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Abstract

We here provide additional proofs, definitions, lemmas and derivations omitted in
the paper. Note that material contained in the latter are referred to by the captions
used there (e.g. Theorem 1), whereas auxiliary statements contained exclusively
in this supplement are preceded by a capital Roman letter (e.g. Theorem A.1).

A Sub-Gaussian random variables and concentration inequalities

A random variable Z is called sub-Gaussian if there exists a positive constant /K such that
E[|Z|7)/9 < K /q. The smallest such K is called the sub-Gaussian norm 12, of Z. T E[Z] = 0,
which shall be assumed for the remainder of this paragraph, then the moment-generating function
of Z satisfies E[exp(tZ)] < exp(—t2/(20?)) for a parameter o > 0 which is related to 12|, by a
multiplicative constant, cf. [1]. It follows that if 73, ..., Z,, are i.i.d. copies of Z and v € R", then
> i, viZ; is sub-Gaussian with parameter ||v|\§ o2, We have the well-known tail bound

22
P(|Z] > z) <2exp (W) , z>0. (A.1)
Combining the previous two facts and using a union bound, with Z = (Zy,...,Z,) T, it follows
that for any collection of vectors v; € R", j =1,...,p,
1
T ; < 2 > 0. )
P (1??%(1,'1)3 Z| >01r£]a%<p||vj||2 210gp+0z> < 2exp 5% | z2>0 (A2)

A.1 Bernstein-type inequality for squared sub-Gaussian random variables

The following exponential inequality combines Lemma 14, Proposition 16 and Remark 18 in [1].

Lemma A. 1. Let Z4,..., Z, be i.i.d. centered sub-Gaussian random variables with sub-Gaussian
norm K. Then for every a = (ay,...,a,)" € R"™ and every z > 0, one has

2’2 z
P >z | <2exp [ —cmin , , (A3)
( ) ( (K4 lall3” K2 alloo>>

where ¢ > 0 is an absolute constant.
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A.2  Concentration of extreme singular values of sub-Gaussian random matrices

Denote by Smin(X) and Smax(X) the minimum and maximum singular value of a matrix X. The
following statement is a special case covered by Theorem 39 in [1].



Theorem A. 1. Let X be an n X s matrix with i.i.d. centered sub-Gaussian entries having unit
variance and sub-Gaussian norm K. Then for every z > 0, with probability at least 1—2 exp(—cz?),
one has

Vi —Cvs — 2 < smin(X) < smax(X) < Vn+ Cy/s + z, and (A4)
1+ 9 s z
—_ — < = —_ _— .
Smax (nX X I) < max(6,0%), where 6 C\/;—i— T (A5)

with C, ¢ depending only on K.

B Proof of Theorem 1
Self-regularizing property. We call a design self-regularizing with universal constant x € (0, 1] if
BTEB>k(178)* V3 = 0. (B.1)

Theorem 1 Let X fulfill the self-regularizing property with constant k. Then, with probability no
less than I - 2/p, the NNLS estimator obeys

2logp

802 logp

*IIXB - XB3 <X 1871 +

Proof. For some vector 6 € RP,set P = {j : 0; > 0} and N = {j : J; < O} and define
0= p*— ﬂ where ﬂ is a minimizer of the NNLS criterion. We will bound the ly- -norm of 5. Note
that by feasibility of 3, we have § < 3* and hence ||§ pll1 < ||6%||;. By definition, & minimizes

2
EgTX5+5;ZPP5P+26;ZPN5N+51—\52NN5N- (B.2)

over all feasible § < $*. The ¢;-norm ||SN |l1 can be controlled by bounding the ¢;-norm of any
minimizer d of the problem

2 T - T N2
rdnjlglﬁs Xnd+2|8*; 1 d+ k(1" d)*, (B.3)

where (B.3) is obtained from (B.2) by omitting terms not depending on d y and replacing 5; ) PNON
and 0, X n y O by the lower bounds

