) is continuous on compact subsets, see Klingenberg (1982)[Prop. 2.1.10],
and &(x) is continuous since the injectivity radius is continuous. Therefore we conclude that since
ho(y) is continuous on B(x,2hRx) "M and hg(y) > 0, hy(x) = infyeW ho(y) > 0. Then for
the interval (0,h1(x)) the expansion of pn(y) holds uniformly over the whole set B(x, 2th) NM.
That is, using the definition of k as well as Proposition 22 and the expansion hb

)\a)\+1 +
O(h*), we get for h € (0,hy(x)) that

[ (10 = 1)I) F(y)p(y) v/Getgdy

B kn([[1(x) —i(Y)[1?) , . TC1p(y) — A/2Coh?(p(y)S +Ap) ,
- f(y){ SR +o(r)| v/detgay

1
(a+h2b)> aA

Brd (xhR)NM

where the O(h®)-term is continuous on Bga(x,hRy) and we have introduced the abbreviation S =
5[~R+313aM(0a,0a) |17, al- Using f(y) = L we get,

. . 2
) = /kh(HI(X)—I(y)II){Clp(y)—A/ZCzhz(p(y)SMp)+O(h3)] /detgdy,

A A+1 A
Bgd (XhR)NM PR (x) Cip(y)

as an estimate for d},h(x). Now using Proposition 22 again, we arrive at:

1 dynf — Ay pf C 2(1—A)
(w) e Ah - Ah _ 2
A f_*h27dm 200 (A = <Dp,Df>>+O(h),
where all O(h)-terms are finite on Bra (X, hRk) "M since p is strictly positive. [

Note that the limit of A&rf’r‘]’) has the opposite sign of As. This is due to the fact that the Laplace-
Beltrami operator on manifolds is usually defined as a negative definite operator (in analogy to the
Laplace operator in RY), whereas the graph Laplacian is positive definite. But this varies through
the literature, thus the reader should be aware of the sign convention.

Remark 26 The assumption of compact support of the kernel k is only necessary in the case of
non-compact manifolds M. For compact manifolds a kernel with non-compact support, such as a
Gaussian kernel, would work, too. The reason for compact support of the kernel comes from the
fact that for non-compact manifolds there exists no lower bound on a strictly positive density. This
in turn implies that one cannot upper bound the convolution with the reweighted kernel if one does
not impose additional assumptions on the density. In practice the solution of graph-based methods
for large-scale problems is usually only possible for sparse neighborhood graphs. Therefore the
compactness assumption of the kernel is quite realistic and does not exclude relevant cases.
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With the relations,
(A, 1)) = b pn(X) (AT, £)(0),
(@100 = 1/y/dunn0) (&% (1/y/Irn) )
one can easily adapt the last lines of the previous proof to derive the following corollary.

Corollary 27 Under the assumptions of Theorem 25. Let A € R and x € M\dM. Then there exists
an hy(x) > 0 such that for all h < hy(x) and any f € C3(M),

(B 100 = = 2 pO0T P (sH)(X) +0(h),  where s=2(1-1),
1
Q) _ G 1 f
Ay f)(x) = ~3c, p(x) AAS(&-A) (x) +O(h).

5.4.2 THE VARIANCE PART - DEVIATION OF Ay, FROM Ay 1y

Before we state the results for the general case with data-dependent weights we now treat the case
A =0, that is we have non-data-dependent weights. There the proof is considerably simpler and
much easier to follow. Moreover, as opposed to the general case here we get convergence in prob-
ability under slightly weaker conditions than almost sure convergence. Since this does not hold for
the normalized graph Laplacian in that case we will only provide the general proof.

Theorem 28 (Weak and strong pointwise consistency for A = 0) Suppose the standard assump-
tions hold. Furthermore, let k be a kernel with compact support on [0,R2]. Let x € M\0M and
f € C3(M). Then if h — 0 and nh™?2 — oo,

lim (A0, £)(x) = —2% (B2 F)(X) in probability,
— 00 1
lim (A5 (%) = —? 2 p(x) (Do F)(X) in probability.

If even nh™2 /logn — oo, then almost sure convergence holds.

