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Abstract. The regularization functional induced by the graph Lapla-
cian of a random neighborhood graph based on the data is adaptive in
two ways. First it adapts to an underlying manifold structure and second
to the density of the data-generating probability measure. We identify in
this paper the limit of the regularizer and show uniform convergence over
the space of Holder functions. As an intermediate step we derive upper
bounds on the covering numbers of Hélder functions on compact Rie-
mannian manifolds, which are of independent interest for the theoretical
analysis of manifold-based learning methods.

1 Introduction

Naturally graphs are inherently discrete objects. However if there exists an un-
derlying continuous structure certain neighborhood graphs can be seen as ap-
proximations of the underlying continuous structure. The main goal of this paper
is to show how that the smoothness functional S(f) induced by the graph Lapla-
cian of a neighborhood graph built from random samples can be defined in such
a way that its continuum limit approximates a desired continuous quantity.

In principle such considerations have been the motivation to build algorithms
based on the graph Laplacian for dimensionality reduction, clustering and semi-
supervised learning, see e.g. [2, 1, 15, 6]. However the theoretical study of this
motivation in particular when the data in R? lies on a Euclidean submanifold
has been only started quite recently. In [8], see also [3], it was shown that the
pointwise limit of the normalized graph Laplacian is the weighted Laplace Bel-
trami operator. The first work where the limit of S(f) has been studied was [4].
There the limit of S(f) for a single function in the case when the data generating
probability measure P has full support in R¢ was derived in a two step process,
first n — oo, then letting the neighborhood size h — 0. In this paper we extend
this result in several ways. First we extend it to the setting where the data lies
on a submanifold® M of R?, second we introduce data-dependent weights for the
graph which are used to control the influence of the density p of P on the limit
functional, third we do the limit process n — oo and h — 0 simultaneously, so
that we actually get rates for h(n) and finally we perform this limit uniformly
over the function space of Holder functions.

We include also an extensive discussion of the properties of the limit smoothness

1 All the results apply also in the case where P has full d-dimensional support in R<.



functional and why and how it can be interesting in different learning algo-
rithms such as regression, semi-supervised learning and clustering. In particular
the adaptation to the two independent structures inherent to the data, the ge-
ometry of the data manifold M and the density p of P, are discussed.

2 Regularization with the graph Laplacian and its
continuous limit

The first part of this section introduces the smoothness functional induced by the
graph Laplacian for an undirected graph, in particular the neighborhood graph
studied in this paper. In the second part we will sketch our main result, the uni-
form convergence of the smoothness functional induced by the graph Laplacian
over the space of a-Hoelder functions. In particular we study the adaptation
of the continuous limit functional to the geometry of the data manifold and
the density of the data generating measure and possible applications thereof in
semi-supervised learning, regression and clustering.

2.1 The graph Laplacian and its induced smoothness functional

Let (V, E) be a undirected graph, where V' is the set of vertices with |V| = n and
FE the set of edges. Since the graph is undirected we have a symmetric adjacency
matrix W. Moreover we define the degree function as d; = 2?21 wj;. Then it can
be shown, see [8], that once one has fixed Hilbert spaces Hy, Hg of functions
on V and F and a discrete differential operator V : ‘Hy — Hpg, the graph
Laplacian® A : Hy — Hy is defined as A = V*V, where V* is the adjoint of d.
In the literature one mainly finds two types of graph Laplacian, the normalized
one Aporm = 1 — D7'W and the unnormalized one Aupnorm = D — W, where
D;; = d;0;5. The smoothness functional S(f) : Hy — Ry induced by the graph
Laplacian is defined as

SU) =V V), =, Ay, -

Note that S(f) defines a semi-norm on Hy . It is can be shown that A,epm and
Aunnorm induce the same S(f) explicitly given as:

1 = . A\ 2
S(f) = 7_2“%’]’(]0(2) - f(])) :
2n(n — 1) &~
i#]
S(f) coincides for the two graph Laplacians since S(f) is independent of the
choice of the inner product in Hy, see [9, sec. 2.1.5]. Note that the smoothness

functional S(f) penalizes a discrete version of the first derivative of f.
In this paper we study certain neighborhood graphs that is the weights depend

