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Abstract

This technical report is an appendix to the ICML 2009 submission ” Spec-
tral Clustering based on the graph p-Laplacian” [2], containing the proofs
which had to be omitted due to space restrictions. In this version, an
error occuring in a previous version has been corrected. However, note
that the error occurred in an additional statement which was not used in
any proof, thus the correctness of the other results is not affected.

1 Overview

This technical report is an appendix to the ICML 2009 submission ”Spectral
Clustering based on the graph p-Laplacian” [2], containing the proofs which had
to be omitted due to space restrictions. Our proposed method and some of the
results are based on the recent work by Amghibech [1]. In his very interest-
ing article, the author proposes the variational characterization of the second
eigenvector of the normalized graph p-Laplacian and derives the isoperimetric
inequality in the normalized case. Due to the compressed form of the proof
given in [1], some important lemmas which play a role in the proof of the vari-
ational characterization are not explicitely stated in the paper, hence we cover
the proofs in more detail in the following. Moreover, we provide basic properties
of the p-Laplacian and related functionals and extend the results of Amghibech
to the unnormalized case. However, our main result is to show that the Cheeger
cuts obtained by thresholding the second eigenvector converge to the optimal
Cheeger cut as p — 1.

This paper is organized as follows: We start with some basic properties of the
graph p-Laplacian and related functionals in Section 2. In Section 3 we prove the
variational characterization of the second eigenvalue of the unnormalized graph
p-Laplacian (Theorem 3.2 in [2]), and Section 4 contains the corresponding
characterizations for the first and second eigenvector in the normalized case.
Section 5 contains the proof of the isoperimetric inequality from Theorem 4.3
in [2], and Section 6 an outline of the proof in the normalized case. Finally,



Section 7 establishes the connection between the optimal Cheeger cut and the
cut obtained by thresholding the second eigenvector (Theorem 4.4 in [2]).

As in [2], the number of points is denoted by n = |V| and the complement
of a set A C V is written as A = V\A. The degree function d : V. — R of
the graph is given as d; = Y_7_, w;; and the cut of A C V and B C V, with
ANB =0, is defined as cut(A4, B) = >, 4 e wij- Moreover, we denote by [A]
the cardinality of the set A and by vol(A) = 3",  , d; the volume of A.

2 The graph p-Laplacian and related functionals

The unnormalized and normalized graph p-Laplacian Az(,u) and A](gn) are
defined for any function f:V — Rand i€V as

A(u)f Z wlj ¢)p ) ?
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(A(n = Z wij ¢p (fi = f3)
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where ¢, : R — R with ¢,(z) = |z[P~" sign(z). As shown in [2], one can obtain

the eigenvalues of the unnormalized p-Laplacian Aéu) as local minima of the
functional F, : RY — R,

B =i
p
where 1
Qulf) = (£ A F) =5 7 wulfi = 1, (1)
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and each critical point of F}, corresponds to an eigenvector of the p-Laplacian.

To obtain the second eigenvalue, we consider the functional FZSQ) ‘RY = R,

= vacff“(’@)

in analogy to the functional defined by Amghibech in [1]. The unnormalized
p-variance Var,(, )( f) is defined as

var{ (f) = mln {Z Ifi — m|p} (2)

1%

Furthermore, we define the unnormalized p-mean of f as

mean")(f) = arg min {Z Ifi — m|p}
meR

eV

In Theorem 3.1 in Section 3 we show that the global minimum of the func-
tional FZSQ) is equal to the second eigenvalue of the graph p-Laplacian A;u)



Analogously, in the case of the normalized graph p-Laplacian, one can define
functionals G, : RV — R and G](gz) :RY — R,

@p(f) ) @p(f)
Gy(f) = =—""— and G)/(f)=—"—"—,
o) Siev dilfil? » () varl” (f)
with the normalized p-variance defined as
var(")(f) = min {2; di |fi — m’”} : (3)
1€

and the normalized p-mean of f as

mean{" (f) = arg min {Z di | fi — m|p} .

me i€V

Theorems 4.1 and 4.2 in Section 4 establish the connection between these func-
tionals and the eigenvalues of the normalized p-Laplacian.

2.1 Basic properties of p-Laplacian and related functionals

In the following sections we restrict ourselves in the proofs to the unnormalized
case. Proofs in the normalized case are similar.