5pSpNoN > — 187, 176, (B.4)
SRENNON > K(1T6N)2, (B.5)

where (B.4) follows from the ¢{-bound on Sp in combination with Holder’s inequality, and (B.5) is
obtained by invoking the self-regularizing property (B.1). These replacements evidently ensure that

HEN h < ||E 1, where d is any minimizer of (B.3). The KKT optimality conditions of the quadratic
program (B.3) read

1 ~ ~

EX}e + 181+ k(1Td)1+a =0,

C/l\j 0, ﬂtoa ﬁk&\kzoa k:13a|N|a
where ji is a Langrangian multiplier. From the first equation, it follows that

1871 + A X'e

K n

A:

ld]ly <

Since 3* is feasible for the NNLS problem, using ||3NH1 < ||JH1 and k < 1, we have

Lo oy 1o 2 o~ - - 1A 8|, + 242
L - xBI3 = L1xalE < - 227 x5 < 24(1Bpl + Jaw ) < AN 24T

Using the maximal inequality (A.2) for a finite collection of sub-Gaussian random variables, the

event {A <20 QIng } holds with probability no less than 1 — 2/p. The result follows.



C Addendum for Definition 2

Lemma C. 1.
(i) ©(S) >0 7(S) > 0« XsRY is aface of C.
(ii) ©(S) < 1 with equality if {X;} jes and {X;} jes- are orthogonal and ~ X §. X g« is entry-
wise non-negative.

Proof. (i1): We have

. . 1 1
72(8) = min — | X0 — XseA|3 = min — ||ZA||5, hence (C.1)
OERS, AeTP—s-1 N AeTP—s—1n

MeTP > st ZA=0 =2 ZA=0 = |Z" ZA|oo =0 = B(S) = 0.
On the other hand
I EV(F) st | Zp Zpt|loo =0 = ZpZr0=0 = || Zr0|3 = 7(S) =0.
The second equivalence is by the definition of a face of a cone.
(i1) Consider all principal sub-matrices %Z}— Z . By definition, &(S) equals the maximum of the

absolute values of the entries of %Z; Z v, where one minimizes over all v contained in the boundary

of the unit cube in [0, 1]/F'|. We may restrict our attention to matrices %Z T Z which are entry-wise
non-negative. To see this, assume that there exists a non-negative off-diagonal entry for a pair (j, k).
Then pick Fy = {j, k} and set V(Fy) = {v € R* : v = 0, ||v||,, = 1} to obtain that

-5 : 1 T 1 T 1 T
w(s) < venl}?}%) ﬁZFOZpov N < max{E(Z Z) ;5 + E(Z Z)jk,
1 1
(27 2+ (27 Z) )
A2 2w+ (2 Z)ju
1 1
< max{(ZTZ)jj, (ZTZ)kk} <1,
n i
. 2 1 2 2 . T . .
re-calling that ||Z; ;5 = ||TI3 XJ-H2 < [[Xj|3 = nforall j. If Z'Z is entry-wise non-negative,

a similar argument shows that &(S) equals the minimum diagonal entry of %Z T Z, which is upper
bounded by 1. Since

-1
1 1 1 1
—7'7 = —-X&Xge — —X3. X5 (ngs) XJ Xse,
n n n n

orthogonality impligs that 1277 = 1XJ. Xge. Using entry-wise non-negativity of =X J. Xge
together with ||.X||5 = n, the assertion follows. O

D Proofs of Lemma 1 and Lemma 2

Lemma 1 B is a minimizer of the NNLS problem if and only if there exists F C {1,...,p} such
that

1 -~ ~ 1 ~ ~
—X/(y—XB)=0,and 3; >0, j € F, —X/(y—XB)<0,and3; =0, j€F°.
n n

Proof. For p, 8 = 0, the Lagrangian of the NNLS problem is given by

1
LB = —lly = X85 —u' .

Lemma 1 is then immediately obtained from the resulting KKT optimality conditions. [



Lemma 2 Consider the two non-negative least squares problems

B[t A (P1) 1 (P2) _ A(P1)|2
(PU): min I3 —XsepT)E (P2 min +[Tsy - XsB™) — MsXse B3
with minimizers BEY of (P1) and 3P of (P2), respectively. If B®? = 0, then setting Bs =
B(PQ and Bg = ﬁ(Pl) yields a minimizer ﬁ of the non-negative least squares problem.