2 This holds also for directed graphs, see [9, sec. 2.1].



on the Euclidean distance. The vertex set is an i.i.d. sample {X;}? ; of the data
generating probability measure P. Of special interest is the case where P has
support on a m-dimensional submanifold M in R?. Similar to Coifman and Lafon
in [6] for the continuous case we define the weights of the graph as follows:

_ L k(i) — i(X) 11 /h2)
e (dnp o (Xi)dpn (X5))* 7

Wi, hn(Xi, Xj) A eR.

where dp,,(X;) = > i k(X — X;||? /h?) is the degree function corre-
sponding to the weights k. Note that since k is assumed to have compact sup-
port, the parameter h determines the neighborhood of a point. We will denote
by Sx nn(f) the smoothness functional with respect to the weights wx p n,

Sunn(f) = ————— S (F(X,) — FX) Pwrnn(Xi X)),
2n(n—1)h

4,g=1

2.2 The continuous regularizer induced by the weighted Laplacian

The weighted Laplacian is the natural extension of the Laplace-Beltrami opera-
tor® on a Riemannian manifold, when the manifold is equipped with a measure
P which is in our case the probability measure generating the data.

Definition 1 (Weighted Laplacian). Let (M, g.s) be a Riemannian manifold
with measure P where P has a differentiable density p with respect to the natural
volume element dV = +/det gdx, and let Ay be the Laplace-Beltrami operator
on M. Then we define the s-th weighted Laplacian Ag as

1 1
Ay = Apr + 2% (Vap) Vi = —g™Va(p°Vy) = — div(p® grad). (1)
p p p
The weighted Laplacian induces a smoothness functional Sa, : C°(M) — Ry,

Sa,(f) = — /M FAL) pdV = /M (VF.V ) paV,

The following sketch of our main Theorem 6 shows that one can choose a function
h(n) such that Sx .(f) approximates Sa. (f) uniformly for v =2 —2\.

Sketch of main result Let F,(s) be the ball of radius s in the space of Hélder
functions on M. Define v = 2 — 2\, then there exists a constant ¢ depending
only on k such that for a > 3 and h(n) = O(n 2et2mimZtma)

. [Suanl0) 8, ()] =0 (o) s
fej:n(s)

3 The Laplace-Beltrami operator on a manifold M is the natural equivalent of the
Laplacian in R?, defined as

AMf = div(grad f) = V“Vaf



We refer to Section 4 for a more detailed account of the results. Let us analyze
now the properties of the limit smoothness functional Sa.

f) = /M IV 12 0y p(a)> 2 /det g da

Note first that ||V f| 1, 5, is the norm of the gradient of f on M. The meaning
becomes clearer when we express || f||;. ,, as a local Lipschitz constant® L} (f),

19 g = £21(1) = sup LEZIW g LEL=T 1)

Most important the smoothness of f is measured with respect to the metric of
M or in other words with respect to the intrinsic parameterization. That is a
small || f||7, 5, implies that f(x) ~ f(y) if z and y are close in the metric of M
but not in the metric® of R%. Therefore as desired the graph Laplacian based
smoothness functional adapts to the intrinsic geometry of the data.

Next we motivate how the adaptation to the density p controlled by A\ can be
used in learning algorithms. For v > 0 the functional S  prefers functions f
which are smooth in high-density regions whereas changes are less penalized
in low-density regions. This is a desired property for semi-supervised learning
where one assumes especially if one has only a few labeled points that the clas-
sifier should be almost constant in high-density regions whereas changes of the
classifier are allowed in low-density regions, see e.g [4]. However also the case
7 < 0 is interesting. Then minimizing Sa_(f) implies the opposite: smoothness
of the function f is enforced where one has little data, and more variation of
f is allowed where more data points are sampled. Such a penalization seems
appropriate for regression and has been considered by Canu and Elisseeff in [5].
Another application is spectral clustering. The eigenfunctions of A, can be seen
as the limit partioning of spectral clustering for the normalized graph Laplacian
(however a rigorous proof has not been given yet). We show now that for v > 0
the eigenfunction correponding to the first non-zero eigenvalue is likely to change
its sign in a low-density region. Let us assume for a moment that M is compact
without boundary and that p(x) > 0,V € M, then the eigenspace for the first
eigenvalue \g = 0 is given by the constant functions. The next eigenvalue A; can
be determined by the Rayleigh-Ritz variational principle

Val|? p(a) dV (z
M= e Ll 2”” plx ’/ 2)dV(z)=0).
wec=() | [y, u?(x)p(z)vdV (x

Since the first eigenfunction has to be orthogonal to the constant functions, it
has to change its sign. However since || Vu||” is weighted by p? it is obvious that
for v > 0 the function changes its sign in a region of low density.