Proposition 2.1 For any function f:V — R, and c € R, the unnormalized
p-Laplacian A](Du) has the following properties:

AW(f4e1) = AM(f)
AW 1) = dp(c)- AWM(f) .

For any function f : V — R, and c € R, the normalized p-Laplacian Aén) has
the following properties:

AP (f+el) = AM(f)
AW () = dp(c)- AP(f) .

Proof: These properties follow directly from the definition, as it holds Vi € V'
that

(A0 +en), = Ywgdp(fite—fi—) = (20°()
JEV

and

(A;‘l)(c-f)> = Zwij ¢p (e (fi = f7))

JjeVv
= > wile- (fi = [P sign (e- (fi = 7))
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Proposition 2.2 For any function f : V — R, and ¢ € R, the functional Q,(f)
has the following properties:

Qp(f+cl) = Qpf)
Qplc-f) = [d”Qu(f) -
Proof: Again the properties follow directly from the definition. O

Proposition 2.3 For any function f : V — R, and ¢ € R, the unnormalized

p-variance varz()u)(f) has the following properties:

varz()”)(f—i-cl) = varl()”)(f)
varl(c- f) = |c[f varlV(f) .

For any function f : V — R, and ¢ € R, the normalized p-variance Varl(,n)(f)
has the following properties:

var](on)(f—i—cl) = varz(,“)(f)
varz(,n)(c-f) = |c\pvar1(f’)(f) )

Proof: a) Let the p-means of f and f + ¢1 be given by m; = mean,(gu)(f) and
my = mean,(,u)(f + c1). Let now mb := my + ¢. Then it follows from the

definition of the p-variance that

Varl(j“)(f +cl)

%{ch_mp}

eV
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iev
= Z|fi—ﬂ71|p
iev
= varé“)(f).

Analogously, for m/ := my — ¢, we obtain var,(gu)( H< varz(,u)( f 4 1) and hence

varl” (f) = vari) (f + c1).

b) If ¢ = 0, one easily sees that Varz(ju) (cf) =0 = | var,(,u)(f). Let now



¢ # 0. Then

var((cf) = min {Z e fi — mlp}

%
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1€
— e’ min {Zfi—mﬂp |ameR:m2=m}
mo€ER | “ c
i€V

= e var((f) .

O

The following property will later be used to establish a connection between the

non-constant eigenvectors of the unnormalized and normalized p-Laplacian and

)

the minimizers of the functionals FIEQ resp. Gf).

Proposition 2.4 Let f € RV and m € R. Then f has unnormalized p-mean
value m = meanl(,u)(f) if and only if the following condition holds:

> ¢ (fi =) =0.
eV

Let f € RV andm € R. Then f has normalized p-mean value m = meanl(,n)(f)
if and only if the following condition holds:

Zdi Qj)p(fi _m) =0.
eV

Proof: We have

&(Zﬁ—mﬂ = pY_|fi—m" " sign (f; —m) (-1)

eV eV

_pZ¢P(fl_m) )
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which implies that a necessary condition for any minimizer m of the term
>iev |fi —ml|P is given as

Z¢p(fi—m)20-

eV

Due to the convexity of the term >, |fi — m|? for p > 1, this is also a suffi-
cient condition. (]

Proposition 2.5 The derivative of the unnormalized variance Varz(,u)( f) with
respect to fi is given as

0
a—fkvar;u)(f) =p ¢p (fk - meané“)(f)) .



The derivative of the normalized variance Varén)( f) with respect to f is given

as

9 e n
Thvaré )(f) = pdi &y (fk —meanz() )(f)) .

Proof: We have

0wy 9
o )= o <Z
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fi— meanz(}‘) (f) ’p>

= Y ‘fi — mean;(au)(f)‘pil

i€V
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By applying the definition of ¢, and splitting the last term one obtains

sign(fi — mean("(f))

0

;pqﬁp (fi — meanl(,“)(f)) aTgkfi
- iezvpgsz (fl- — meanl(yu)(f)) 8?% (meanéu)f>

= 0 (fi — mean((1))
9 () ( , () )
- mean," () p ¢p ( fi —meany”(f)) | .
Ofk ( ) ZZQ:/ ( )
Due to Prop. 2.4 it holds that
> p 6y (fi — meanf? (1)) = 0.
eV

Thus we obtain

0
a—fkvarlgu)(f) =p ¢ (f;~c — meanz(,u)(f)> )

O
The following proposition provides the link between the functionals F}, and Ff)

as well as G, and G;(,2). Note that the p-mean inside the p-variance is a function
RY — R, which we have to take into account when taking the derivative.

