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Recap: Atomic Independence Structures

From Lec

For uni- and bi-variate graphs, conditional independence is trivial.
For tri-variate sub-graphs, there are three possible structures:

graph factorization

implications

(i) P(A,B,C) = P(C | B) - P(B | A) - P(A)

Al C|B
but not,i.g, A AL C

P(A,B,C) =P(A|B)-P(C|B)-P(B)

(i) G
®

Al C|B
but not,i.g, A AL C

P(A,B,C) =P(B|A,C)-P(C)-P(A)

(i) °
(2]

Al C
butnot,i.g,A L C|B
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Graphical View: Parametric I\/Iodel

Conditional independence of data given mode

f
p(f) = GP(f;0,8]5dx) p Z w) =[[s(fi—¢Tw) piy|f) =[Nt 0%
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Graphical View: Nonparametric Model

Fully c raph

p(f) = GP(f;0,k) p fi =N10,
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Time Series U%\ILII\E(IENREIETQT

a widely applicable concept

Definition

A time series is a sequence [y(t;)]ien of observations y; := x(t;) € Y, indexed by a scalar variable t € R.
In many applications, the time points t; are equally spaced: t; = ty + i - 6. Models that account for all
values t € R are called continuous time, while models that only consider [t]];c are called discrete time.

Examples:
climate & weather observations .. in Climate Science
sensor readings in cars, ... in Engineering
EEG, ECG, patch clamp signals, .. in Medicine and Neuroscience
just about any sensing of a dynamical process in Physics
stock prices, supply & demand data, polling numbers, ... in Economics and Social Science
body weight measurements in the previous lecture

Inference in time series often has to happen in real-time, and scale to an unbounded set of data, typically
on small-scale or embedded systems. So it has to be of (low) constant time and memory complexity.
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This point is / 0

It's aII about (Conditional) Independence
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It's all about (Conditional) Independence

J \T
TUBINGEN
This poin @ A. Kolmogoro Jer Wat entralblatt d. Math. 1

Geschichtlich ist die Unabhingigkeit von Versuchen und zufilligen
GroBen derjenige mathematische Begriff, welcher der Wahrscheinlich-
keitsrechnung ihr eigenartiges Geprige gibt. Die klassischen Arbeiten
von LAPLACE, Po1ssON, TCHEBYCHEFF, MARKOFF, LIAPOUNOFF, V. MISES
und BERNSTEIN sind in der Tat im wesentlichen der Untérsuchung von
Reihen unabhingiger GroBen gewidmet. Wenn man in den neueren
Untersuchungen (MARKOFF, BERNSTEIN usw.) éfters die Forderung der
vollstindigen Unabhingigkeit ablehnt, so sieht man sich immer ge-
zwungen, um hinreichend inhaltreiche Resultate zu erhalten, ab-
geschwichte analoge Forderungen einzufiihren. (Vgl. in diesem Kap.
§ 6 — MarkorFFsche Ketten.)
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It's all about (Condmonal) Independence NIVERSITAT

entralblatt d. Math. 1

This poin

Man kommt also dazu, im Begriffe der Unabh#ngigkeit wenigstens
den ersten Keim der eigenartigen Problematik der Wahrscheinlichkeits-
rechnung zu erblicken — ein Umstand, welcher in diesem Buche nur
wenig hervortreten wird, da wir hier hauptsichlich nur mit den logischen
Vorbereitungen zu den eigentlichen wahrscheinlichkeitstheoretischen
Untersuchungen zu tun haben werden.

Es ist dementsprechend eine der wichtigsten Aufgaben der Philo-
sophie der Naturwissenschaften, nachdem sie die vielumstrittene Frage

tiber das Wesen des Wahrscheinlichkeitsbegriffes selbst erklirt hat,
die Voraussetzungen zu prizisieren, bei denen man irgendwelche gegebene
reelle Erscheinungen flir gegenseitig unabhingig halten kann. Diese
Frage fillt allerdings aus dem Rahmen unseres Buches.
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Cave: Change of Notation
» Previously: Observe y € R? at N locations x € X, assume latent function f € RM, and y = Hf(x).
» The notion of a /ocal finite memory only works in an ordered space of inputs. Thus, X C R.