4 f is continuously differentiable so both terms coincide.
5 Note that small |z — y|| does not imply that das(z,y) is small e.g. imagine a spiral.



3 Covering numbers for a-Holder functions on compact
Riemannian manifolds with boundary

In this section we derive bounds on the covering numbers of a-Holder functions
on compact Riemannian manifolds with boundary. This generalizes the classical
bounds for Euclidean space derived by Kolmogorov and Tihomirov [12, 14]. We
use in this section the following short notation: For any vector k = (k1, ..., kq)

of d integers, D* = ﬁ with k = Z?Zl k;.
..0z"

3.1 Technicalities on compact Riemannian manifolds with boundary

We briefly introduce the framework of manifolds with boundary of bounded
geometry developed by Schick in [13] for non-compact Riemannian manifolds,
which we will use frequently in the following. It makes explicit several geomet-
ric properties which are usually implicitly assumed due to compactness of the
manifold. Note that the boundary 0M is an isometric submanifold of M. It has
a second fundamental form IT which should not be mixed up with the second
fundamental form IT of M with respect to the ambient space R?. We denote by
V the connection and by R the curvature of M. Moreover let v be the nor-
mal inward vector field at M and let K be the normal geodesic flow defined
as K : OM x [0,00) — M : (2/,t) — expM (tv,/). Then the collar set N(s) is
defined as N(s) := K(OM x [0, s]) for s > 0.

Definition 2 (Manifold with boundary of bounded geometry). Let M

be a manifold with boundary OM (possibly empty). It has bounded geometry if
the following holds:

— (N) Normal Collar: there exists rc > 0 so that the geodesic collar
OM x [0,7¢) — M : (t,z) — exp,(tvs)

is a diffeomorphism onto its image (v, is the inward normal vector).

(IC) The injectivity radius® rinj(OM) of OM is positive.

(1) Injectivity radius of M: There is r; > 0 so that if r < r; then for x €
M\N(r) the exponential map is a diffeomorphism on Bps(0,7) C T,M so
that normal coordinates are defined on every ball By (x,r) for x € M\N(r).
(B) Curvature bounds: For every k € N there is Cy, so that |V'R| < Cy and

VI <Cy for0<i<k.

The injectivity radius makes no sense at the boundary since inj(z) — 0 as
d(x,0M) — 0. Therefore we replace next to the boundary normal coordinates
with normal collar coordinates. In our proofs we divide M into the set N(r)”
and M\N(r). On M\N(r) we work like on a manifold without boundary and
on N(r) we use normal collar coordinates defined below.

5 The injectivity radius inj(z) at a point z is the largest r such that the exponential
map exp, is defined on Bgrm (0,7) and injective. In general we refer the reader to
Section 2.2. of [9] for basic notions of differential geometry needed in this paper.

" Note that for sufficiently small 7, N(r) = {z € M |d(z,0M) < r}.



Definition 3 (normal collar coordinates). Let M be a Riemannian manifold
with boundary OM . Fiz x' € OM and an orthonormal basis of T, OM to identify
T OM with R™L. For r1,r9 > 0 sufficiently small (such that the following map
is injective) define normal collar coordinates,

Ngr : Brm-1(0,71) X [0,72] — M : (v,t) — expé\ipalM(v)(tu).

The tuple (r1,72) is called the width of the normal collar chart n, and we denote
by n(x’,r1,12) the set ngy (Brm-1(0,71) X [0,72]).

We denote further by n(z,r) the set exp, (Bgrm(0,7)). The next lemma is often
used in the following.