Proposition 2.6 For any function f: V — R let f denote the unnormalized
p-mean of f. Then it holds that

FP(f) = Fp(f-f1)

(GrE) 0 = (558) -7
82

> pe = ; @)
(rars) 0 = (agap™) 0~ 0+ B2 -




where
p—2

p(p—1) ’fz - f‘p_2 ‘fk - f
> fi*f’pzi fi*f’p_2

For any function f : V — R let f denote the normalized p-mean of f. Then
it holds that

Q ks =

GA(f) = Gu(f—f1)
9 _
(%Gp) /- 1)

al F (2)
(MaﬁFp) (f = O+ E2 () - 2
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~
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p(p — 1)didy, ’fz - f‘p_z ’fk - f
i di | fi *f’pzidi fi 7];‘1)—2

Proof: The first statement can be seen directly by the definitions of F), and
FISQ) and the fact that

Qf ks =

Qp(f) = Qp(f_fl) :

Using Prop. 2.5 and the definition of A;u), the derivative of
to fr can be written as

6ifk (vgf;{f))> - Varp;(f) (AW £y, — %Jg();;% (fk - f) :

By applying Prop. 2.1 and Prop. 2.2 as well as the definition of the p-variance,
the above expression can be rewritten as

Qp(f)
Var"p € with respect

Hff (A,S“)(ffl))kW% (- 7)

Comparison with the expression for (%Fp) now yields the second statement.
k

For the statement for the second derivatives, one first shows that

iNZ |fl_f-|p72 V] =
of” Y lfi— flp?
and then proceeds analogously to the first and second statement. O

3 Variational characterization of the second
eigenvalue - Unnormalized case

Theorem 3.1 The second eigenvalue of the unnormalized graph p-Laplacian
Aéu) is equal to the global minimum of the functional F,EQ). The corresponding



eigenvector v1(,2) of Aéu) 1s then given as 111(72) = u*—c*1 for any global minimizer

u* of F1§2), where ¢* = arg Iﬂrgin S ur —cfP.

Furthermore, the functionccezl Féz) satisfies Féz) (tu+cl) = Féz) (u) Vt,ceR.

Lemma 3.1 Let [ be a critical point of the functional F,EZ). Then the vector
v=f— meanz(ju)(f)l

is an eigenfunction of Az(,u) with eigenvalue A, = F,gz)(f).

Proof: Let f be a critical point of F,S2) with minimum A,. Then

0
iy 2[C)) —-0.
(3fk b ) ()
By Prop. 2.6 this implies

(aakop) (f - meanzgu)(f)l) =0

A= 2 (f) = Fy (f = mean?) (1)1)

It follows that f — meanl(,u)( f)1 is a critical point of F},, and by Theorem 3.1.

in [2] an eigenvector of Az(,u) with eigenvalue A,,. O

as well as

Before proving the other direction, let us first derive an important property of
the non-constant eigenvectors of the p-Laplacian.
Lemma 3.2 Let v be a non-constant eigenvector of Ap. Then

> bplvi) =0

icV
Proof: Let v be a non-constant eigenvector of A](gu) with eigenvalue A,. Hence
for all ¢ € V' the equation

(Apv)i = Apdp(vi) =0
holds. As v is not the constant vector, we know that A, # 0 and hence Vi € V/,

A, v);
syt = i
p
It follows that
1
D dp(v) = =D (M)
i€V Piev
1
= D> wij dp(vi — v))
P ievjev
1 _ 1 _
= )\7 Z U)ij ‘Ui - Uj|p - )\7 Z wij |Ui — Uj|p !
Pijevui>u; P jeVvi<u;
1 _ 1 _
== )\7 Z ’LUij ‘Ui - ’Uj|p ! - )\7 Z w]'i |’Uj — Ui|p !
Pijevvi>; P jieV,v;<v;
= 0



where in the penultimate step we have performed a change of the variable names
in the second term and in the last step exploited the fact that w;; = wj;. [l

The above property can be seen as a generalization of the fact that the larger
eigenvectors of the unnormalized (standard) graph Laplacian are orthogonal to
the first eigenvector.