Proof We give the proof for AJ}) . The proof for A, | can be directly derived with the second

statement of Lemma 23 for the variance term together with Corollary 27 for the bias term. Similar
to the proof for the Nadaraya-Watson regression estimate of Greblicki et al. (1984), we rewrite the
estimator AO h, nf in the following form

(Aé?ﬁ?nf)(x) _ % [(Comlfi()é)z:r Bln:| 7
where
Ezkn([li() —i(2)|2)9(2)
o D) = = e ligo) - <>||> |
g, — AZI-akal[i00 ~106) )90 ~ Ezkn( i) ~ i(2))a(2)
Ezkhuu() i)
g, — B2k —10)[[%) = Ezkn(li (0 ~12)1)

Ezkh(ll () =i@)[*)
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with g(y) := f(x) — f(y). In Theorem 25 we have shown that for x € M\dM,

: Ca
lim (85100 = fim - (Cong) () = — 5o (BoF) ().

Using the lower bound of pn(x) = Ezkn(||i(X) —i(Z)||?) derived in Lemma 46 we can for hRy < K /2

directly apply Lemma 23. Thus there exist constants d; and d, such that

2 ||Kl| (d2 +thd1/3)>

The same analysis can be done for B,,. This shows convergence in probability. Complete conver-
gence (which implies almost sure convergence) can be shown by proving for all t > 0 the conver-
gence of the series 5P (]Bln\ > h2t) < oo, A sufficient condition for that is nhm+2/ logn — o as
n — oo, |

P(|B1n| > h%t) < 2exp<—

The weak pointwise consistency of the unnormalized graph Laplacian for compact submani-
folds with the uniform probability measure using the Gaussian kernel for the weights and A =0
was proven by Belkin and Niyogi (2005). A more general result appeared independently in Hein
et al. (2005). We prove here the limits of all three graph Laplacians for general submanifolds with
boundary of bounded geometry, general probability measures P, and general kernel functions k as
stated in our standard assumptions.

The rest of this section is devoted to the general case A ## 0. We show that with high probability
the extended graph Laplacians Ay, are pointwise close to the continuous operators Ay when
applied to a function f € C3(M). The following proposition is helpful.

Proposition 29 Suppose the standard assumptions hold. Furthermore, let k be a kernel with com-
pact support on [0,R2]. Fix A € R and let x € M\oM, f € C3(M) and define g(y) := f(x) — f(y).
Then there exists a constant C such that for any 2”"”“’ <e<1/C,0<h< 2Rk’ the following events

nhs

hold with probability at least 1 —Cne
(Annn@)(X) — (A @) ()] <€h,  [dypa(X) —dran(¥)| <e.

Proof The idea of this proof is to show that several empirical quantities which can be expressed
as a sum of i.i.d. random variables are close to their expectation. Then one can deduce that also
(Axhn9)(x) will be close to (Ayg)(x). The proof for dyp,, can then be easily adapted from the
following. We consider here only A > 0, the proof for A < 0 is even simpler. Consider the event £
for which one has

forany je {1,.. n} |dhn(Xj) — pn(Xj)| <€,
‘dh,n(x) - ph(x)’ =

N ([|i =i (X; . X; : .
£ 2 W COIPION 1) i) Pty )|l VTG | < he
o004 o

=1 [Pn(

We will now prove that for sufficiently large C the event E holds with probability at least 1 —
nhMe2 . ..
Cne—"c". For the second assertion defining £, we use Lemma 23

nh™Mg2
P(|dhn(X) = Pn(x)| > €) < 2exp " 2b, +2bie/3)°
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where by and b, are constants depending on the kernel k and p. For the first term in the event ‘£
remember that k(0) = 0. We get for ”n'ﬂ‘,;" <g/2and1<j<n,

P([& 5 kn([[10%) =106 %) = pn()| > £[X;) < 2exp(~ ghbiers )
This follows by
‘%i;kh(Hi(Xj)—i(Xi)Hz)_ph(Xj)‘g P
WﬁézngWmnumwﬁ
iZ]

where the first term is upper bounded by Hml‘r;‘: First integrating wrt to the law of X; (the right hand
side of the bound is independent of X;j) and then using a union bound, we get

) = Pn(X))| <€) > 1—2nexp (— i 4y ).

(X)) = i06) %]

P(for any je{1,...,n},

Noting that m is upper bounded by Lemma 46 we get by Lemma 23 for hRy < k/2 a Bernstein

type bound for the probability of the third event in E. Finally, combining all these results, we obtain

that there exists a constant C such that for h < ﬁ and me < £ < 1, the event® ‘£ holds with

probability at least 1 —Cne™ ¢ . Let us define
{ B = Jukn([li(x) — ( )P (f(x ) (y))[ph(X)p (y )]‘Ap(ywdetgdy,
B = nZJ 1kh H I XJ H f X) XJ))[dh’n(X)dh’n(Xj)]_ ,

then (Akh?ng)(x) = B and (A;th)(x) = B. Let us now work only on the event £. By Lemma 46
for any y € Bra(X,hRx) N M there exist constants D1, D, such that 0 < D1 < pp(y) < D». Using the
first order Taylor formula of [x — x~*], we obtain that for any A >0 and a,b > B, [a™ —b™*| <
AB*~Yja—D|. So we can write for € < D1 /2,

- | <AD1—&) P 2ldnn()chn(X}) — Pr)PA(X;)|
(dhn (X)) () Pr(Xy))
<2\(D;—£)"? %Dy +¢£)e:=Ce.

