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PROBABILITY AND DISTRIBUTION THEORY

EXERCISE 1 Probability and Distribution Theory

Given a continuous random variable X with:

dax 0<z<l1
f(x)=Q—az+05 1<z<5
0 else

Determine the parameter a such that f(x) is a density function of X. Calculate the cor-
responding distribution function and sketch it. Compute the expectation and the variance
of X.

Solution:

Density function

0.4
|

Density
0.2

0.0
|

Distribution function

0.8
|

Probability
0.4
!

0.0

The density function is given by:

dazx for z € [0;1]
f(x) =4 —ax+ 0.5 for z € [1;5]
0 else

= fa(2)1(z € [0; 1]) + fo(2)1(z € [1;5])
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where 1 is the indicator function. The distribution function can be found by integrating:

/ flu

()1 (z € [0;1]) + (Fp(z) — Fp(1) + Fo(1)) L(x € [1;5]) + 1 (xz > 5)

where
Fy(x) = 2ax?
Fy(z) = —0.52% + 0.5z
and thus
(0 forz <0
2ax? for z € [0; 1]
1
1 .
F(r) = —302° + 052450 =05+ 20, for z € [1;5]
" F,(1)
—Fy(1)
1 forz > 5

In order for f(x) to be a proper density function it has to be always positive, hence a > 0
such that f,(z) > 0 and simultaneously a < 0.1 such that f,(z) > 0. Additionally, the
integral of f(x) over all values of x has to be 1 in order for f(z) to be a proper density
function. Thus,

F(5) =1
—10a+2=1
1

= (ZZE

Thus, the expectation can be calculated by:
(o]
E[z] :/ zf(z)dx
5

(—az® + 0.5z)dx
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For the variance, we need the second moment:

E[2?] :/ 22 f(z)dx

—00

1 5
= / 4ax’dr + / (—az® 4 0.52%)dx
0 1

ek 11, 134]°
=[], a6,

1 625 125 1 1

0 40 "6 T10 &
12 1875 2500 3 20

120 120 T 120 120 120

620 _
=—=>51
120 5.16666

Thus, the variance is given by:

31 7 _
var(z) = E[z?] — E[z]* = 5 4= = 116666
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EXERCISE 2 Probability and Distribution Theory

The Federal Statistical Office assumes all values in the interval 2 < z < 3 to be possible
realizations of the random variable X : "Growth rate of the GDP". Moreover, the following
function is assumed:

f(x):{c'(x—Q) 2<z<3

0 else

a) Determine ¢ such that the function f(z) is a density function of the random vari-
able X.

b) Compute the distribution function of the random variable X.
c) Compute P(X < 2.1) and P(2.1 < X < 2.8).

d) Compute P(—4 < X < 3|X < 2.1) and show that the events {—4 < X < 3} and
{X < 2.1} are statistically independent.

e) Compute the expectation, median and the variance of X.

Solution:

a) In order for f(z) to be a density function it must hold:
o f(z)>0
o [pflx)dx=1

=

/Rf(l’)dw = /23 f(x)dx = chz - 2cch 21

1 1
§c9 —2c3 — §c4+2c2 =1
1

Ze=1
20

c=2

b) The distribution function can be found by integrating f(z) = 2z — 4, which yields
F(z) = ["_ f(u)du= 2 — 4z + h — where h is the undefined integration constant.
To make F'(x) a proper distribution function, we require F'(2) = 0 and F'(3) = 1 as the
whole probability mass lies in the interval z € [2;3]. This gives us h = 4. Hence, the
distribution function is given by:

F(z) = / Oo f(u)du
0

for x < 2
=22 —dr+h for2<zx<3
1 for x > 3



Advanced Mathematical Methods

c) P(X <21)=F(21)=212—-4%21+4=0.01
P(21< X <28)=F(28) —F(2.1)=28%—4%28+4—0.01 =0.63

P{-4<X <3}n{z<21})
P(X <2)
_P({-4<X<21})
B P(X <2
F(2.1) — F(—4)
F(2.1)
(—4)
F(2.1)

P(-4< X <3|X <) =

!

—1-

=1

The events A = {—4 < X <3} and B = {z < 2.1} are independent if
P(ANB)=P(A)-P(B|A) = P(A)- P(B)

Or simpler if P(B|A) = P(B).

We have: P(ANB) = P(A)-P(B|A)=P(B) - P(A|B)
with P(A) = P(—4< X < 3) = 1,

and P(A|B) =P(-4< X <3|z <21)=1.