Lemma 3.3 Let v be a non-constant eigenvector of the p-Laplacian AI(;J) with
eigenvalue \,. Then there exists a function f which is a critical point of FZSQ)
with A, = F\?(f) and it holds that v = f — mean{” (f)1.

Proof: By Theorem 3.1. in [2] we know that v is a critical point of F,, with
Ap = F,(v). Consider now for k € R the function f : V' — R defined by

f=v+kl.

By Lemma 3.2 it holds that

Z ¢p(”i) =0.

eV

It follows that Vk:

S o (i k) =Y b ((F = k1)) =D dpw) =0

eV eV eV
By Prop. 2.4 this implies that k = meanz(,u)(f), and hence
v=f— meanl(,u)(f)l .

Prop. 2.6 now implies that

F2 (£) = By (f = mean( ()1) = Fy(v) = A,

and
0 0
—Z_F® == — (u)
(akop >(f)_<akop) (f meanp (f)1>
0
- (s -0
Hence it follows that f is a minimizer of Fp(2) with minimum A,,. O

Proof of Theorem 3.1: Lemma 3.1 shows the forward direction of the first
statement of Theorem 3.1. The reverse direction follows from Lemma 3.3. The
second statement follows from Prop. 2.2 and 2.3. d



4 Variational characterization of the second
eigenvalue - Normalized case

The following theorems are the normalized variants of Theorem 3.1 and Theorem
3.2 in [2].
Theorem 4.1 The functional G, has a critical point at v € RV if and only if

v s a p-etgenfunction of the normalized graph p-Laplacian A,(,n). The corre-
sponding eigenvalue Ay is given as A\, = Gp(v). Moreover, we have Gp(af) =
Gp(f) for all f € RV and a € R.

Theorem 4.2 The second eigenvalue of the normalized graph p-Laplacian
A}(,“) is equal to the global minimum of the functional Gg). The correspond-
ing eigenvector v,g) of A;“) is then given as vz(,2) = u* — c*1 for any global

L. 2 .
minimizer u* of Gj(g ) where ¢* = arg min S di luf —clP.
ceR

Furthermore, the functional Gz(?) satisfies Gz(?) (tu+cl) = G’Z(,Q)(u) Vt, c € R.

The proofs of the above theorems are similar to the unnormalized case. We just
want to sketch the proof of Theorem 4.2 by giving the corresponding lemmas
without proof.

Lemma 4.1 Let f be a critical point of the functional Gz(,Z). Then the vector

v=f— meané“)(f)l

is an eigenfunction of AZ(,H) with eigenvalue A\, = GI()Q)(f).

Lemma 4.2 Let v be a non-constant eigenvector of A,(Dn). Then

Z d; ¢p(vi) =0.

eV
Lemma 4.3 Let v be a non-constant eigenvector of the p-Laplacian A,S“) with
eigenvalue \,. Then there exists a function f which is a critical point of G,(,Q)
with A, = G (f) and it holds that v = f — meany” (f)1.

5 Isoperimetric inequality - Unnormalized case

As shown in [2], for p > 1 and every partition of V into C, C' there exists a func-

tion f, c € RV such that the functional FISQ) associated to the unnormalized
p-Laplacian satisfies

1 TR
+ .

F;E2)(fp,C) = cut(C, C)‘ 1 i (4)
o o)

Explicitely, the function f, ¢ is given as

1/|c]7T ,ieC,

(p o) _{ _1/[C]7T el

10



The expression (4) can be interpreted as a balanced graph cut criterion, and we
have the special cases

F{? (f2.0) = RCut(C, ),
lim F{?(f, o) = RCC(C, C).

p—1 P
It follows that minimizing the above balanced graph cut criterion is equivalent
to minimizing F1§2) with the restriction to functions that have the form given
in (5). As the second eigenvalue of the p-Laplacian is the minimum of the

functional FISQ) taken over all possible functions (without the restriction), the
second eigenvalue can be seen as a relaxation of balanced graph cuts. The
question is, can we make any statements about the quality of this relaxation?

