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multidimensional block products

3 Equivalent Views

Lcy”

Existence of constant depth poly-sized circuit family accepting L
=

Existance of first-order formula defining L
=

Existence of morphism into a blockproduct recognizing L

Klaus-Jorn Lange IQuantifying over tuples with Algebra The Ml September 2015

3/24



multidimensional block products

¢ = Qi X1QZX2"'QdXd ‘ﬂ()—())

is transformed into
M¢ = /\/IQ1 DM02 cee DMQdDMw

and hy : ¥* — M such that

W= ¢ & hy(w) e M.
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multidimensional block products

¢ = Qi X1QZX2"'QdXd ¢()?)

is transformed into
M¢ = /\/IQ1 DM(32 cee DMQdDMw

and hy : ¥* — M, such that

W= ¢ & hy(w) e M.

But this works for unary quantifiers, only!
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How to express algebraically Qy, x,.. x¥ (X1, -+, Xq)?
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multidimensional block products

How to express algebraically Qy, x,.. x¥ (X1, -+, Xq)?

Need to provide sums of the form

Ixy It + Pyl =+ ITry + Il r 4 ry Tyt 4 [P+ rrxry, + 1ryry

Iyt Ixlyr Ixrry
or sequences/matrices of the form fyrl  Fryyl Iyl
ryffx Iryfx [Tl

Klaus-Jorn Lange IQuantifying over tuples with Algebra The Ml September 2015 5/24



multidimensional block products

Algebraic Simulation of Logic

Q a first order quantifier, w a word of length n = |w|:
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Q a first order quantifier, w a word of length n = |w|:

When is w a model of Qy ¥/(x)?

wikE Qxy(x) e
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multidimensional block products

Algebraic Simulation of Logic
Q a first order quantifier, w a word of length n = |w|:

When is w a model of Qy ¥/(x)?

wikE Qxy(x) e

First, x is attached to all possible positions

Wy=1 = ¢7 = by
Wy—2 = Y7 = b2
Wy=i = ¢7 = b

Wx—n = Y7 = bp
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multidimensional block products

Algebraic Simulation of Logic
Q a first order quantifier, w a word of length n = |w|:

When is w a model of Qy ¥/(x)?

wikE Qxy(x) e

First, x is attached to all possible positions

Wx=1 IZ "b? = b1 Then the resulting values are
Wx=2 IZ '70? - b2 evaluated by Q
Wy=i = ¥? = b

Q-Evali<i<nb;
Wx—n = Y7 = bp

September 2015
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multidimensional block products

How to express this in Algebra?
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multidimensional block products

How to express this in Algebra?

Easiest part: express Q by a monoid.
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multidimensional block products

Symmetric Quantifiers

Quantifier by b- Accepting Rejecting
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Symmetric Quantifiers

Quantifier by b- Accepting Rejecting
3 +1 0 >0 =0
\4 0 +1 =0 >0
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multidimensional block products

Symmetric Quantifiers

Quantifier by b- Accepting Rejecting
3 +1 0 >0 =0
\4 0 +1 =0 >0
350(61) 1 0 q-N g-N+{1,2,---g—1}
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multidimensional block products

Symmetric Quantifiers

Quantifier by b- Accepting Rejecting
3 +1 0 =0
\4 0 +1 >0
3=0(a) 1 0 g-N+{1,2,---g-1}
Maj +1 -1 <0
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multidimensional block products

Symmetric Quantifiers

Quantifier by b- Accepting Rejecting
3 +1 0 =0
\4 0 +1 >0
3= 1 0 q-N+{1,2,---q-1)
Maj +1 -1 <0

no negative numbers neccessary here
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multidimensional block products

Quantifier Q is expressed by
Mq A monoid
M, An accepting subset
by An element of Mq representing the value true
b_ An element of Mg representing the value false

We are now left with the task to check

n b.. »
A sum in Mg [Z { o Wi 2 Y e MS?
i=1 b—a Wx:i I;& l//
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multidimensional block products

The Symmetric Case

The case Mg commutative ancyeic

@ Dimension 1: Single Variables
@ Dimension > 1: Tuples of Variables
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The case Mg commutative ancyeic
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multidimensional block products

The Symmetric Case

The case Mg commutative ancyeic

@ Dimension 1: Single Variables only the half story
@ Dimension > 1: Tuples of Variables only 3/4 of the story
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multidimensional block products

The Symmetric Case

The case Mg commutative ancyeic

@ Dimension 1: Single Variables only the half story
@ Dimension > 1: Tuples of Variables only 3/4 of the story

Alias:
MQ — B the Base
M¢ — R the Rest
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multidimensional block products

2 R : finite abstract sums (multisets) over R : Z ri
i€l
Addition in XR:
Tielli + Ljeyli = Tkekly,

where K is the disjoint union of Iwith Jand r;’ = rc if k € land r;/ = r;
otherwise.
Pointwise Multiplication in XR:

E E /. § ,
ri * r] — rirj abstract sum of products in R

iel jed iel jed

Neutral element of X R is eg regarded as abstract sum.