Proof. The NNLS objective is split into two parts in the following way:

min > Hy XB|I; = Iﬁmn* sy — Xs8s — Mg Xsefse 5 + ||€ — ZBse|l3, €=Tge

R (D.1)
Separate minimization of the second summand on the r.h.s. of (D.1) yields 3("1). Substituting 5(©')
for Bge in the first summand, and minimizing the latter amounts to solving (P2). In view of Lemma

1, if B (P2) w0, it coincides with the unconstrained least squares estimator (D.1) corresponding to
problem (P2). This implies that the optimal value of (P2) must be zero, because the observation
vector of the non-negative least squares problem (P2) is contained in the column space of Xg.
Since the second summand in (D.1) corresponding to (P1) cannot be made smaller than by separate
minimization, we have minimized the non-negative least squares objective.

E Addendum for Examples 1 and Examples 2

E.1 Example 1

The Gram matrix > = %LX T X can be identified with a covariance matrix of a set of zero-mean, unit
variance random variables { R;}”_,. Correspondingly, for any S C {1,...,p}, the matrix

1 1 _
HZTZ = ﬁX; (I —Tlg)Xge = Bgege — LgesLgaLage (E.1)

can be interpreted as the conditional covariance matrix of the random variables {R;}cg- condi-
tional on {R; };cs. The power decay structure of the matrix ¥ induces a Markov random field (see
[2]) so that the conditional covariances satisfy Cov(Ry, R;|{R,;}jes) > 0, with equality if S con-
tains an index j such that £ Al < j < k V [. The minimum diagonal entry of %Z T Z used to lower
bound &(S) can be obtained from the following consideration.

1
g(ZTZ)jj = Var(Rj|{Ry}res) = Var(R;|{Rj-1, Rj+1}) = 0j; — Zjn(Enn) ' Sy, (E2)

with A/ = {j — 1,/ + 1} and
_ o

Explicit computation of the r.h.s. of (E.2) then yields that 1 ~(Z TZ);,>1— T +;2

Moreover, it is well-known (see again [2]) that the off- dlagonal entries of the inverse of a co-
variance matrix are — up to a change in sign and a multiplicative factor — equal to the con-
ditional covariances after conditioning on all remaining variables, i.e. for j # k, (¥71)j; o
—Cov(Rj, Rk {Ri}i1¢(j,ky). In view of the Markov random field structure under considera-
tion, which implies that all R; are conditionally independent of all remaining variables given
{R;_1,Rj11}, it thus follows that ¥ =1 as well as the inverses of sub-matrices Y g4 have at
most two non-zero off-diagonal entries per row. Hence, K(S) = max,, o]l =1 HEgévHoo and
Pmin(S) = min,, ||y, =1 [|[Essv]|, are necessarily upper and lower bounded by constants depend-
ing on p only, but not on s.

E.2 Example 2

One computes that

L 1 14+(s—2)p j=F
5= T k. @3




and consequently, using (E.1),
1 1—p’s/(1+(s=1)p) j=k
ZTZ) = { . (E.4)
(n i lp=p's/(L+(s=1p) j#k

From (C.1), 72(S) = minycrvr—s-1 AT 2 ZT Z\. In view of the simple structure (E.4), one verifies
that the minimum is attained for A = 1 /fp — s), which yields that

~2 _ (@=p)p IL—p -1
T(S)_(sfl)p+1+pfs_o(s )s (E.5)

and, with high probability,
20+/21og(p)/n < ((s=1)p+1)20+/2log(p)/n
72(9) - (L—=p)p ’

as given in the paper. Given the closed form expression (E.3), the bound (14) in the paper, which,
for some vector v, reads

185 <

(E.6)