The isoperimetric inequality gives upper and lower bounds on the second
eigenvalue in terms of the optimal Cheeger cut value defined as

hRCC = iléf RCC(C7 6)

Theorem 5.1 Denote by /\22) the second eigenvalue of the unnormalized graph
p-Laplacian A;,u). Forp>1,

2 P71 (hpee )P _
(> < RCC) < )\I()2) < 2P lhRCC )

max;ey d; P

Proof of the upper bound in Theorem 5.1: Let for any p > 1 the second
smallest eigenvalue of the unnormalized p-Laplacian be given by A,. Theorem
3.1 implies that

= min (2) = min M
)\p {Fp (f)} FERV {varz(,u)(f) )

where Q,(f) and Var,(,u)( f) are defined as in (1) and (2). Consider now for a
partition (C,C') the function f, ¢ : V' — R which we have defined in (5). Then,
using (4), we have

>\p < Fp(2)(fp,C)

p—1

= cut(C,0) L + 71#

= o

p—1
— 1

< eut(C,0) |2 R

min{|C’|ﬁ, C!"’l}
_ cut(C,0)
N min{\0|,€‘}

RCC(C,C) - 2771 .

As this inequality holds for all partitions (C, C), it follows that
Ap < iléf RCC(C, 6) = hroc -

11
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For the proof of the lower bound we need to introduce some notation. In the
following let us for any function f : V — R denote by f* : V — R the function

v 0 , else.

Furthermore, we use the notation C’;,CTZ for the partitioning of the vertex set
V' into the sets

Ch={ilfi>t} and CL=V-C}={ilfi<t}, (7)

where ¢ € R. Finally, for any function f : V — R, we denote by h} pcc the
quantity

) cut(C, C)
Wince =inf§ — ot | C=Chfort =0 . 8
f,RCC lg {min{|C’,’C|} plort > } (8)
The value of h"]Z’RCC is the smallest possible RCC value obtained by thresholding
f at some t > 0. If C? = (), we define W} reo = 00
To prove the lower bound, we proceed in analogy to [1].
Lemma 5.1 Suppose there exists a X\ > 0 such that it holds Vi € CJQ that
(A £); < AfP7L Then
+
A > Qp(f p) .
1715

Proof: We have
MIFFE =AY A=A A=) fff
eV i€Cy i€CY
Using the assumption, it follows that

MR = D7 1AM )= AW ),

ieC? i€V

Applying the definition of A" this can be rewritten as
= D ST wydlfi - f)
eV jev

% > wiffo(fi— 1) + % > wiff (i — 1)

i,jeV i,jEV

1

i,jEV

Let us now have a closer look at the summands in the above sum. If both 7 and
j are in C¢, we have

= IDefi=£1) = (5= FN6F = £)
=517

12



Ifie C?c and j ¢ 9, it holds that

(F = FDeulfi = £5) = £ 1f— 1P sign(fi - f;)
= flfi- 0
f;_|fi‘p71 ’

v

where we have used that f; > 0 and f; < 0. The last term can be rewritten as
117 = 1= 1T
Analogously, if ¢ ¢ CJQ and j € C9, we have
(K= IDefi = 1) = 1] 1fi= [P sign(fi = 1)
= = H

-1
> fPIfP

P P
= [fFr=1 =51
Finally, in the case that both ¢ and j are not in C?, it holds that

(fF = el — ) =0=|f" = 1" .

If we combine these results, we obtain that

5 3 will = 56,0~ 1)

i,jEV
1 P
> b Z wij|fi-__f;_‘ :Qp(f+)v
i,jev
which completes our proof. O

The following inequality, which will be used in the next lemma, has been shown
by Amghibech [1].

Lemma 5.2 (Amghibech, [1]) Ifa,b>0,p>1 and % + % =1, then

12 —aP\? 1
- < Z(gP 4 bP) |
(p b@) _2(a +bP)

Lemma 5.3 For any function f € RY with 0 < ‘C’?‘ < 1|V] and W} roc a8
defined in (8) it holds that

Qp(fh) > (h?,Rcc)p< 2 )p_l
I+ = P max;ey d; '

Proof: Consider the term

S wi (= (1)

>

13



On the one hand we have

S ws((r-Gr) = 3wl

;> >

o
p- Zwij/er P dt .