» Now: Observe yy, ..., yy withy; € RP at times [ty, ..., ty] with t; € R.
Assume latent state x; € RM, and y; = Hx(t;). (The state will constitute the local memory)

» Such models are known as state-space models. (They are related to Finite-State Machines)

Definition: A joint distribution p(X) over a sequence of random variabels X := [xg, . .., xy] is said to have
the Markov property if

pXi | Xo, X1 Xi—1) = p(Xi | Xi=1)-

The sequence is then called a Markov chain.
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Fini nory through Conditional Independence

Assume: ° ° __ N __ R

p(Xt | Xo:t—1) = p(Xe | Xe—1)
and  p(yr | X) =pOr | x)

Yo 14

Y, _ fJ;érp(X)P(Vozrq | X) dx; - 'E#tp(YszfT | Xo:t—1)p(Xo) (H0<J<r/9(x/ ‘ XH)dX/>p(Xr | x,,1)(H/>rP(X/ | XﬁOdX/)
p(xe | You—1) = ToC0p(Your | X)dX (Ve Xo. dX
J p(Yoi—1 | Xoie—1)p(Xo) (Ho</<,p(x/ |x/71))l7(xr |Xz4)(n/>rp(x/ M—w))

Ji<opO 1 xre)p(Yoa—t | Xoum1)p00) (Tlowyer P0G | 15-1) )
= 2= = [ Pt T x1 )P | Vo) s
Ji<tPOoar 1 Xo4-1p(x0) (TTocjce PO | %-1) 0 )
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Finite Memory through Conditional Independence

Assume: ° ° __ N __ R

p(Xt | Xo:t—1) = p(Xe | Xe—1)
and  p(yr | X) =pOr | x)

Yo N
If you believe the graph, though, just note that the joint is

p(Xt, Xe—11Y1:0—1) = PXelXe—1, Y= 1)PXe—1 |Y1:—1) = PXe|Xe—1)P (Xe—1[V1:0-1)

which we can integrate over x;_1 to obtain the Chapman-Kolmogorov equation

p(Xielyra—1) = /P(X1|Xz—1)P(Xz—1\Y1:t—1)dXt—1-
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Finite Memory through Conditional Independence

Assume: ° ° __ N __ R

p(Xt | Xo:i—1) = p(X¢ | Xe—1)
and  p(yr | X) =pOr | x) @ G 0 a

Pyt | x)p(Xe | Yoi—r)
Xt | Yo.r) =
p(xe | Yo:t) S oWt | x)p(Xe | Yoi—1) dx;
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Markov Chains uNveRsTIAT @

Finite Memory through C

Assume: ° ° __ N __ R

p(Xt | Xo:t—1) = p(Xe | Xe—1)
and  p(yr | X) =pOr | x)

Yo

pixe | V) = /D(Xr,Xr+1 [ V) dxeyr = /D(Xr [ Xegrs VIP(Xegr | Y) A

P(Yegten | Xepr, X, Yo )pOXe | Xepr, Your) _ p(Yegran | Xeprs You) - PO | Xers Your)
I | X1 X0 Yo PO | Xegr, Yo) de p(Yigeran | Xegrs You) = S PO | Xeger, Your) dxe
(X | You) — pCer | X6 Yo )P | Your) — p(rer | X0)p(xe | Your)

p
pxe | Xiq1, Your) = = =
(e Vo) p(Xt41 | Your) P41 | Your) p(Xig1 | Your)

plxe | V) = pxe | Vo) /P(Xr+1 |Xr)m—%

pixe | Xt1,Y) = = px | X1, Your)

Xt41
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Finite Memory through Conditional Independence

Assume:

p(Xt | Xo:t—1) = p(Xe | Xe—1)
and  p(yr | X) =pOr | x)

Filtering: O(T)

predict: p(Xt | Yoi—1) = /p(x, | Xi—1)p(Xe—1 | You—1) dXi—1 (Chapman-Kolmogorov Eq.)

. PO | x)p(xi | Yoi—1)
update: Xt | Yo.u) =
p p(xe | Your) 207
Smoothing: O(T)
. ' p(Xitr | Y)
smooth: Xt | V) =plx: | Yo. / X Xt) ————— dx,
pee |Y) =pMx | You) [ pxesr | [)p(xw Vg &
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Time Series:

» Markov Chains formalize the notion of a stochastic process with a local finite memory
» Inference over Markov Chains separates into three operations, that can be performed in linear time:

Filtering: O(T)

predict: p(xt | Yoi1) = /p(xt | Xe—1)p (X1 | Yo—1) dXe_1 (Chapman-Kolmogorov Eq.)

pOe | x)p(Xe | Yoit—1)
update: Xt | Yoit) =
P P | Vo) p(y1)

Smoothing: O(T)

X Y
smooth: D0 | ¥) = p(xe | Yo / Dl | x) 2O Do
p(Xir1 | Yor)
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procedure INFERENCE(Y, p(Xo), p(X: | Xt—1) VE,p(y: | Xt) V1)