Lemma 1 ([13]). Let (M,g) be a m-dimensional Riemannian manifold with
boundary of bounded geometry. Then there exists Ry > 0 and constants S; > 0
and Sy such that for all x € M and r < Ry one has

S1r™ < vol(Bp(z,7)) < Sor™, Vee M
Sir™ < wvol(n(z',r, 7)) < Sor™, Vz' € OM

Definition 4 (radius of curvature). The radius of curvature of M is defined

as p = m, where Imax = supgen ||, and I max = SUpgeans Hﬁ“x

The radius of curvature tells us how much the manifold M and its boundary OM
are curved with respect to the ambient space R%. It is used in the next lemma
to compare distances in R¢ with distances in M.

Lemma 2 ([9]). Let M have a finite radius of curvature p > 0. We further
assume that & := infyens infyenn By, (2,mp) |12 — yl| > 0. Then Bga(x,x/2)NM C
By (x, k) C By(x, wp). Particularly, if x,y € M and ||z — y|| < k/2,

1
St (2,9) < o = gllga < dus (o) < .

Note that for a compact manifold (with boundary) one has p > 0 and x > 0.

3.2 Covering numbers for a-Holder functions

Definition 5 (a-Holder functions). For o > 0 denote by o the greatest inte-
ger smaller than «. Let M be a compact Riemannian manifold and let (U;, ¢;)icr
be an atlas of normal coordinate charts, ¢; : Uy C R™ — M, such that M C
U;0:(U;). Then for a C%-function f: M — R, let

1fllo =maxsup sup [D*(f o ;) (x)]
S el zeU;
N [DH(f 0.01)(z) = DS 0. 6)(0)
maxsup sup
k=a jer z,yeU; d(x7y)a7g

The function space Fo = {f € C%| || f||, < oo} is the Banach space of Hélder
functions. Fyo(s) denotes a ball of radius s in F,. We define further

1l (ary = maxsup sup [D*(f o ¢4)()].
S 4el xzelU;



Note that since all transition maps between normal charts and their derivatives
are uniformly bounded the above definition of || f|| o 5y could be equivalently re-
placed® with the invariant (coordinate independent) norm of the k-th derivatives
defined by Hebey in [7] as, | kaHQ =g gWIrV, VY f Y, ...V, f. For
the Lipschitz type condition it is unclear if there exists an equivalent invariant
definition. However the following results for F, remain true if we assume that
the a + 1-first derivatives are uniformly bounded. This small change leads for
sure to a norm which is equivalent to a coordinate independent norm on M.

In order to construct a convering of F, we first need a covering of M with normal
and normal collar charts.

Theorem 1. Let M be a compact m-dimensional Riemannian manifold and
let € < min{Ro, inj(OM), r;}. Then there exists a mazimal e-separated subset
Ty := {x] }ier, of OM and a mazimal e-separated subset Ty := {xi,}ic1, of
M\N (e) such that

— N(€) C Usey, n(x, €, €) alnd MA\N(€) C Uiy, n(wis€),
Vi m— Vi m
= L] < 2BG@0 ()T and |L] < g (2)™
Theorem 2. Let M be a compact m-dimensional manifold and let s > 0 and
€ < (3se*™)(min{ Ry, inj(OM), r;})*. Then there exists a constant K depending
only on o, m and M such that

m

S

log N(e, Fu(s), |]lo0) < K (Z) )

The proof of these theorems can be found in the appendix. The main differences
of the proof of Theorem 2 to the classical one in [12, 14] are that the function
and its derivatives are discretized in different normal charts so that one has to
check that coordinate changes between these normal charts do not destroy the
usual argument and an explicit treatment of the boundary.

4 Uniform convergence of the smoothness functional
induced by the graph Laplacian

4.1 Assumptions

We ignore in this paper measurability problems, see [14] for a discussion. All
results in this section are formulated under the following assumptions on the
submanifold M, the density p and the kernel k:

Assumption 1 — i: M — R? is a smooth, isometric embedding,
— M is a smooth compact manifold with boundary (OM can be empty),
— P has a density p with respect to the natural volume element dV on M,
— peC3}(M) and p(x) >0,V € M,

8 in the sense that the resulting norms are equivalent



— the sample X;,i=1,...,n is drawn i.i.d. from P.

— k: R} — R is measurable, non-negative and non-increasing,
— k € C?(R%), that is in particular k, % and % are bounded,
— k has compact support on [0, R7],

— k(0) =0, and Iry > 0 such that k(z) > % for x €10, ry].