[Z55Tssevloo < max_ [ISg5vlleo max fojul ],

v [Jv| =1 keSe
K(S) n(S)
is replaced by
p

12558 s50]l00 < [E581l00 [0l = T (=1 [oll;

using the fact that all off-diagonal entries of ¥ are equal to p. Applying the previous bound to

v = [ge together with (E.6) and ¢,in(S) = 1 — p and following Step 3 in the proof of Theorem 2
in the paper, one obtains that with high probability,

4o 2logp

S -
Hﬁs ﬁSHoo_ 1—-0p n

provided Buin(S) exceeds the right hand side. Moreover, (E.4) implies that ©(S) = 1 — p?s/(1 +
(s — 1)p), since all entries of %Z TZ are non-negative. Consequently, choosing the threshold as

A= 22, /2P with &(S) as above,

5(5)
2
< 4o Log (1 p°s /210gp.
o 1—p 1+ (s=1)p n

[ERE

F Proof of Theorem 3

Consider the following ensemble of random matrices
Ensy = {X = (z;;),{zsj, 1 <i<n, 1 <j<p}iid. from asub-Gaussian distribution on R }.
Theorem 3 Let X be a random matrix from Ens_., scaled s.t. E [%X X ] =pl+(1—p)117 for

some p € (0,1). Fixan S C {1,...,p}, |S| < s. Then there exists constants ¢, c1, ¢, c3,C,C" >0
such that for all n > C'log(p)s?,

72(S) > cs™t — C"/log(p)/n

with probability no less than 1 — 3/p — exp(—cin) — 2exp(—cs log p) — exp(—cs log'/?(p)s).

We state and prove three basic concentration results first.

LemmakF. 1. Let 71, ..., Z, be i.id. centered, unit variance sub-Gaussian random variables with
sub-Gaussian norm K. Then for all z > 0
n ) . 2’2 2
P Z Z:>n+zn| < exp(fcmln(ﬁ, ﬁ)n) (E1)
i=1



Proof. Noting that E[Y"" | Z?] = n and re-arranging, the result follows from Lemma A.1 with
a=(1,...,1)". O

In the sequel, we denote by ¥* the population covariance E[2 X " X] = (1 — p)I, + p11T, where
p € (0, 1) depends on the specific distribution for the entries (z;;).

Lemma F. 2. If X is a random matrix from Ens.., then for all t > 0 and any S C {1,...,p},
|S| < s, with probability at least 1 — 2 exp(—c1t*) — exp (—co min (£2,t) s)

1 2(1+1) S
max | = XdXg—3%q) < 2 1/ = \/7 — F2
s (n g Xs ss) max(d,6°) , 0 =0C% e (F2)

where C,C1,Cs, ¢, c1,co > 0 are universal constants.

Proof. We decompose X% = X% + u1, where i > 0 is the mean of the entries, i = 1,...,n. We
have
n

1 * 1 v i vi
s (X3 Xs = D5 ) = s |1 Y (Kb 41, 0)? - BIUK + 41,07

v floll=1 |7 =

)

=3~ (15,0 — BURE o)+ 2<u1,v><fg,v>)|

= sup
oi vl =1 " 55
1 S~ ~ 1M
< sup |- Z ((ng’@? _ E[(Xé,v>2]> +2 sup |[{ul,v)— Z<X§7v>
vi loll,=1|" 55 v: ||olly=1 n 4

The first summand is handled by an application of Theorem A.1. For the second summand, we have

1 noo_ 1 noo_
2 sup (ul,v>—Z<X§,v> <2 fZXg
v: [loll,=1 et nia 5
Re-writing the norm as
1/2 1/2

2
1 = i 1 1 i . 1 S 1 n _

and noting that, as explained in Appendix A, the sub-Gaussian norm of the {Z;} is uniformly
bounded by an absolute constant, say L, we invoke (F.1), which yields for all ¢ > 0

°~ 5 - (ot
ZZj>s+ts < exp [ —cmin i I2 s ).

j=1
The claim follows by taking roots and back-substituting. O
Lemma F. 3.
1 1
max <XTX - Z*) <Oy —— ng
1<jk<p|\n ik n

with probability at least 1 — 3/p — exp(—cn), where C, ¢ > 0 are universal constants.