>

We can change the order of integration and summation and obtain
£ o0
2 wj/ tpfldt:p-/ N wydt
+
N C e
Note that for t > 0,
Y owim Y wim ¥ a0,
> pt fi>t=fi JECE ieCh
which leads us to the following inequality

— cut(Ct, Ct
cut(C},Ch) = 7( ! f)-’Ct’ =
1 Cr o i
f

cut(C%, Cifc)
min { ’C’; Cifc

¢yl

}

mf{cm(c’c) ‘C:C}fort>0}~‘0;‘
C

)

min {|C| , |6’}

)

= h},RCC : |Cjtf

where in the second step we used the assumption that 0 < ‘C?’ < % |V]. As
this inequality holds for all £ > 0, we obtain

0o o0
p/o Y wijdth/O 77} ree |CF | dt

f>e> it

We now use that ‘C} =Y sl = Zf;r>t 1 (for t > 0), and change the order
of summation and integration again, which leads us to

[e's) f;r
p/ tp_lh‘?RCC Z 1dt = h;,RCC P Z / tp_ldt
0 0

fi>t f>0

£
= hjrcc E [t*]y’
f>0

= h;,RCC Z (f;r)p
fi>0
4P
Hp !

= hjgrce ||f

14



So we have just shown the inequality
> wi (= () 2 Bymce 171 (9)
>

On the other hand we have

> wi (= )

5>
5 2 wa(r-utr) ey X w0y - 6fY)
>t fisrr
- % > wi (5P = (5]
i,jEV

where again we exploited the symmetry of the weights in the second step. Let
q be the conjugate of p, defined by the equation % + % = 1. The sum can now
be decomposed into

5 > w6y - ()

i,jEV
_ LN e e (L ) D = Y
- Z 21[)1] |f] fl{ 2w2j ¥ T
[ =
5rARE J
1/p . 1/q
1 1=y
< > §w¢j]ff—ff|p 1Y S Wij ]ﬁﬁ
IR 5F#n J !
1/q

o _ (#Hp\ ¢
= Q,(fHYr. Z %wij <M> 7

fAf

where we used Holder’s inequality in the second step. By applying Lemma 5.2

15



we obtain for the second product term (assuming that p > 1)

1/q

! =y ! (G (PP

£F#£8F ;A1
p
< 11/q Z Wij ((f;_)p + (f;—)p)
,j€EV
1/4q
R +
= 17 (22di (f; )p>
iev
1/q
p
eV

Hence we have

2

> ft

By combining (9) and (10) we obtain

* +[|P max;ev di 1=1/p +\1/p +p—1
Wiree [f7, <P —%— QUL

which can be rewritten as

( 2 >p1 (h},RCC>p < Qp(f)
maxiey d; P BV an

1/q

> (-l >”)'“’”’Sp(maxjdi)l_l/pr<f+>1/pHfﬂ\i‘l- (10)

O

Proof of the lower bound in Theorem 5.1: Let f be the eigenfunction

of A,(,u) corresponding to the second eigenvalue A,. Let C'JQ be the set of values
where f; > 0, as defined in (7). Without loss of generality, we can assume that

1
0
< —
0<|Cy| < 51V
otherwise we just replace f by —f. We know that
AW =X, on CY,

so our condition for Lemma 5.1 is fulfilled. Applying Lemma 5.1 and 5.3 yields

\ > Qp(f1) S ( 2 )pl <h},Rcc>p .
PO T \maxiev d; p

Clearly, we have h?,Rcc > hrcc, which completes the proof.

16



6 Isoperimetric inequality - Normalized case

One can show that also in the normalized case, for p > 1 and every partition
of V into C, C there exists a function g, c € RV such that the functional G,(f)
associated to the normalized p-Laplacian satisfies

1 IR L

1 + — 1
vol(C)»=1  vol(C)»—1

Explicitely, the function g, ¢ is given as

G (gp.c) = cut(C,C) (11)

1/vol(C)#=T | ieC,

-1/ Vol(é)ﬁ ,i€C. (12)

(gp,c)i = {

As in the unnormalized case, the expression (11) can be interpreted as a balanced
graph cut criterion, and we have the special cases

GP(gs.0) = NCut(C, T),
lim G'?(g,.c) = NCC(C, C).
p—1 ’

It follows that minimizing the above balanced graph cut criterion is equivalent

to minimizing GI(;Q) with the restriction to functions that have the form given
in (12). With the same argument as in the unnormalized case, the second
eigenvector can be seen as a relaxation of balanced graph cuts. As in the
unnormalized case, the isoperimetric inequality gives upper and lower bounds
on the second eigenvalue in terms of the optimal Cheeger cut value defined as

hNCC = Hcl'f NCC(C, 6)