Since M is compact, M is automatically a manifold of bounded geometry. In
particular all curvatures (intrinsic as well as extrinsic) are bounded. In order
to emphasize the distinction between extrinsic and intrinsic properties of the
manifold we always use the slightly cumbersome notations @ € M (intrinsic)
and i(x) € R? (extrinsic). The kernel functions k& which are used to define the
weights of the graph are always functions of the squared norm in R?. The con-
dition £(0) = 0 implies that the graph has no loops®. In particular the kernel
is not continuous at the origin. All statements could also be proved without
this condition. The advantage of this condition is that some estimators become
thereby unbiased. Finally let us introduce the notation , kp(t) = hm k ( ) and
the following two constants related to the kernel function £,

4.2 Results and Proofs
The smoothness functional S ., (f) has been defined in Section 2 as
k([li(Xi) = i(X)|1° /h?)
Sann(f) = i) — J )
Aon(f) 2n(n — 1)h? Z X (dpon (X3 )dpym (X))

1,j=1

Note that this sum is a U-statistic of order 2. We define further p, as the
convolution of the density with the kernel

/ kn(li(z) — i(y)|*)p(y) /et g dy. (3)

and Sy . (f) as Sxnn(f) with dj, () replaced by pp,(z). The following propo-
sition will be often used.

Proposition 1 ([8]). For any x € M\OM, there exists an ho(x) > 0 such that
for all h < ho(x) and any f € C3(M),

[ b (1) = i) 122) )pto) Vet gdy
M
2

=Cupl@) () + "o Co(p() ) 2) + (Anp)(2)) + O°),

where S(z) = %[ - R{z 213, (8, 0a )||T Rd} and O(h3) is a function
depending on z, [flls and |plgs.

9 An edge from a vertex to itself is called a loop.



Furthermore we use the following result which basically identifies the extended
degree-function of the graph defined as dj, ,(z) = %Z?:1 En(llz — X5)), as a
kernel density estimator on the submanifold M.

Proposition 2 (Pointwise consistency of dj, ,(x) [9]). Letx € M/OM, then
there exist constants by, by such that

nh™ 2
P(|dnn(x) — pu(z)| > €) < 2exp ( - m)

In particular if h — 0 and nh™/logn — oo, lim,, oo dpn(x) = C1p(x) as..

We refer to [9] for a comparison with a similar result of Hendricks et al. in [10]. In
[9] the limit of the smoothness functional S} j, , was shown for a single function
using a Bernstein-type inequality of Hoeffding [11] for U-statistics.

Theorem 3 (Strong consistency of the smoothness functional S, ,).
Let f € C3(M). If h — 0 and nh™/logn — oo,

lim Sy p.n(f) 2C’\/ ||Vf||T v D)7\ /det g dz, almost surely.

n—oo

We extend now this theorem to uniform convergence over balls in the function
space of a-Holder functions. As a first step we prove an abstract uniform con-
vergence result without specifying the function class F.

Theorem 4. Let F be a function class with supfeF supgenr |Vafll < s. Then
there exist constants C',C > 0 such that for all <; £ <6< 1/C and 0 < h <

nhm

m n m s 4 52
himax, with probability greater than 1—2 (C n+N (< ;’CZI Fo o )) g~ G4 ,

sup | Sxhn(f) = ESxnn(f)] <€
fer

Proof: First we decompose the term as follows:

sup |Sxnn(f) — ESxnn(f)]

feF
< sup [Sann(f) = Sxpn( )]+ sup [Sxnn(f) — ESxnn(f)| =1+ 1T
feF feF

We start with the term I. Define U, 5 (f) = iﬁ) Sor o kn([li(X5) — (X))

n(n—1 i,j=1
and let us work in the following on the event £ where

max ‘dh n(Xi) = pu(Xi)| <7, and |Un,h(f> - EUn,h(f)l <7
1<i<n

From Proposition 2 and the proof of Theorem 3 we know that there exists a
constant C' such that & holds with probability greater than 1 — Cne™




7> - Since M is compact, we have Vo € M, 0 < D; < pr(z) < Ds. Using a

nhrn
Taylor expansion of  — = with

B = min{dp,n(X;)dnn(X;), pr(Xi)pn(X;)} 271 < (Dy — 7)720F),
we get for 7 < Dy /2,
1 1