Noting that for hRx < k/2 by Lemma 18, du(X,y) < 2hRy, ¥y € Brd(X,hRx) "M

|B— 3| L5 kn([[i0 — (X)) ||} F(x) — F(X))ICe

& 51 a k(1100 = 1045) [2)(F ) = £0X) pn(x) pr(X)) » — B
< 2C|K[[o ReSUpyem [[BF [l m he+he.

We have proven that there exists a constant C > 1 such that for any 0 <h < - and er‘]ﬁl‘;" <e<1/C,

| (Axnn8) (X) — (Ax ) (x)] < C"he,

5. The upper bound on € is here not necessary but allows to write the bound more compactly.
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nhMg2

with probability at least 1 —Cne™ "¢ . |

This leads us to our first main result for the random walk and the unnormalized graph Laplacian.

Theorem 30 (Pointwise consistency of A&'\m‘ and Aﬁ“% o) Suppose the standard assumptions hold.
Furthermore, let k be a kernel with compact support on [0,R2]. Let x € M\oM, A € R. Then for

any f € C3(M) there exists a constant C such that for any % < €< 1/C, 0<h < hpax With
_phMt2¢2

probability at least1 —Cne™ ¢,

(AT 1) () — (AT H ()] < e,

A,h,n
(A, H) ) = (AU H (0] <&

Define s = 2(1—\). Then if h — 0 and nh™2/logn — oo,

lim (BT ) (%) = —Zc—él(Asf)(x) almost surely,
NG _ G 1-2\
r!|_>rr01o By hnf)(X) = —@ p(x) (AsT)(x) almost surely.

In particular, under the above conditions,

@00 - [ @) —om+o (/4 ) as.
8,000~ [ 2% P00t 2 &) 00] om0 (/) as.

The optimal rate for h(n) is h = O((log n/n)m%ét).
Proof In Equation (3) it was shown that

@000 = o5 (B9) 00, @F),1)00 = 5 (Eann) ),

Ay hn

where g(y) := f(x) — f(y). Since f is Lipschitz we can directly apply Proposition 29 so that for the
_phMH2¢2

unnormalized Laplacian we get with probability 1 —Cne e ,

(AW H(x) — (A ()] <e.

(rw)

A.h,n
_nhM+2¢2

%dNNh. This holds by Proposition 29 with probability 1 —Cne ™ c . Moreover, note that by
Lemmas 18 and 14 for hRx < min{k/2,Ro}, we have

For the random walk Laplacian A} we work on the event where |d~)\,h,n - d~x,h! < hg, where € <

2MRINS,

Avng| < o IPlles [[K[le 2L(F) MR-
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Using Proposition 29 for A)\,h,ng and the bounds of pn(x) from Lemma 46,

1A A
‘(A("W) £)(x) — (A(rw)f)( )‘ = ’( whn0)(X)  (Avng)(X)

Ah.n A hn(X) dyh()
1 (1(Anng) () — (Aang)(X)| & A hn(X) = dan(X)]
= hz( d hn(X) T A () n(X) )

2D  2MRMS,
<22 k k|| 2L(f)Rye =
<, e+ D2 1Pl [IK[[ 2L () Rk€ :=CE,

o . By Theorem 25 and 27 we have for s =2(1—A),
C
(rw) L2 <
‘(A)\,h f)(x) [ 2C, (Asf) (X)] ‘ <Ch,

C
) =2
@500 - [~ 5o

with probability 1 —Cne "¢

p(x)+2 (Asf)(x)] ‘ <ch.