The empty sumOisazero: 0-f=f-0=0forallfe XRand0+f=f+0="f.
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multidimensional block products

Symmetric Construction

The d-dimensional case VI =d

MR ={f: 2V — TR f(0) € R}
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multidimensional block products

Symmetric Construction

The d-dimensional case VI

MR ={f: 2V — TR f(0) € R}

Multiplicationon [«]R : f,f" €[4]R:

fof(A)=
A=BUB’,BNB’=0
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multidimensional block products

Symmetric Construction

The d-dimensional case

MR ={f: 2V — TR f(0) € R}

Multiplicationon [«]R : f,f" €[4]R:

fof(A) = > f(B)- f(B)

A=BuUB’.BNB’=0

Observe fo f'(0) = f(0) - f'(0) e R
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Symmetric Construction

The d-dimensional case VI =d
MR ={f: 2V — TR f(0) € R}

Multiplicationon [«]R : f,f" €[4]R:

fof(A) = > f(B)- f(B)
A=BUB’,BNB’=0

Observe fo f'(0) = f(0) - ' (0) € R

Neutral element of [4]R is fo defined by f,(0) := er and fy(A) := 0 for
A0
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multidimensional block products

The Onedimensional Case

Assume V = {x}

Write f € [1]R as (ry := f({x}), r := (0))
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The Onedimensional Case

Assume V = {x}

Write f € [1]R as (ry := f({x}), r := (0))

Then f@ f - (rxr + rrx, rr) Our good old block product
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The Onedimensional Case

Assume V = {x}
Write f € [1]R as (ry := f({x}), r := (0))
Then f@ f - (rxr + rrx, rr) Our good old block product

and fo fof = (rerr+ regr + rrry, rrr)
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multidimensional block products

The Twodimensional Case

Assume V = {x, y}

Write f € [2]R as (rxy = f({x. y}), r = f({x}), r, == f({y}), r
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The Twodimensional Case

Assume V = {x, y}

Write f € [2]R as (rxy = f{x, y}). rc == f({x}), 1, == f({y}). r := f((Z)))
Then

fof = (rxyr+ rrxy + rxry + ryrx, rxr+rrx,ryr+ rry,rr)No\omgerourgoodo\db\ockproduct‘
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The Twodimensional Case

Assume V = {x, y}

Write f € [2]R as (rxy = f{x, y}). rc == f({x}), 1, == f({y}). r := f((Z)))
Then
fof = (rxyr + rrxy + rxry + ryrx, Iyl 4 rry, ryr + rry, rr) No longer our good old block product!

fOfOf({X,y}) = ryMr+rrxyr+rrrxy 1y rHrrry 1, rr 1y F Iy 1y ry
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multidimensional block products

Evaluation

From f(V) = Y/ i € 3, R and accepting subset R c R build:
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multidimensional block products

Evaluation

From f(V) = Y/ i € 3, R and accepting subset R c R build:

Z b., rieR"
b_, ri¢ Rt

i€l
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multidimensional block products

Evaluation

From f(V) = Y/ i € 3, R and accepting subset R c R build:

Z b., rieR"
b_, ri¢ Rt

i€l

and then test:
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Happy End

to cut a long story short

Wi ¢ =Qu(X) & hy(w)eM; = (Ma[s]My)*
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multidimensional block products

Remarks

mp :[v]R — R defined by m¢(f) := f(0) is a morphism corresponding to
m2 in the good old block product.
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multidimensional block products

Remarks

mp :[v]R — R defined by m¢(f) := f(0) is a morphism corresponding to
m2 in the good old block product.

ny : [v]R — B defined by mq,(f) := B ® f(V) is not a morphism and
somehow corresponds to 71(.)(e, e) in the good old block product.
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multidimensional block products

Remarks

mp :[v]R — R defined by m¢(f) := f(0) is a morphism corresponding to
m2 in the good old block product.

ny : [v]R — B defined by mq,(f) := B ® f(V) is not a morphism and
somehow corresponds to 71(.)(e, e) in the good old block product.

Nesting the [v]-operator needs (finite) formal sums of (finite) formal sums.
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multidimensional block products

The General Case

Case: Mg not even commutative

@ Remarks
@ Dimension > 1: Tuples of Variables
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multidimensional block products

The General Case

Case: Mg not even commutative

@ Remarks
@ Dimension > 1: Tuples of Variables

Alias:
MQ — B the Base
M¢ — R the Rest
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Remarks

Example: oracle quantifier Q- for L c {0, 1}*

B={0,1},BT +L,b, =1,b_=0.