(dnn(X)dnn (X)) (pn(Xi)pn(X;))
where C” is independent of X; and X;. By Lemma 1 and 2 we get for hRj <
min{r/2, Ro/2}, EUnn(f) < 2™, R 52Dy ||k||,, so that for 7 <
E U, n(f) we get on &

< AB[(Dg + 7)1 + Dot] < C'T,

~ 2R2 s2C" 1 &
sup |Sxnn(f) = Sapn(f)| < —2—— En(])i(X;) — (X
o0 v () = S < ST S i) =06
< (2718, R 2 Dy k| +7)C'r < 5

4
. Now let us deal with II. By

where we have set 7 = L
C’2m+25, R7T2 52 Dy k||

assumption we have a d-covering of F in the ||| -norm. We rewrite the U-
statistic Sy pn(f) = g > hr(Xi, X;) with kernels hy indexed by f € F,

n(n—1)
M) =i [
M) = ) W)

The 0-covering Cs(F) of F induces a covering of Hx = {hs | f € F}.

811l
h1+mD%)\

where

C NIf -9l
S

sBL|lf =gl < 5

|hf(fE,y) - hg(l',y)| S © = 9 hm—i—l ’

where we have used Lemmas 1,2 and have set C' = %. ‘We conclude that
1

a d-covering of F induces a %6—covering of Hx. This implies that for any
f € F there exists a g € C5(F) such that,

sé

Bl + |‘§’)\,h,n(g) - Eg}\,h,n(g”

1Sxnn(f) —ESann(f) <C

We denote by & the event where sup,cc, () 1Sy hn(9) —ESrnn(g)| < €/4 and

choose § < hg? 5. In the proof of Theorem 3 it is shown that for one function

g there exist constants K; and K independent of h, s and the function class F
such that the following Bernstein-type inequality holds

[n/2]h™ (1/s)% 2

P (‘S)\,h7n(g) _ Egkjl,n(g” 2 i) S 26_ 32K1+32/3;€§K2 .

Taking the union bound over the covering C5(F) yields

Pl sup [Sann(9) —ESanal(9)l = T | <20 (6 F |l ) 7R
g€Cs(F)

10



In total we have on the event £ and &,

sup [Sx.nn(9) — ESxnn(g N<I+Ir<S+S45<
o 137 1S

Putting the results for £ and & together we are done. (]

Note that despite F is not required to be uniformly bounded in the previous
theorem, one gets only finite covering numbers in the [|-|| ., norm under this
condition. In order to get finite sample bounds, we need to know how far E S \hon
is away from its limit for finite A uniformly over a certain function class F.

Theorem 5. Let F be a function class such that supser || fllosary < s. Then

there exist constants C',C" > 0 depending only on M,p and the kernel k such

that for all h < C'min{*f, 3, 77, Rk}

= C
sup | E Sxnn — —QA/ (Vf, vf>TmM p(x)2_2)‘ Vdetyg dm‘ < C"s’h
feF 2Cl M

Proof: Let us first define

1

3 | 0@ = 1Pl - i) A

(Pn(2)pn (y)*

so that ESyp. = Jos Ban(@) p(z) dV (z). Now we decompose M as M =
M\N(r) U N(r), where r < r; (see Definition 2), which implies that for all
x € M\N(r) there exist normal coordinates on the ball Bps(z,r), that is

inj(M\N(r)) = r. The expansion of Proposition 1 holds pointwise for hy <

%/ min{rp, inj(z)}'°. Since p is lower-bounded due to compactness of M and

inj(M\N(r)) = r we can use Proposition 1 uniformly over M\N(r), which yields

By n(z) = dV (y).

Cy
202

sup
zEM\N(r)

h(x) =

(V1. V), 00 p@)' 2| < €5,

where C” is independent of F. Therefore the bound holds uniformly over the
function class F. Next we have two error terms I and I1:

C _
I [ Bu@p@avi), 1= 2% [ 9 @
N(r) 1 JN(r)

Let us first deal with /. By Lemma 2 we have for hRy < &, dy(x,y) <
2|z —y|| < 2hRy, (due to compact support of k). Together with the volume
bound from Lemma 1 we get for ARy, < min{x/2, Ry/2}:

25 Ry ||kl Il
DZ)\

\B,\)h(x)\ ~ DOSQQmRLn

10 The factor 1/3 arises since we have to take care that also for all points y € Bar(z,7/3)
we can do the expansion for pp(y).