Theorem 6.1 (Amghibech, [1]) Denote by )\;2) the second eigenvalue of the

normalized graph p-Laplacian AZ(,H). Forp>1,

P
op—1 (hNCC> < /\é2) < gp—1 hnce -

p

The proof of the upper bound is similar to the unnormalized case. For the
proof of the lower bound, we use again the notation f for the restriction of the
function f to positive values, as well as C'Jtc, C’Ji for a partitioning of the vertex
set by thresholding, as introduced in (6) and (7). Furthermore, for any function
[V — R, we denote by h} yoc the quantity

B . cut(C,C)
FNCCTTE ) min {vol(C), vol(C)

} ‘C:C}fort>0} .

Analogously to the unnormalized case, the value of h} yo is the smallest pos-
sible NCC value obtained by thresholding f at some t > 0. Again, we set

% Nce = 00 in the case Cf = 0.
Lemma 6.1 Suppose there exists a X > 0 such that it holds Vi € CJQ that
(A £); < AfP7L Then

+
re QU
ZiEV d; |f i |
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Lemma 6.2 For any function f € RV with 0 < vol(C?) < 1vol(V) and h% nec
as defined above it holds that

Q) o (h?,NCC)prl
ZiEV di |fz+‘p B p .

Using the above lemmas the lower bound can now be proven in a similar way
to the unnormalized case.

7 Convergence to the optimal Cheeger cut

In p-spectral clustering, a partitioning of the graph is obtained by thresholding
the real-valued second eigenvector UE) of the graph p-Laplacian. The optimal
threshold is determined by minimizing the corresponding Cheeger cut, i.e. in

the case of the unnormalized graph p-Laplacian Aéu) one determines

arg min RCC(Cy, Cy), (13)
Co={ieV v (i) >t}

and similarly for the second eigenvector of the normalized graph p-Laplacian
A™ one computes
arg min NCC(Cy, Cy). (14)
Cy={ieV [v§? (i)>t}

One can now establish a connection between the cut obtained by thresholding
according to the above scheme and the optimal Cheeger cut.

Theorem 7.1 Denote by hiyo the ratio Cheeger cut value obtained by tresh-

olding the second eigenvector vz(f) of the unnormalized p-Laplacian via (13).

Then for p > 1,

p—1

hrce < hgroe < p(gg}dﬂgf(thc)

S

Denote by hicc the normalized Cheeger cut value obtained by tresholding the
second eigenvector v,(,z) of the normalized p-Laplacian via (14). Then forp > 1,
1

hnce < hyee < p(hnce)? .

Interestingly, the inequalities become tight for p — 1. This implies that the cut
found by thresholding converges to the optimal Cheeger cut, which provides the
main motivation for p-spectral clustering.

Proof of Theorem 7.1: Clearly, the lower bound holds. Let now f be the

eigenfunction of A,(,u) corresponding to the second eigenvalue \,. Let C}) be the
set of values where f; > 0, as defined in (7). Without loss of generality, we can
assume that

1
o< |CY <=V,
’ f’ =9 ‘ ‘
otherwise we just replace f by —f. We know that

AW =X """ on CY,
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so our condition for Lemma 5.1 is fulfilled. Applying Lemma 5.1 and 5.3 yields

\ > Qp(f1) N ( 2 )p_l <h?,Rcc>p .
PO, T \maxiey ds P

Note that h‘;,RCC = h}cc, and hence we obtain

2 p—1 * p
() (55) =
max;ey d; D N

(Note that this bound is tighter than the lower bound from Theorem 5.1). The
above inequality can be reformulated as

1
p=1 A 3
Moo < d;) ? L .
ree < p(maxd;) (2p1)
Using that A, < 2P~ hncc, we obtain

p—1

hixce < P (I?G%;(dz)T (hrcc)

S

As shown by Amghibech [1], in the normalized case one has the inequality

A, > 2Pl (hNCC>p
P p

Analogously to the unnormalized case one can show the stronger statement

\ > op-l <hi§cc>p > op-1 (thc>p
p = » 2

The first inequality can be reformulated as

N A
hnee < p <2p_pl> )

and with A, < 2P~ lhnee one obtains the result in the normalized case. O

=
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