PROBABILISTIC MACHINE LEARNING
LECTURE 20
LATENT DIRICHLET ALLOCATION

Philipp Hennig
29 June 2021

EBERHARD KARLS

UNIVERSITAT
TUBINGEN

FACULTY OF SCIENCE
DEPARTMENT OF COMPUTER SCIENCE
CHAIR FOR THE METHODS OF MACHINE LEARNING




EBERHARD KARLS

UNIVERSITAT

TUBINGEN
# content Ex | # content Ex
1 Introduction 1 | 15 Exponential Families 8
2 Reasoning under Uncertainty 16  Graphical Models
3 Continuous Variables 2 | 17  Factor Graphs 9
4 Monte Carlo 18  The Sum-Product Algorithm
5 Markov Chain Monte Carlo 3 | 19 Example: Modelling Topics 10
6  Gaussian Distributions 20 Latent Dirichlet Allocation
7 Parametric Regression 4 | 21 Mixture Models 11
8 Learning Representations 22 Bayesian Mixture Models
9  Gaussian Processes 5 | 23  Expectation Maximization (EM) 12

10 Understanding Kernels 24 Variational Inference

11 Gauss-Markov Models 6 | 25 Example: Collapsed Inference 13

12 An Example for GP Regression 26 Example: EM for Kernel Topic Models

13 GP Classification 7 | 27 Making Decisions

14 Generalized Linear Models 28  Revision

Probabilistic ML — P. Hennig, SS 2021 — Lecture 20: Latent Dirichlet Allocation — © Philipp Hennig, 2021 CC BY-NC-SA 3.0



Designing a probabilistic machine learning method:
1. getthe data
1.1 try to collect as much meta-data as possible
2. build the model
2.1 identify quantities and datastructures; assign names
2.2 design a generative process (graphical model)
2.3 assign (conditional) distributions to factors/arrows (use exponential families!)
3. design the algorithm
3.1 consider conditional independence

3.2 try standard methods for early experiments
3.3 run unit-tests and sanity-checks

3.4 identify bottlenecks, find customized approximations and refinements
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A Mixture of Probabilities?
ata
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» topics should be probabilities: p(xy | k) = [T._; TT% Ok ,v
» but documents should have several topics! Let 7y be the probability to draw a word from topic k

doc sparsity each document d should only contain a small number of topics
word sparsity each topic k should only contain a small number of the words v in the vocabulary
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Each document discusses a few topics UNIV

ING

Dirichlet sparsity in the document-topic distribution

mixture model

document d
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Each topic contains a few words

) the t ord distribution
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Designing a probabilistic machine learning method:
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2. build the model
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2.2 design a generative process (graphical model)
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A Discrete Topic Model

almost there
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ORIONY S0

d=[,...,0] k=[1,...,K

Todraw Iy words wg; € [1,..., V] of documentd € [1,...,D]:
Draw topic assignments ¢g = [Cgj1, - - -, Cdi] € {O, Y » 2k Caik = 1 of word wig from

D Iy K

= Ce {01k with  pC | =[]

d=1i=1 k=1

Draw word wg; from

p(wg =V | Cg,©) = H‘)ZCW

k

But we need priors for IT, ©. And we'd like them to be sparse!
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Reminder: The Dirichlet Distribution INIVERSTIA

y prior for probability distribution

p(x | w) = Hm, xe{l;... K}
B 5 C O Y
k=1

e — Dle = FOZ) T o1 1 T e
pir | @) =Dl = g T = g I:[

p(m | X) = D(ax + )

Peter Gustav Lejeune Dirichlet
(1805-1859)
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Dmchlets can encode sparS|ty NETOIRS
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Latent Dmchlet Allocation

[Blei, D. M., Ng, A. Y. & Jordan, M

To draw Iy words wg; € [1,...,V] of documentd € [1,...,D]:
» Draw K topic distributions 64 over V words from

» Draw D document distributions over K topics from
» Draw topic assignments cqj of word wg; from