2 for iﬂ,...,ﬂ do // Filtering
3 p(X( | ym_1) = fp(X[ | Xt_1)p(Xt_1 ‘ Y();{,]) dXz_q // Chapman-Kolmogorov eq.
4 pixe | yr) = pWe [ x0)p(Xe | You—1)/p(Ve) /| Update
5 end for

6 for i=n-1,..,0 do // Smoothing
7 | pxe [Y) = pOe | Your) [ O | XOp (e | VID(Kewr | Vaer) OXeg

8 end for

9 returnp(x; | V) vt =0,...,n // return all marginals

1 end procedure
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Gauss-Markov Models UNIVERSITxT

Local structure for univariate Gaus models

p(x(tier) | X1:) = N(Xip1; A%, Q) and  p(xo) = N(Xo;mo, Po) and  p(y; | X) = N (yi; Hxi, R)

predict: pxe | YVii—r) = /P(Xt | Xe—1)p(Xi=1 | Yii—1) dxe—n

= /N(XI;AXt—hQ) N (X5 Me—1, Pr—q) A

= N(x;,Ami_1,AP,_1AT + Q)
= N(x;,m;,P;)
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Gauss Markov l\/IodeIs

p(x(tier) | X1:) = N(Xip1; A%, Q) and  p(xo) = N(Xo;mo, Po) and  p(y; | X) = N (yi; Hxi, R)

POyt [ x)p(xe | Vai—1)
p(y)
_ N (ye; Hxe; R)N (xe; m, Py)
N (ye; Hmi™ HPHT)
= N(Xi,m7 +Kz, (I — KH)P[)
= N(x;,m;,P;) where
K := P HT(HPHT +R)™", (gain)
z:=y;—Hm; (residual)

update: pxe | Vi) =
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Gauss Markov l\/IodeIs

p(x(tier) | X1:) = N(Xip1; A%, Q) and  p(xo) = N(Xo;mo, Po) and  p(y; | X) = N (yi; Hxi, R)

pxi1 | Y)

smooth: xY:xY./x Xt) ——————dx
pixe [ V) =pxe | Yor) [ p(Xegr | t)p(X[er g e

./\/(Xz+1 { PJH)
= :m;, P A Mg d
N(Xz,mu 1) /N(Xz-s-h XT’Q)N(XI+1amT+MPI+W) Xt
:N(xl,mt+G[(mf+1 [+1) PT+GI(PI+1 [JH)G )

= N(x;,m{,P{) where
Gt :=PAT(P;)~"  (smoother gain)
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Local structure for univariate Gaus models

p(x(tier) | X1:) = N(Xip1; A%, Q) and  p(xo) = N(Xo;mo, Po) and  p(y; | X) = N (yi; Hxi, R)

(Kalman) Filter: (Rauch Tung Striebel) Smoother:
p(xe) = N(x;m7,P7)  with p(xi | Y) = N(x;;mi, PY) with
m; = Am;_; predictive mean Gr = PAT (P, )~ RTS gain
Py =AP1AT+Q  predictive covariance mg = mq + Ge(Myq — my;y) smoothed mean
p(Xt [ yo) = N (x;me, Pr)  with Pi =Pt + Gi(Pfy 1 — P)GT smoothed covarianc

zy =Yy — Hm; innovation residual
St =HP HT +R innovation covariance
Ki =P HTS™! Kalman gain

my=m; + Kz estimation mean
Py = (I — KH)P{ estimation covariance
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Time Series: Uﬁ{;ﬁ“ﬁéﬁ*‘m
» Markov Chains formalize the notion of a stochastic process with a local finite memory ~ TVBINGEN
» Inference over Markov Chains separates into three operations, that can be performed in /inear time.
» If all relationships are linear and Gaussian,

pix(ti) | x(ti-1)) = N(xi3A%1,Q)  pUye | xt) = N(ys; Hxe, R)

then inference is analytic and given by the Kalman Filter and the Rauch-Tung-Striebel Smoother:

(Kalman) Filter: (Rauch Tung Striebel) Smoother:

p(x) = N(x;m, P)  with p(xe | ¥) = N (xi;mS, PY) with
m; = Am_, predictive mean G = PYAT(P;1)71 RTS gain
P = AP AT +Q predictive covariance

I o " my = me + Ge(miy s — M) smoothed mean
PXt | yt) = N (Xt; e, Py wi

P =P+ Gi(Piyq — Py 1)GT smoothed covariance

7zt = Yy — Hm; innovation residual

& = /-lPr_HT +R innovation covariance
Ki = Pr_/-/TS_1 Kalman gain
me=m; + Kz estimation mean

Py = (I — KH)P;~ estimation covariance
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Continuous Time TL]B[}:QEN

Differential equations defining non-differential cu

51 N
< 0+ —
5 |
0 1 2 3 4 5 6 7 8 9 10
t
ot=1 Qst =1
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Continuous Time 'TL;BINQEN

Differential equations defining non-differential

Xt
o
.
|

St=1/2 Qst =1/2
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Continuous Time

Differential equations defining non-differential

'TUBIN(_.EN

Xt
o
.