Combining both results together with the Borel-Cantelli-Lemma yields almost sure convergence.
The optimal rate for h(n) follows by equating both order terms. |

Using the relationship between the unnormalized and the normalized Laplacian the pointwise
consistency can be easily derived. However, the conditions for convergence are slightly stronger

since the Laplacian is applied to the function f/ d~)\,h,n-

Theorem 31 (Pointwise consistency of A&”& ) Suppose that the standard assumptions hold. Fur-

thermore, let k be a kernel with compact support on [O,Rﬁ]. Let x € M\0M, A € R. Then for any

f € C3(M) there exists a constant C such that for any iﬂ:ﬂ‘:; <€<1/C, 0 < h < hmax with probability

nhm+4 2

at least 1 —Cn?e ,

B0 100 - BN K| <.
Define s = 2(1—\). Then if h — 0 and nh™*/logn — oo,

2Cq 3\

I|m (A&”Emf)( X) = —p(x) L2 AS(pzf )(x) almost surely.

Proof We reduce the case of Aﬁ”ﬁm to the case of A&“)h - We work on the event where

|dy pn(X) — dy n(X)] < h%e, [y nn(X) —din(X)| <h%e, Vi=1,....n

—n 4E2 -
From Proposition 29 we know that this holds with probability at least 1 —Cn2e e . Working
on this event we get by a similar argumentation as in the proof of Theorem 30 that there exists a
constant C’ such that

(n) 1 (pW _f _ 15 1 1
(A)‘ h, “f)( )- d h(X) <A)‘vhv” dA‘h) (X)’ T p2 A () T() [dA,h(X) N dhh,n(x)}

n
E X f X 1 1 < C/ )
+i; XD T(X) |:\/d)\,h(x)d)\.h(xl) V() (X )} ‘ s~
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Noting that EI_h is Lipschitz since f and d}yh are Lipschitz and upper and lower bounded, on

M N B (x,hRL) one can apply Theorem 30 to derive the first statement. The second statement
follows by Corollary 27. [ |
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Appendix A. Basic Concepts of Differential Geometry

In this section we introduce the necessary basics of differential geometry, in particular normal co-
ordinates and submanifolds in RY, used in this paper. Note that the definition of the Riemann
curvature tensor varies across textbooks which can result in sign-errors. Throughout the paper we
use the convention of Lee (1997).

A.1l Basics

Definition 32 A d-dimensional manifold X with boundary is a topological (Hausdorff) space such
that every point has a neighborhood homeomorphic to an open subset of HY = {(x!,...,x9) €
Rd\xl > 0}. A chart (or local coordinate system) (U, @) of a manifold X is an open set U C X
together with a homeomorphism @: U — V of U onto an open subset V ¢ HY. The coordinates
(x%,...,x9) of @(x) are called the coordinates of x in the chart (U, ). A C'-atlas 4 is a collection
of charts,

A= U{(Ua, ), a € 1},

where | is an index set, such that X = Uqg¢Uq and for any a, 3 € I the corresponding transition
map,
—1 : d
@50 @y |(Pa(UamUB) : @Uq NUg) — HY,

is r-times continuously differentiable. A smooth manifold with boundary is a manifold with bound-
ary with a C*-atlas.

For more technical details behind the definition of a manifold with boundary we refer to Lee
(2003). Note that the boundary oM of M is a (d — 1)-dimensional manifold without boundary. In
textbooks one often only finds the definition of a manifold without boundary which can be easily
recovered from the above definition by replacing H® with RY. The interior M\dM of the manifold
M is a manifold without boundary.

Definition 33 A subset M of a d-dimensional manifold X is a m-dimensional submanifold M with
boundary if every point x € M is in the domain of a chart (U, @) of X such that

P:UNM—H"xa, x) =(,....x™al,. . a"™m),

where a is a fixed element in R9~™. X is called the ambient space of M.
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This definition excludes irregular cases like intersecting submanifolds or self-approaching sub-
manifolds. In the following it is more appropriate to take the following point of view. Let M be an
m-dimensional manifold. The smooth mapping i : M — X is said to be an immersion if i is differen-
tiable and the differential of i has rank m everywhere. An injective immersion is called embedding
if it is an homeomorphism onto its image. In this case i(M) is a submanifold of X. If M is compact
and i is an injective immersion, then i is an embedding. This is not the case if M is not compact
since i(M) can be self-approaching.

Definition 34 A Riemannian manifold (M,g) is a smooth manifold M together with a tensor® of
type (0,2), called the metric tensor g, at each p € M, such that g defines an inner product on the
tangent space T,M which varies smoothly over M. The volume form induced by g is given in local
coordinates as dV = /detgdx® A ... Adx™. dV is uniquely determined by dV (e1,...,en) = 1 for
any oriented orthonormal basis e1,...,em in TxM.