Hence: P(AN B) = P(B|A) = P(B) q.e.d.

e) o Median z[0.5]:

F(z[0.5) =05 = 2?2 —4x+4=05
_ 1 _ 1

= x1—2+ﬁ\/x2—2—ﬁ

Since only z; € [2;3]:

z[0.5] = 2+ 5 = 2.7071.

e Expectation:
Elz] = [paf(z)de = [ x(2x —4)dx = [%x?’ —222]3 = 2.666

e Variance:
Elz?] = [ 22 f(2)dz = [; 2?(2z — 4)dz = [22 — %:1:3]

var[z] = E[22] — E[z]2 = 4 — (8)® = L — 0.055
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EXERCISE 3 Probability and Distribution Theory

Show the Markov - inequality:
E[X]

C

P(X>¢) <

for every positive value of ¢ with X being strictly non-negative.

Solution:
Recall the definition of P(X > ¢):

Pxzo=1- [ fwe= [ f@

One can also split the expectation integral into two parts:

E[z] = / :L’f(x)d:n—{—/ xf(x)dz
—00 c
Hence, one can state that:

Efz] > /:O of (x)dz

As c is the lower bound of the integral and thus all x €]¢; 00| > ¢, one can write:
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EXERCISE 4 Probability and Distribution Theory

X
1 2 3
0.25 0.15 0.10
0.10 0.15 0.25

1
|

a) Compute the expectation and the variance of X and Y.

Determine the covariance and the correlation coefficient of X and Y.

)
b) Determine the conditional distributions of X|Y =y and Y| X = z.
c)

)

d

Determine the variance of X + Y.

Solution:
a) Elz] =0.35-1+0.3-2+0.35-3 =2
Elz] =05-1+0.5-2=1.5

b) NB: f(xly) = 424

Conditional y=1] 0.5 0.3 0.2
distribution f(z|y) y=2| 0.2 0.3 0.5
r=1 z=2 z=3

Conditional y=1| 5/7 1/2 2/7
distribution f(y|z) y=2| 2/7 1/2 5/7

c) covlz,y] = Efz -y — E[z] E[y]
Elz-y] =0.2540.15-24+0.1-3+0.1-2+0.15-4+0.25-6 = 3.15
= cov[r,y] =3.15—-2.15=0.15
d) var[x + y] = var[z] 4 var[y] + 2 cov[z, y]
E[z?] =0.35+0.3-22+0.35- 3% = 4.7
E[y?] =05+ 0.5-22 =2.5
var[r] = 4.7 - 22 = 0.7
var[y] = 2.5 —2.25 = 0.25

= varfz +y] =0.7+0.25+2-0.15 = 1.25
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EXERCISE 5 Probability and Distribution Theory

The joint probability function of X and Y is given by:

"X e {0,1,...}

zly!
0 else

ﬂ%w—{

a) Determine the marginal distributions of X and Y.

b) Determine the conditional distributions of X|Y = y and Y|X = x and compare them
to the marginal distributions.

c¢) Determine the covariance of X and Y.
Solution:

AT Y AT
—oAA S

a) fla) =) fla,y)=e

x! m !
y y
——
e\
_oz Y A* N
f(y) :Zf(xay) =€ 2)\EZE =€ AE
v ~——
e
ATTY —2)
flxy) _ Samyr© A
b) f(xly) = = =e¢ "— = f(x
) Jlaly) = e = e =5 = 10
flylz) = f(y)
=X1Y
c¢) Since X LY the covariance has to be 0. This can also be shown by:
e AT o Azl
— A A —
Elx] —;xe o = )e ;@_1)! =A
R — A
Ely] = A
(o clNe o) e.¢] o0
ATty A1 P
Elz-y] = x-y e = N2 A
PE2 2y 2 2
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EXERCISE 6 Probability and Distribution Theory

Suppose that z,, is the u percentile of the random variable X, that is, F'(z,) = u. Show
that if f(—x) = f(z), then x1_, = —x,

Solution:
F(zy) =uand F(x1—y) =1—u.

If f(x) = f(—=x) then /—ﬂﬁu f(z)dz = /Oo f(2)dz.
From which follows that_:Oo o
F(—zy)=1—-F(zy)=1-u

Hence, —x,, = x1_, q.e.d.
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EXERCISE 7 Probability and Distribution Theory

If X ~ N(1000,400) find:
a) P(X < 1024)
b) P(X < 1024|X > 961)

¢) P(31 < VX < 32)

Solution:
NB:
=R UN©,1)
g
1024 — 1000
a) 2=~ =12 = P(X <1024) = Fy(1.2) = 0.8849

P(961 < X < 1024)
P(X > 961)

b) P(X < 1024|X > 961) =

961 — 1000
P(X >961) =1— Fy <>

20
=1— Fy(—1.95) = 0.9744
1024 — 1000 961 — 1000
e ) By ——————
20 20
= Fn(1.2) — Fy(—1.95)
= 0.8849 — 0.0256 = 0.8593

P(961 < X < 1024) = Fy <

P(961 < X < 1024)

P(X < 1024|X > 961) =

P(X > 961)
0.8593
=270 —0.881
0.07az V581

) P(31 <z <32) = P(312 < z < 322) = P(961 < X < 1024) = 0.8593
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EXERCISE 8 Probability and Distribution Theory

A fair coin is tossed three times and the random variable X equals the total number of
heads. Find and sketch Fx(z) and fx(z).