By convention, quantifiers over tuples are evaluated in lexicographic order,
i.e.:
n n

QL . ¥(x1. -+ . Xq) is evaluated as l_[ ]_[ w(X)

X1= Xd:1
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multidimensional block products

General Construction

The d-dimensional case: Again V = {xq, X2, - - , X4}

STaIR={f=(fa)acv 020, fa: (1,2, ,n}* — R}

up to d-dimensional cubes in R where d = ['V|. Observe f € R
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General Construction

The d-dimensional case: Again V = {xq, X2, - - , X4}

STaIR={f=(fa)acv 020, fa: (1,2, ,n}* — R}

up to d-dimensional cubes in R where d = ['V|. Observe f € R

We set|f| :=n
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General Construction

The d-dimensional case: Again V = {xq, X2, - - , X4}

STaIR={f=(fa)acv 020, fa: (1,2, ,n}* — R}

up to d-dimensional cubes in R where d = ['V|. Observe f € R

We set|f| :=n
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General Construction

The d-dimensional case: Again V = {xq, X2, - - , X4}

A
Y[R ={f=(fa)acv |n 20, fa: (1.2, .n}* — R}
up to d-dimensional cubes in R where d = ['V|. Observe f € R

We set|f| :=n

Multiplication @ on[«]R: f,f" €e[afRand A CV:

(f © f’)A(ix)xeA =
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General Construction

The d-dimensional case: Again V = {xq, X2, - - , X4}

A
Y[R ={f=(fa)acv |n 20, fa: (1.2, .n}* — R}
up to d-dimensional cubes in R where d = ['V|. Observe f € R

We set|f| :=n

Multiplication @ on[«]R: f,f" €e[afRand A CV:
(f@ f,)A(iX)XGA =

1<iy <|fOf|:=[fl+|f
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multidimensional block products

General Construction

The d-dimensional case: Again V = {xq, X2, - - , X4}

STaIR={f=(fa)acv 020, fa: (1,2, ,n}* — R}

up to d-dimensional cubes in R where d = ['V|. Observe f € R

We set|f| :=n
Multiplication @ on[«]R: f,f" €e[afRand A CV:
(f@ f,)A(iX)XGA =

where B:={xecAlix<I|flland B := A\ B, 1 <ix <|fof|:=I|fl+|f|
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General Construction

The d-dimensional case: Again V = {xq, X2, - - , X4}

STaIR={f=(fa)acv 020, fa: (1,2, ,n}* — R}

up to d-dimensional cubes in R where d = ['V|. Observe f € R

We set|f| :=n

Multiplication @ on[«]R: f,f" €e[afRand A CV:

(f © f,)A(iX)XGA = fB(ix)xeré/(ix - |f|)xeB’

a multiplication in R. Observe: (fo ')y € R

where B:={xecAlix<I|flfand B := A\ B, 1 <ix <|fof|:=I|fl+|f|
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General Construction

The d-dimensional case: Again V = {xq, X2, - - , X4}

SR ={f=(fa)acy |n=0, fa: (1.2, .n" — R}

up to d-dimensional cubes in R where d = ['V|. Observe f € R

We set|f| :=n

Multiplication @ on[«]R: f,f" €e[afRand A CV:

(f © f,)A(iX)XGA = fB(ix)xeré/(ix - |f|)xeB’

a multiplication in R. Observe: (fo ')y € R

where B:={xecAlix<I|flfand B := A\ B, 1 <ix <|fof|:=I|fl+|f|

Neutral element of [¢[R is € which is the f with [f| = 0 and fp = er
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multidimensional block products

The Onedimensional Case

Assume V = {x}

Write f e[ R as (rx 1= fix, r == fp)
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The Onedimensional Case

Assume V = {x}
Write f e[ R as (rx 1= fix, r == fp)

Then f@ f - ((rxr, rrx), rr) Our good old block product
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The Onedimensional Case

Assume V = {x}
Write f e[ R as (rx 1= fix, r == fp)
Then f@ f - ((rxr, rrx), rr) Our good old block product

And fo fof = ((rr, rrcr, rrry), rrr)
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The Twodimensional Case

Assume V = {x, y}

Write f € [2] R as (1 = fiy) I = fix)s 1y == fiy) 1 1= fo) =1
Then
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The Twodimensional Case

Assume V = {x, y}

Write f € [2] R as (1 = fiy) I = fix)s 1y == fiy) 1 1= fo) =1

Iyl I'xl 158
Then f@ f - ad Xy s X 5 (I’yr, I’I’y), I'T | No longer our good old block product!
fyfx  Irxy Iy
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multidimensional block products

The Twodimensional Case

Assume V = {x, y}

Write f € [2] R as (rxy = fixyys Ix 1= fixga 1y 1= fiyy 1 1= fm)

Iyl I'xl 158
Then f@f: ad Xy s X ,(I’yr, I’I’y),l’r No longer our good old block product!
fyfx  Irxy Iy
Ixylr Ixlyl | Ixrry
(FOf)Of)xyy = IyIxr Iyl | Iy, =

ryrry Il \ MMryy
Rylt | reryr
rixr | gt rrgry = (FO(FO )y
It | Pryrx Iy
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Happy End

to cut a long story short

Wi ¢ =Qu(X) & hy(w)eM; = (Ma[s]My)*
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multidimensional block products

Discussion
@ Construction works only for strong block product, not for weak one?
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multidimensional block products

Discussion
@ Construction works only for strong block product, not for weak one?
@ Thanks for your patience!
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