» Draw word wg; from

Useful notation: ngy, = #4{i : wgi = v, cax = 1}. Write ngy. := [Ngkrs - - -
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p(© | B) = [Ti_ D0k Be)
p(IT | @) = [Tg_ D(mg; )
p(C|1I) = Hidkﬂ'dz/k

p(Wei =V |Cg,0) = Hk ecmk

s Ney] and nge. = >, Ny, €1C.



nt Dirichlet Allocation

[Blei, D. M., Ng, A. Y. & Jordan, M. . (2

To draw Iy words wg; € [1,..., V] of documentd € [1,...,D]:
Draw K topic distributions 64 over V words from

>
» Draw D document distributions over K topics from
» Draw topic assignments ¢y of word wg; from David M. Blei

» Draw word wg; from | image: Columbia U
Useful notation: ng, = #{i : g = v, Cai = 1} Write Nge. := (N1, - - s Ligewy < fie — oy biakes ©vo
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Building an algorithm

A more careful look at the model

_ p(C, 11,0, W)
PEILOTI = [ p(C,11,©,W)dCdIL, do
~ p(W|C,I1L,8)p(C,11,0)
~ JJ p(C.1L,6, W) dC dIL, d&
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Building an algorithm

A more careful look at the model

D Dl Dl K
—<Hp<wd|ad>)-<ﬂ p(cd/m) (HHza(wd,-cdﬁe))-(r[p(emm)
d=1 d=11i=1 d=11i=1 k=1
Dy
- (H D<wd;ad>) . (H (e w;zk))
d=1 d=1i=1
(11 (D) 17 o 2 (K o
(E(Hﬂ(adk)gﬂdk ‘ EH(H!{—1 dk)
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Building an algorithm

A more careful look at the model

D E@ K D Iy
panto-aem = (TT (e T ) (T (122

d=1
Useful notation: Ngky = #{I Wy =V, Cgixk = 1} Write ng. := [ﬂqu, R 7”de] and Ngk. = Zv Ngky, €1C.
D K
_ H F(Ek O[dk) Tl_adk*1+ndk.
il [T () P o
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Building an algorithm

A more careful look at the model

p(C,IL, O, W) =p(IL | a) - p(C[TD) -p(© | B) - p(W | C, ©)
I

D D K
- (Hmmad) (an ) (an v | ) (H em)
= i=1 =1 i=1 k=1
dDw dD1 /d J wD )
- (HD "'d?ad) (HH [Tz g > <H Hk 1 O ) (H 9k75k>
d=1i=1 1 k=1
K
kadk ovge— 14Ny Zv kV ﬂkv*H*f? v
(e e ) (e )

Probab\\\sﬂcug-e;%lvrm‘@;%yOmzct[r)dﬂowa%l ﬂ%ﬁ?{g’t/&;\omdh:_@PmmgﬂﬁkmﬁUﬂ C}BVWQJ?O”UK = [ndk‘\ LIRS nde] and ndk~ = Z\/ ndkv; ETC 15

EQ\

f

:1<m



an algorlthm

Qg Bk
() (0 )—s
=

d=[,...,0] ool k=0,-.-.K
adk « k
C, 11,0, W k ,ﬂ.adk_1+ndk 22y Pkv) eﬁwwn v
P (H T (om0 ) 11
» If we had TI, © (which we don't), then the posterior p(C | ©, IT, W) would be easy:
D

p(W,C,0,1I) T (B, )

p(C|O,ILW) = ="~ L k=1 \"T0kTkwa)

| ) Zcp(W C @ H dlI.IH k! ’/Tdk/@k/wd)

» note that this conditional independence can easily be read off from the above graph!
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Building an algorithm

A mori oful look at the model

D D D Iy K
p(C, 1,0, W) = (HD 45 ) <H (Hk 17rc"’k)> : (H (H£:1 9%)) ' (H D(@;@))
i

d=1 i= d=1i=1

» If we had II, © (which we don't), then the posterior p(C | ©, IT, W) would be easy:

D

p(W,C,0,10) TTo_ (oK, ) oo
c|e,Iw —_—— Sfe=n T s
( | ) EC (W C ("') H (HH Zk' delek/wd)

» note that this conditional independence can easily be read off from the above graph!
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Let's look at the structure again