The metric tensor induces for every p € M an isometric isomorphism between the tangent space
TpM and its dual T;M. A submanifold M of a Riemannian manifold (X, g) has a natural Riemannian
metric h induced from X in the following way. Leti: M — X be an embedding so that M is a
submanifold of X. Then one can induce a metric h on M using the mapping i, namely h = i*g,
where i*: TiE‘X)X — T;M is the pull-back’ of the differentiable mapping i. In this case i trivially is
an isometric embedding of (M, h) into (X,g). In the paper we always use on the submanifold M the
metric induced from RY.

Definition 35 The Laplace-Beltrami operator Ay of a Riemannian manifold is defined as Ay =
div(grad). For a twice differentiable function f : M — R it is explicitly given as

R
AMf_\/detgﬁ< detgg ﬁ)’

where g') are the components of the inverse of the metric tensor g = gi; dx' @ dx/.

A.2 Normal Coordinates

Since in the proofs we use normal coordinates, we give here a short introduction. Intuitively, normal
coordinates around a point p of an m-dimensional Riemannian manifold M are coordinates chosen
such that M looks around p like R™ in the best possible way. This is achieved by adapting the
coordinate lines to geodesics through the point p. The reference for the following material is the
book of Jost (2002). We denote by c, the unique geodesic starting at c(0) = x with tangent vector
¢(0) = v (cy depends smoothly on p and v).

Definition 36 Let M be a Riemannian manifold, p € M, and V, = {v € TyM, ¢, defined on [0, 1]},
then, exp, : Vp — M, vi— ¢y(1), is called the exponential map of M at p.

It can be shown that exp,, maps a neighborhood of 0 € T,M diffeomorphically onto a neighbor-
hood U of p € M. This justifies the definition of normal coordinates.

6. Atensor T of type (m,n) is a multilinear form ToM x ... ToM x TyM x ... x TyM — R (n-times TpM, mrtimes Ty M).
7. TS M is the dual of the tangent space TxM. Every differentiable mapping i : M — X induces a pull-back i* : T\ X —

i(x)
TSM. Letue TM, we T, X and denote by i’ the differential of i. Then i* is defined by (i*w)(u) = w(i'u).

¥
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Definition 37 Let U be a neighborhood of p in M such that exp, is a diffeomorphism. The local
coordinates defined by the chart (U,expgl) are called normal coordinatesat p.

Note that in ToM ~R™ D exp;l(u) we use always an orthonormal basis. The injectivity radius
describes the largest ball around p such that normal coordinates can be introduced.

Definition 38 Let M be a Riemannian manifold. The injectivity radiusof p € M is
inj(p) = sup{p >0, exp,, is defined on Bgm(0,p) and injective}.

It can be shown that inj(p) > 0,¥p € M\dM. Moreover, for compact manifolds without bound-
ary there exists a lower bound inj,,;, > 0 such that inj(p) > inj.,;,, VP € M. However, for manifolds
with boundary one has inj(pn) — 0 for any sequence of points p, with limit on the boundary. The
motivation for introducing normal coordinates is that the geometry is particularly simple in these
coordinates. The following theorem makes this more precise.

Theorem 39 In normal coordinates around p one has for the Riemannian metric g and the Laplace-
Beltrami operator Ay applied to a function f at p = expgl(o),

0 m 2f
6i(0) = &j;, 3¢9 (0) =0, (Buf)( Zlax'

The second derivatives of the metric tensor cannot be made to vanish in general. There curvature
effects come into play which cannot be deleted by a coordinate transformation. To summarize,
normal coordinates with center p achieve that, up to first order, the geometry of M at point p looks
like that of R™.

A.3 The Second Fundamental Form

In this section we assume that M is an isometrically embedded submanifold of a manifold X. At
each point p € M one can decompose the tangent space TpX into a subspace TpM, which is the
tangent space to M, and the orthogonal normal space NyM. In the same way one can split the
covariant derivative of X at p, OyV into a component tangent (OuV)T and normal (OyV)* to M.

Definition 40 The second fundamental form I of an isometrically embedded submanifold M of X
is defined as .
M:TpoM®TpM — NpM,  M(U,V) = (OyV)*.

The following theorem, see Lee (1997), then shows that the covariant derivative of M at p is
nothing else than the projection of the covariant derivative of X at p onto T,M.

Theorem 41 (Gauss Formula) Let U,V be vector fields on M which are arbitrarily extended to X,
then the following holds along M

OpV = OyV +N(U,V),
where [J is the covariant derivative of X and O the covariant derivative of M.

The second fundamental form connects also the curvature tensors of X and M.
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Theorem 42 (Gauss equation) For any U,V,W,Z € T,M the following equation holds
F?(U,V,W,Z) =R(U,V,W,Z) - (N(U,2),NV,W))+ (MNU,W),NV,2)),
where R and R are the Riemann curvature® tensors of X and M.