11



Again using the volume bound from Proposition 1 for r < Ry yields:

252R} |1kl lIpll2

I'< — DQA

% G5y2™ RISy 1 vol(OM) := C"s*r

By the volume bound and [|[Vf| . < s we get II < C"s?r. For r < 7mp we
choose h = C'r for some constant C' so that all error terms are of order s2 h. O

Theorems 4 and 5 together provide a finite sample result for the convergence of
Sx,n,n over a sufficiently smooth function class . We use now the upper bounds
on the covering numbers of a ball of a-Ho6lder functions in order to get an explicit
finite sample bound and rates for h(n). Moreover we let s(n) — oo so that in
the limit we get uniform convergence for all a-Hoélder functions.

Theorem 6. Let F,(s) be the ball of mdius s in the space of Hélder functions
Fo on M. Define v = 2 — 2\ and ¢ = then for a > 3 and h — 0 and

QCA)
’IIL2 mTom
Y — 00,
52 9
sup  [Sxnn(f) —cSa,(f)| =0 o | tO(°h) as.
fE€Fa(s) ( h 07)2a+m

The optimal rate for h is h = O(n*m)‘
Let s =log(n), then if h — 0 and ) Emem

/log(n) E 50 onme has,

VfeFy, lim Sypn(f 20A/ A% fHTMp 222 /det g dz, a.s..

Proof: For a > 3, we have F, C C3(M) and Ifllesary < LV foE
Fa, so that we can apply Theorems 4 and 5. The first statement follows for
sufficiently small h and by plugging the bound on the covering numbers of F,(s)
from Theorem 2 into Theorem 4 and putting Theorem 4 and 5 together. The
dominating terms of log P(sup e £, (5) [Sxn,n(f) = ESxnn(f)| > €) are

m m m,2 m+4am m m
2Cs> \ = nh™(1/s)*e® (208 \° - nh™ TR (1)5)42% 2+ %
e hmtl 4C € hmtl C’

so that for the given rate the term in the bracket can be made negative and
and the whole term is summable so that almost sure convergence follows by the
Borel-Cantelli Lemma. The optimal rate for h(n) can be computed by equating
the two order-terms. For the second statement we simply choose s = log(n). O

This theorem provides uniform convergence of the adaptive regularization func-
tional Sy n(f) over the large class of a-Hélder functions. We think that this
theorem will be helpful to prove consistency results for algorithms which use
Sxann(f) as a regularizer. As expected the rate depends only on the intrinsic
dimension m and not on the extrinsic dimension d. At least for low-dimensional
submanifolds we can therefore get a good approximation of the continuous reg-
ularization functional even if we work in a high-dimensional space.
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Appendix: Covering numbers for a-Holder functions on
compact Riemannian manifolds (with boundary)

Proof: [Proof of Theorem 1] The first property follows by the maximality of the
separated subsets. It remains to prove the upper bounds on the cardinality of Iy
and I». The sets {n(z}, §, §)}ier, and {n(z;, §)}icr, are disjoint. Therefore

2

Z vol (n(z],, %, %)) < vol (N(e)), Z vol (n(z;,, %)) < vol (M).

i€l i€ly
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Then use vol (N(e)) < Szevol (0M) and the volume bounds in Lemma 1. O

Now we are ready to prove the result on covering numbers for F,(s).
Proof: [Proof of Theorem 2] Let § = (;)1/(l and let Ty = {z}}ier, and

3s eQm
T> = {zi}ie1, describe a maximal d-separated set of OM and M\N(J) as in
Theorem 1. For each vector k = (k1,...,kq) with £ < o we form for each

f € Fu(s) the two vectors

Arf = ([M} o {MD

Séafk S(Sosz

Buf = ({D’“(fo%)(O)} [Dk(fo@z2>(0>]>
sk Ty 56k ’
where [-] denotes rounding to the closest integer and ¢ denotes the normal charts
corresponding to the points in 77 and T5. Note that the vector A f is well-
defined since all derivatives of f are uniformly bounded. Now let f; and f; be
two functions such that Ay f1 = Axfo and By fi = By fo for each k < . Define
g = f1 — f2, then one has for every z € T3 UT5

|D¥g(2)| = [D" f1(2) = D* fa(2)| < s 67" (4)