St=1/ Qs = 6t
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EBERHARD KARLS

Continuous Time e

Differential equations defining non-differential curves

ot—0 Qst =777

For the limit 5t — 0 we would like to encode that Qst/dt approaches some kind of finite object (like a
derivative, but sample paths from this (the Wiener) process) are almost surely not differentiable. So
we introduce a new object: Qg := dw, known as the Wiener measure. (Nb: This is a non-standard
construction. dw can be defined more elegantly; but this goes beyond the scope of this course.)
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Stochastic Differential Equations CTUBINGEN

a pragmatic definition

For our purposes the (linear, time-invariant) Stochastic Differential Equation (SDE)
dx(t) = Fx(t) dt + L dwy,

together with x(ty) = xo, describes the local behaviour of the (unique) Gaussian process with

min ta,tp
E(x(1) =:m(t) = ef=0)xy  cov(x(ta), x(ty)) =: k(ta, tp) = / efle=m) [ Tef (=) ¢
to

This GP is known as the solution of the SDE. It gives rise to the discrete-time stochastic recurrence
relation p(Xy,,, | X;) = N (Xe,,3 Ay X, Qy) with

tig1—t
Ay =etv— and Q, = / e TLLTe T dr.
0

oo yi ) R i )
Matrix exponential: €* := > T Thus: =1, (" =e*, x=vov = vV, &% = diage?, dete’ =",
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The Connection to GPs

ell-studied examples

dx(t) = Fx(t) dt + L dwy

min t,,t,
E(x(1)) =: m(t) = ef=0)xy  cov(x(ty), x(ty)) =: k(ts, ty) = / efle=m) TefT(=T) g7
Jtg

tHJ*t/
A, = gt =) Q, = / eTLLTe T dr
J0
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The Connection to GPs UNIVERSTTxT

Some well-studied examples
dx(t) = Fx(t) dt + L dwy
min t,,t,
E(x(1)) =: m(t) = ef=0)xy  cov(x(ty), x(ty)) =: k(ts, ty) = / efle=m) TefT(=T) g7
Jtg
tHJ*t/
At, _ eF(t,Mft,) Qt, _ / efTLLTef T dr
Jo

The scaled Wiener process

F=0,L=60 = m(t)=xo  k(ts, ty) = 62(min(ta, t) — to)
A= Q, = 6%(tipr — )
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The Connection to GPs UNIVERSTTxT

studied examples

dx(t) = Fx(t) dt + L dwy

min t,,t,
E(x(1)) =: m(t) = ef=0)xy  cov(x(ty), x(ty)) =: k(ts, ty) = / efle=m) TefT(=T) g7
Jtg

tHJ*t/
At, _ eF(t,Mft,) Qt, _ / efTLLTef T dr
Jo
The Ornstein-Uhlenbeck process
1 20 _t=h 9 [ _la_hl Zo—la—lp
F_—X,L_ﬁ: m(t) = xoe~ * k(ta,ty) =0 (e > o—e > )
A=e Q =6’ (1 - eiwr/k>
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Non-Scalar State-Space Models

oly €S

dx(t) = Fx(t) dt + L duwy

» So far, we have seen examples with x(t) € R.
» But Fand L can also be matrices. Consider the example

el b e

dxay ()] [x@(t) dt + 0dw {
L’Xg(f)] B { (Z)Odt+c/w } = X(W)(T)=/X<z>(f)dt+[x()]1

That is:
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Summary:
Markov Chains capture finite memory of a time series through conditional independence

Gauss-Markov models map this state to linear algebra

Kalman filter is the name for the corresponding algorithm
SDEs (Stochastic Differential Equations) are the continuous-time limit of discrete-time
stochastic recurrence relations (in particular, linear SDEs are the continuous-time
generalization discrete-time linear Gaussian systems)

Complexity of all necessary operations is linear, O(N) in the number of datapoints

(as opposed to O(N?) for general GPs).
(Although not shown, this includes hyperparameter inference!)

For more on Gaussian and approximately Gaussian filters see, e.qg.

Simo Sarkka. Bayesian Filtering and Smoothing Cambridge University Press, 2013
https://users.aalto.fi/~ssarkka/pub/cup_book_online_26131111.pdf
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