Latent Dirichlet Al

K
p(C I1, O, W (H kadk ﬂ—adk 1+ndk> (H vgl/:V H@/{ﬁ‘/kaLn.kv)
v

adk v—1

» If we had C (which we don't), then the posterior p(©, 11 | C, W) would be easy:

pe,w.1L,0)  ([IyP(ra; a9) (IL ")) (IL D6k Be) (I1, 0"))
[p(©.1L,C,W)dodIl p(C,W)

= (H D(mq; o, +”d:-)> (H D(0; Br. + ﬂ-k:))
X

d

p(©,11| C,W) =

» note that this conditional independence can not easily be read off from the above graph!
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Framework:
X)p(x
oty =pim)  pa) =pla xple) i) = HL I
Modelling: Computation:
» graphical models » Monte Carlo
» Gaussian distributions » Linear algebra / Gaussian inference
» (deep) learnt representations » maximum likelihood / MAP
» Kernels » Laplace approximations
» Markov Chains >
» Exponential Families / Conjugate Priors
» Factor Graphs & Message Passing
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Gibbs sampling:
> Xp = Xe—1; X ~ P(Xei | Xe, Xez, o5 Xeim1ys Xei 1) - - )
» a special case of Metropolis-Hastings:
> Q(Xi | Xt) :/5(Xi\/ - Xr/,\i)P(X// ‘,Xt,\i)
> p(x") = plxi [ x)PC;) = pOXi | X \)p(Xe\)
pix) qx|x) _ pi [ xen) PO | Xen)

» acceptance rate: a =

pxe) qx [ x)  pla | xe\) PO | xeni)

Markov Chain Monte Carlo Methods provide a relatively simple way to construct approximate posterior
distributions. They are asymptotically exact. Compared to other approximate inference methods, like
variational inference, they tend to be easier to implement but harder to monitor, and may also be more

computationally expensive
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A Gibbs Sampler

Simple \ >hain Monte Carlo inference

Iterate between (recall ngy, = #{i: Wy = v, Cgix = 1})

©~pO][CW) = HD(ek;ﬁk; +N.)
I~ p(IT | C, W) = [[P(s: 0. +ngs.)
d
D dik
p(C | ©.11,W) - HH—Hk 1(Tioa)

» This is comparably easy to implement because there are libraries for sampling from Dirichlet's, and
discrete sampling is trivial. All we have to keep around are the counts n (which are sparse!) and
©, IT (which are comparably small). Thanks to factorization, much can also be done in parallel!

» Unfortunately, this sampling scheme is relatively slow to move out of initialization, because z
depends strongly on 6, 7 and vice versa.

» properly vectorizing the code is important for speed
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A visual example

building a toy model adapted from T. L. Griffiths

d=0 d=1 d=2
\
-
d=5 d=6 d=7
r M

> K =10,V = 25N =100, = 1000
> p(Il) =1y D(rg;a = 1)
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A visual example

building a toy model adapted from T. L. Griffiths & M. Steyvers, Finding scientific topics, PNAS 101, 5228

topic 0 topic 1 topic 2 topic 3 topic 4
0 . .
1 , ,
2 . .
3 , ,
4 , ,

topic 5 topic 6 topic 7 topic 8 topic 9
0 .
1 ,
2 .
3
4

01234 01234 01234 01234 01234

K =10,V = 25,N = 100,0 = 1000
p(l) = [[y D(mg; 0 = 1)
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It works! UNIVERSTIAT

your homework th

iteration 0
topic 0 topic 1 topic 2 topic 3 topic 4
|
m N H N
topic 5 topic 6 topic 7 topic 8 topic 9

(A
5
v
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Designing a Probabilistic Machine Learning Model

1. get the data

1.7 try to collect as much meta-data as possible
1.2 take a close look at the data

2. build the model

2.1 identify quantities and datastructures; assign names
2.2 design a generative process (graphical model)
2.3 assign (conditional) distributions to factors/arrows (use exponential families!)

3. design the algorithm

3.1 consider conditional independence

3.2 try standard methods for early experiments

3.3 run unit-tests and sanity-checks

3.4 identify bottlenecks, find customized approximations and refinements

4. Test the Setup
5. Revisit the Model and try to improve it, using creativity
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