Proof. Write )~(j = X; —pl, j = 1,...,p, for the column vectors obtained by centering the
columns of X. We have

1 1,5 = 1, = 1, =

(00 = BIOG. 00D = (65,0~ (B0 + 2BD) . E3)

For the second term in (F.3), we have, in view of the properties of sub-Gaussian random variables in
Appendix A

P (‘gUN(J + X, 1)‘ > \@uz) < 2exp(—conz?). (F4)



For the first term in (F.3), let us first consider the case j # k. Fix any j € {1,...,p}. It follows
from Lemma F.1 that the event £; = {|| X ||§ < 2n} holds with probability at least 1 — exp(—cin).

Conditional on &j, (X i X.) is a sub-Gaussian random variable with sub-Gaussian norm bounded
by L+/n, for some universal constant L > 0. It follows that

() <o 25

< 2exp(—conz?/L?) + exp(—cin) < 2exp(—cznz?) + exp(—cin).

1 ~ ~
E<Xj7Xk>

> z‘gj) +P(E) ©s)

Let now j = k. With the aim to control the first term in (F.3), an application of Lemma A.1 yields
Vz>0

Pl|- (3%, — E[Egj]) > 2z | < 2exp(—cqmin(z, 2%)n). (E.6)
Combining (F.4), (F.5) and (F.6), with a union bound over all p? entries of %X TX and setting

loﬁp , we obtain

1 1 3
P (XTX — Z*) > Ch/ o8P < =+ exp(—cin + logp).
n ik n P

Equipped with these auxiliary results, we turn to the actual proof of the Theorem. We analyze the
random scaling of 72(.S) using the dual formulation (C.1). In the following, denote by S*~1 = {u €
R?® : ||ul|y = 1} the unit sphere in R®. Expanding the square in (C.1), we have

z = 2/4/min{cg, c3, ¢4}

O

. , 1 1 1
72(8) = min 0T = X3 X0 —20T —XI Xge A + AT = X3 Xge A
OcRs, AeTP—s—1 n n n

Y

1
. 2 Ty 2 T *
min réu Yoqu — 178 —XcXg— X —
r>0, ucSs—1, \eTpP—s—1 95 max (n o 88

1 1
- 2ruTﬁX;ch>\ + AT;X;XSCA

2 T 2 Lo &7
> i E* - max —XgXs — p
>0, uessrfnll,n/\eTpfsfl nu ssU =18 <n s4S SS)
1 1-—
—2pru’1 = 2ru’ (= Xd Xge — Dhge )N+ p+ P
n p—
1
— sup (A (=X Xge — Zi"gcsc)/\’ .
AeTP—s—1 n
For the last inequality, we have used that minyepr-s—1 A Sheged = p + ;:g by set-
ting A = 1/(p — s). We further set A = spax (2 XJXs—S%g) and § =

SUP,ege—1 aerr—o1 |u! (2 X Xge — Thege) Al. The random deviation terms A and & will be
controlled uniformly over v € S*~! and A € TP~*~! by means of the two preceding lemmas, and
are hence subsequently treated as constants. This approach allows us to minimize the lower bound
in (F.7) w.r.t. u and r separately from \. The minimization problem involving u and r reads

min TQuTEESu —2pru’1 —r2A — 2r6. (E.8)
r>0, ueSs—1

We first derive an expression for

o(r) = géinl r2u Sheu — 2pru’ 1. (F.9)
uesSs
We decompose v = ull + u*, where ul = <%, u> % is the projection of u on the unit vector

1/4/s, which is the eigenvector of X% associated with its largest eigenvalue 1 + p(s — 1). By



Parseval’s identity, we have |[ull||3 = v, |[ut|| = (1 — 7) for some v € [0,1]. Inserting this
decomposition and noting that the remaining eigenvalues of X% are all equal to (1 — p), we obtain
the following expression to be minimized w.r.t. v € [0, 1]