In this paper we derive a relationship between distances in M and the corresponding distances in
X. Since Riemannian manifolds are length spaces and therefore the distance is induced by length
minimizing curves (locally the geodesics), it is of special interest to connect properties of curves of
M with respect to X. Applying the Gauss Formula to a curve c(t) : (to,t;) — M yields the following

DV =DV +M(V,¢),

where B; = ¢80, and ¢ is the tangent vector field to the curve c(t). Now let c(t) be a geodesic
parameterized by arc-length, that is with unit-speed, then its acceleration fulfills Dy¢ = ¢20ac? = 0
(however that is only true locally in the interior of M, globally if M has boundary length minimizing
curves may behave differently especially if a length minimizing curve goes along the boundary its
acceleration can be non-zero), and one gets for the acceleration in the ambient space

Di¢ = MN(¢,¢).

In our setting where X = RY the term D¢ is just the ordinary acceleration ¢ in R9. Remember
that the norm of the acceleration vector is inverse to the curvature of the curve at that point (if ¢ is
parameterized by arc-length).® Due to this connection it becomes more apparent why the second
fundamental form is often called the extrinsic curvature (with respect to X).

The following Lemma shows that the second fundamental form I of an isometrically embedded
submanifold M of RY is in normal coordinates just the Hessian of i.

Lemma43 Letey, a =1,...,d denote an orthonormal basis of Ti(x)Rd then the second fundamen-
tal form of M in normal coordinates at y is given as:

0%i%

n(ayi,ayj)‘o - Weg.

Proof Let [J be the flat connection of RY and O the connection of M. Then by Theorem 41,

M(dy,0yi) = ii*ayi (i"0yi) — Dayi Oyi = Oy <%) eq = %ea, where the second equality follows from
Yy

the flatness of [ and I“jk 0= 0 in normal coordinates. [

8. The Riemann curvature tensor of a Riemannian manifold M is defined as R: ToM @ ToM @ ToM — T M,
R(X,Y)Z = OxOyZ - OyOxZ — O v Z-

In local coordinates X, Rijx'0; = R(9j,0})dk and Rijkm = GimRij -
9. Note that if c is parameterized by arc-length, ¢ is tangent to M, that is in particular ||¢[|lt. x = [|C[lzm
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Appendix B. Proofs and Lemmas

The following lemmas are needed in the proof of Proposition 22.

Lemma 44 If the kernel k: R, — R satisfies Assumptions 20, then
ok . 1 - s i<
/ K (ul?)uuluku du = —=C, [§184 + 5¢51! 1 5 5ik] .
Rrm OX 2

of

Proof Note first that for a function f(||u]|?) one has -', BH H = 5z The rest follows from partial
integration.
17
o / V) v = [k /k E/k(u )du,

where [k(v) \/V]; = 0 due to the boundedness and exponential decay of k.

In the same way one can derive, [, 2% (u?)u*du = —3 [*, k(u?)u?du. The result follows by
noting that since k is an even function only integration over even powers of coordinates will be
non-zero. [ |

Lemma 45 Letk satisfy Assumption 20 and let Vijy be a given tensor. Assume now I1z)1? > |1zl|* +
Vijuz'zz%' +B(z )z|]® > & 3 1]|? on B(0, rmin) € R™, where B(z) is continuous and B(z) ~ O(1) as
z — 0. Then there exists a constant C and a hy > 0 such that for all h < hg and all f € C3(B(0, rmin)),

o .
Viinz'z)

i kh(wu 2222 + () |2 >) {2z
B(07rmin) h

- (le(O) +Czh; [(Af)(O) —1(0) iViikk+Vikik+VikkiD‘ <ch?,

where C is a constant depending on k, rmin, Viju and || f{|cs.

Proof As a first step we do a Taylor expansion of the kernel around ||z||? /h?:

2240 _ (12®Y |, Okap o 0%kn(X) n’
kn h2 =kn h2 + ox |22 h2 ox2 |ldPaeen pa»
hZ h2

where in the last term 0 < 6(z) < 1. We then decompose the integral:

I2]|* +Vijuz'21 22 + B(z) |1z|°
5 f(z)dz
B(Ovrmm)

(i (127, 9n
_/(kh< he ) ox

RmM

Vijkl ZiZjZkZI

,ﬁ;T)(f(o +(Of|y,2) + 2aa|aj‘ >dz+200(,,
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where we define the five error terms a; as:

Op —/ a—kh
B(0,rmin)

liz|2 M f(z)dz,

2
"hZ h

(Vij|<|ZiZjZkZI +B(2) HZH5)2

al:/so,rm. ‘szzh w i f(z)dz,
o _/Ormm <||ZH +Vuk|22:122k2'+l3( )HZ|5>%azigifazk(ez)Ziszkdz’
a5 = Rm\B(O7rmm)kh<”fZ1_|2|2> (f(O) (Of|,,2 >+260,26f1‘ j>o|z,

okn|  Viju 7iz17¢!