Moreover for every x € M\N(d) there exists an z; € Ty such that d(z,2;) < §
and for every x € N(J) there exists an z; € Ty such that d(x,z]) < 2J (this
follows from the definition of normal collar charts and the triangle inequality!!).
Since M C M\N(6) U N(9) there exists for each x € M a corresponding normal
chart ¢, based on z € Ny U Nj such that for each coordinate z; = (¢ (z));, i =
1,...,m of x one has z; < max{d,2d} = 26. Now we do a Taylor expansion of g
around z = ¢,(0) in the normal chart ¢, and get for x = ¢, ((x1,...,Zm)):

9(x)=3_ D90 02)() [ 35+ 30 (DHgo o)) — DHgo0)0)) [T 75
k=a i=1

k<a i=1

with A € [0,1]. By (4) and the Lipschitz property of functions in F,(s) we get

k a
lg(x)] < E sé‘kk% + 2$m—'2°‘5a < 5% (s + 2s5) < 35X = ¢,
! al
k<a -

so that the covering numbers of an e-covering of F,(s) are upper bounded by
the number of possible matrices Af and Bf for f € F,(s). The number of
possible derivatives < a is upper bounded by > % m' = Tng_’ll for m > 1 and
a for m = 1. Since in F,(s) the derivatives fulfill |D* f(x)| < s for each k,
Ay f contains % + 2 values which is upper bounded by 6% + 2. Thus for one

point in the covering the number of different values in Af is upper bounded by

' One follows the geodesic along the boundary which is shorter than § and then the
geodesic along the inward normal vector which has also length shorter than §.
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(6% + 2)2ma for m > 2 and (6% + 2)a for m = 1. The same holds for By f.
Assume now we reorder the set N7 in such a way that for each j > 1 there is
an index 7 < j such that d(z;, zj) < 26. We compute now the range over which
values of Ay f(z;) vary given the values of Ay f(2{). The problem is that the
derivatives of f at z’ and z} are given with respect to different normal charts gi)z
and ¢.;. In order to compare A f(z ) with Ay f(2]) we therefore have to Change
coordinates. Let z* be the coordmates with respect to ngZ/ and y* with respect
to ¢.,. Then one has e.g. for the second derivative,
o*f Pf Oys Oyy | Of Pya

p— g~ _J —. 2
0z, 0z, - 0yp0y 0x,, 0z, T Yo 0,0, C,f,

with the obvious generalization to higher orders. By Taylor’s theorem one gets
7l
DEf(x;) = DE(fo¢)(0)=>_ D (fod.)(@ > . 3 o) T R
k+i<a k+i<a
Define Bi(0) as CF*(0) with derivatives replaced by their discretized values,

o*f ak o f 1
Gyil - ayzk (O) 0 |:ay“ - 8ylk (0) S 50‘k:|

Given now all the discretized values Af(z}) we arrive at
!
x x
DE(foo )0~ X BEHOYE] < 30 |obo) - B0 +
kti<a " k+<a '

The leading term of the summands can be upper bounded as follows
k+1 k+1 kca—k—1
‘cy (0) — B (0)‘ < s(I'm)*o

where I' = max; j maXy<q SUD,c s Dk(qb;l o ¢Z§). It can be shown that the

remainder term |R| is of order s 3%~F, so that in total we get that there exists a
constant C' depending on I', m and « such that

l
Di(fos) )= Y. Bif(0)%| < Csoo
k+i<a ’

That implies that given the values of Af at x; the values of Af at x; vary over

an interval of size C's gZ—:: = (C's. Using our previous bound on the number of
possible values of Af for one point we get that the total number of values of Af
is upper bounded as follows:

[Afl < ( ’ +2)2ma ((C 5)>m )]

The same can be done for |Bf|. Replacing |I1]| resp. |I2| with the numbers from
Theorem 1 and upper bounding log(1/€) by (1/€)™/ finishes the proof. O

15