2y (14 (s = 1)p) +r2(1 —7) (1—p) —2pr/7V/5, (F.10)
—_—— ~——
Smax(Egs) Smin(ZES)

where we have used that (u", 1) = 0 and that all potential minimizers must satisfy (u/l, 1) > 0. Let
us put aside the constraint v € [0, 1] for a moment. The expression (F.10) is a convex function of

~, hence we may find an (unconstrained) minimizer 7 by differentiating and setting the derivative
equal to zero. This yields ¥ = ——, which coincides with the constrained minimizer if and only if

r> ﬁ Now observe that the minimizer of the problem min, . ,eg:—1 r2uTZ§ SUu— 2pru’ 1 with

r being unfixed equals the minimizer 9 of the problem mingeg: 0T X540 — 2p0 " 1, which is given

by 0 = #171),) = % . %, a unit vector satisfying v = 1 times a radius less than 1/./s. We

conclude that for all < 1/4/s, the minimum is attained for v = 1, hence the function ¢(r) (F.9) is
given by

o(r) = {r2smaX(E§S) —2rp\/s r<1//s, (E11)

r2(1—p)—p otherwise,

where the second line is obtained by inserting 7 = rTls for v in (F.10). The minimization problem
(F.8) to be considered eventually reads

m>i{)11/)(r), U(r) = o(r) — r2A — 2r6. (F.12)
We argue that it suffices to consider the case r < 1/4/s in (F.11) provided
(1 =p)—A)?2 > §2%s, (E.13)

a condition we will comment on below. If this condition is met, differentiating shows that v is
increasing on [ﬁ, 00). In fact, for all r in that ray,

%w(r) =2r(1 — p) — 2rA — 24, and thus

d 1 1

— for all — —((1=p) —A 1—p)—A)? .

dr¢(r)>0 orall r € {\/g,oo) = \/g(( ) )>d0 & (1—p) )= > sd
Considering the case r < 1/4/s, we observe that 1)(r) is convex provided

Smax(Zgg) > A, (F.14)

a condition we shall comment on below as well. Provided (F.13) and (F.14) hold true, the minimizer
7 of (F.12) is given by (p/s +0)/(Smax(X5g) — A). Substituting this result back into (F.12) and in
turn into the lower bound (F.7), one obtains after collecting terms

2 (1-p)—A 2p\/s6+0%  1—p 1T \
S > — — )\ *X (;X c — c Qe )\ .
. )_p(l_p)+3P_A SmaX(EES)_A+p_3 )\6781224 (n S sese)
(F.15)
Consider the two events
2]og!/? 1 1 1
A={Aa<oy (/2222 282 0 B = {max <XTX2*> < Oy [ 282
n n 3.k n ik n

for universal constants C, Cy > 0. Conditional on .4 N BB, bounding

1 N /1o
(nX;cXSc — SCSC) )\H S \/502 5p7

and inserting the scaling for A under A, there exists a sufficiently large constant C > 0 such
that the two conditions (F.13) and (F.14) supposed to be fulfilled previously indeed hold given that

0 < sup |ul|; sup
u€Ss—1 AerTpr—s—1




n > Clog(p)s?. We may re-write (F.15) as

gy s LA ) 2t 004 (s—1p)
SU-A/U-p)+si  T-A+G-1p) 1-A+G-1D0 g4
~ ;uiil )\T(TILX;XSC—ZECSC))\‘.

Conditional on 4 N B, there exists again a sufficiently large constant C > 0 such that if n >

C'log(p)s?
1 /1 1 /1 1 /1
Cl1— — Cg o8P - 04 OgP — 02 o8P =C1— — C5 o8P (F17)
S n n n S n

by inserting the resulting scalings separately for each summand in (F.16), where c¢1,C3, Cy, C5 > 0

are universal constants. We conclude that if n > max(C, C') log(p)s2, (F.17) holds with probability
no less than 1 — P(A) — P(B). Using Lemmas F.2 and E.3 to control P(.A) and P (1), the result
follows.
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