Oy =

== (£(0) + (Of] z>+} ot ‘zizj dz
”Tf‘; h2 0 20710z lo ’

where in ay, N = Vijuz'z/22 + B(2) ||z]|°. With fgmk(||z||*)zidz = 0, Vi, and
Jamk(||z][*)zizjdz = 0 if i # j, and Lemma 44 the main term simplifies to:

HZH okn(X) Vijk 77174 E i i
/m( “( e )" T T e (0)+3 5zi2? )2

Ak(x) h? 92f -
2 ] — u
/ (Ilull*) +h ox ‘H U2 V,,|uuuu><f(0)+ Zaz'azl‘ )du

h? ijskl L siksil | sil sk s O°f 4
=C11(0) ~ 5 Cof (0)ju [S189 +8%8/ + 85 }+ e, Y 3y 5|, +on),

R™ B(0,rmin) OX

where the O(h“) term is finite due to the exponential decay of k and depends on K, rmin, Viju and
|| f||cs. Now we can upper bound the remaining error terms a;, i =0, ..., 4. For the argument of the
kernel in a; and a, we have by our assumptions on B(0, Imin):

2l _ izl + Viguz 2122 1+ B(z) 21° _ |2l
h2 — h2 - 4h2
Note that this inequality implies that ( is uniformly bounded on B(O, rmin) in terms of rmin and Viju.

Moreover, for small enough h we have rmT'" > /A (see Assumptions 20 for the definition of A) so
that we can use the exponential decay of k for as and ay,

okn

|ao| < h? | f] s/ r |B(hu)| [|ull® du.
 Joio. o) 9% |2
Since %")? is bounded and has exponential decay, one has |0| < Kp h3 where Ko depends on K, Fmin
and || f|cs.

f(z)dz

ol [ [Ha(la g ren (VipZ2i22 + B J21°)?
Y= a0 | 0X2 h2 h4

<hfles [
“ Jao o)

0%k

2
2 2 4 5
= (ol <1—e>+en>](m mave Vil [+ Bl ] )
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First suppose “min < 2+/A then the integral is bounded since the integrands are bounded on B(0, [gin}),
Now suppose ‘iz > 2./A and decompose B(0, 2 ) as B(0, “#in) = B(0,2/A) UB(0, 12 )\ B(0, 2V/A).
On B(0,2v/A) the integral is finite since ‘a ';\ is bounded and on the complement the integral is also
finite since \ 3 '2‘| has exponential decay since by assumption

[l (1 — 8(hu)) + B(hu)n (hu) > 2 *ull® > A

Therefore there exists a constant K; such that |o1| < Kj h4. Moreover,

2 3 o 3/2 3 2
|02| < kh<|2|| >1 a f eZ)ZIZJdeZ < m ||f||C3h /&<HUH ) ||UH3dU < K2h3,

4h2 | 6 az'azlazk( 6 4
B(0,rmin) RM

N

1 9% | |
°’Z>+26z'azl‘ zz)d

[:&1 </ <”Z’ ) (0) +(Of
R™M\B(0,min)
%

“\ZH _gqmin [ 2TT m
< || flles / e # (1+mh?|z|?)dz < ce “W(O() (1+mhza),

R™\B(0,Fmin)
log| <Ky /

4 6
6kh IIZH [1z]I” + 2]
Rm\BOrm,n

r%in
2 dz < cKgh%e a2 /e*“"”"z(\\u||4+h2Hu||6)du
Rm

&2
where Ky is a constant depending on maxI k! [Viju| and || f{|cs. Now one has'0: e n < hS/&S for

h <&/s. In particular, it holds h® > e —a 2h2 forh < £/ rmin, so that for h < min{3 /% rmin, rm'”} =

ho all error terms are smaller than a constant times h® where the constant depends on K, fmin, V,,k|
and || f||s. This finishes the proof. [

Now we are ready to prove Proposition 22,
Proof Let & = $min{inj(x),p}'! where € is positive by the assumptions on M. Then we de-
compose M as M = B(x,€) U (M\B(x,€)) and integrate separately. The integral over M\B(x,€)
can be upper bounded by using the definition of &(x) (see Assumption 19) and the fact that k is
non-increasing:

ka0 ~i(9)[2) f()p(y) /detg dy_/ 1) — i(y) |2 ) F()p(y) /detgiy
M

B(x,€)

+ / Kn( | ()| ) f(¥)p(y)/detgdy.

M\B(x,€)

Since k is non-increasing, we have the following inequality for the integral over M\B(x, €):

- . 6<X)2
/M\B(X,E)kh(nu(x)—n<y>||§@)f<y>p<y>\/det‘gdygh—mk( X )nyoo.

10. This inequality can be deduced from e* > x" for all x > 4n?.
11. The factor 1/3 is needed in Theorem 25
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Since d(x) is positive by assumption and k decays exponentially, we can make the upper bound
smaller than h® for small enough h. Now we deal with the integral over B(x,€). Since € is smaller
than the injectivity radius inj(x), we can introduce normal coordinates z = expy 1(y) on B(x,€), s0
that we can rewrite the integral using Proposition 15 as:

7 9%ie  93@ ZazbzuZ +0(||z
/B . )kh<” - fhye e (I’ )p(z)f(zwmdz. (5)
£

Using our assumptions, we see that pf./detg is in C*(B(0,¢€)). Moreover, by Corollary 17 one has
for dw(x,y) < 1D, %dM(x,y) < ||x—=y|| <dm(x,y). Therefore we can apply Lemma 45 and compute
the integral in (5) which results in:

hZC2 d 62 a 62 a
z 07230z° 9zcaz4

p(0)£(0) (cl n [56'05“’ + &R 6ad5b°} )

+h—AM pf/detg ) +O(h%), )

where we have used that in normal coordinates z' at 0 the Laplace-Beltrami operator Ay is given

as Awm f‘ =y 3@y . The second term in the above equation can be evaluated using the Gauss
equations, see Smolyanov, von Weizsdcker, and Wittich (2007, Proposition 6).
d 2;0 2:0 m d 2:0 2;a 2;a 20
o%i® 0 abscd | xacsbd | sadspc]| 0" o 0%i® o
1 ey 029075 07507 575+ 58+ 57 ]ag_m_la(zay 302 2 973020 2070
2 020( aZia B aZia 620 3 m d 62(1 620(
B ;m , \ 02202 0720z°  9(z2)? 0(zP)? ;m X (z°)2
m 2
=2 g (02,0),M(02,05)) — (M(0z2,02),M(02,0)) +3 Z”(af75ﬁ)
a—= T,(X)Rd

—=—2R+3

)

2
TigRY

J;I‘I(azj,azj)

where R is the scalar curvature and we used Lemma 43 in the third equality. Plugging this result

into (6) and using from Proposition 15, AM\/detg\o = —%R, we are done. |

Lemma 46 Let k have compact support on |0, Rﬁ] and let 0 < h < hyax. Then for any x € M there
exist constants D1, D, > 0 independent of h such that for any y € Bra(X,hRx) "M,

0<D1 < ph(y) < Do».

Proof First suppose that hRyx < s := min{k/2,Ro/2}. Since |ly—z|| < hRx < k/2 we have by
Lemma 18: 1dwm(y,z) < |ly—z|| < dm(y,z). Moreover, since p(x) > 0 on M and p is bounded and
continuous, there exist lower and upper bounds pmin and pmax 0on the density on By (x,4hRy). That
implies

Moy, / -
/detgdz < ||k S, 2RI
pry) < hm Pmax B (520R) 9dz < [[K[|c, Pmax S22 Ry
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where the last inequality follows from Lemma 14. Note further that dw (X,y) < 2hRy and dm (y,z) <
2hRy implies dm(x,z) < 4hRy. Since the kernel function is continuous there exists an ry such that
k(X) > ||k /2 for 0 < x < rx. We get

k k k
pn(y) = ”2rl|r;° / p(z)/detgdz > ”2h’,;° Pmin VOIm (Bm (X, h 1)) > | 2’°°pmin Sirg.
d (xhrg)NM

By

Now suppose s < hRy and h < hymax. Then pp(y) < e < k||, (%)m. For the lower bound we get

V> [ kn(d(y.2))p(z) /detgaz > [ o ol (.2) p(2) /et
y,hrg

e

Since p is continuous and p > 0, the function y — P(BM (y,s & ) is continuous and positive and

therefore has a lower bound greater zero on the ball Bya (X, th) NM. [ |
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