Solution:
Density function
>
B
c
[0}
[m]
i I
T T T T
0 1 2 3
X
Distribution function
- ‘ _______________
[e0] -
> O ]
= _
s3] *
Ke] <
e o 7
o
’—
o | _
e T T T T T T
-1 0 1 2 3 4
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EXERCISE 9 Probability and Distribution Theory

The random variable X is N(5,2) and Y = 2X + 4. Find py, oy and fy (y).

Solution:

py =Ely] =2E[X]+4=14

oy = /varly] = /4 var[z] = 2v/2

1 (y—14)
W) =gz
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EXERCISE 10 Probability and Distribution Theory

Find Fy (y) and fy(y) if Y = —4X + 3 and fx(z) = 2¢72% with z > 0.

Solution:
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EXERCISE 11 Probability and Distribution Theory

The random variable X is uniform in the interval [—2¢,2¢]. Find and sketch fy(y) and
Fy(y) if Y = g(X) and g(X) = 22.

Solution:

Density function

Density
2
|

Distribution function

0.8
|

Probability
0.4
|

0.0

As X is uniformly distributed in [—2¢, 2¢], the density function is:

1

= for x € [—2¢, 2c
fx(@) =472 [ |
0 else
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EXERCISE 12 Probability and Distribution Theory

If X is N(0,4) and Y = 322, find py and oy.

Solution:

Ly = E[Y] = E[322] = / T 2 () da = 3(var(x) — B(z)?) = 12

E[Y?] = 9E[X"]
=9 [ x e 8dx
/IR 2V 2w
1 22
=9 e s dx
24/ 27 /JR

1 —3 22
=9 / —— —2zxe” 8 dx
e e Lm0
f(x)

Integration by parts:

/f(ff)g'(w)d$= [f(m)g(fv)]‘foo—/f’(fﬂ)g(ﬂf)d:v
R R

Hence, the variance of Y is:

var[Y] = E[Y?] — E[Y]? = 432 — 144 = 288
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EXERCISE 13 Probability and Distribution Theory

The random variables X and Y are N(uz, 02, iy, ai,pmy) = N(3,4,1,4,0.5). Find f(y|z)
and f(x|y).

Solution:
The joint distribution is given by:
2

20yPa 4 2
el =5, ) ()

O020yPxy y

Fr) = @0 13 exp (~g0x -0

1 1 1 o2 azaypmy> (x - m))
= exp| 55— (- Y — Y

2 Oz0yy /1 — pg%y < 2032&(75(1 - ng) ( e Ny) < O0z0yPry Y=ty

1 1 ((x - Mm)Qag = 2(y — py) (T — pa)OuOy Py + (Y — :“y
o o, P T 95252(] — o2

™ T20y /1 — piy Jway( - pzy)

1 1 exp <_ 1 ((x — ) 20y =) (@ = )Py (Y= uy)2>>

27 a0y /1 — 2, 2(1 - p3,) o3 Tz0y &

The marginal distribution is given by:

) = e e (—W)

With these information we can deduce the conditional distribution:

flz,y)
€T pr
flz|y) W)
1 1 ox  ((@=pa)?0) —2(y—py) (@—pa)0woypay+(y—hy)>o3)
271-0-350-11\/ l_p%y p 20—202(1 pxy)

RY
7oy e (- 42)
= 1 exp | — ((l’ — /’L:E)ng — 2(3/ - ,Uy)(ZL‘ — iuz)o-:lfo-ypxy + (y _ /Ly)Q gp?ty)
)

2m(1— p2, 2ozl = pi)
2
(et e 0 (5)
— exp
2m(1 — p2,) 20501 = 1)

1 (x — Mz — (y - My)pxy%)Q
= eXp | — 202(1 2
27T(1 — p?cy) Ua:( - pxy)

_ \/16? exp <_ (v — 2.56— 0.5y)2>
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= XY ~ N (10 + pay 2y — 1) 021 = 2,))

f(z,y)
f(=)

: <
= exp | —
Oy 27T(1 - p:%y)

flylz) =

(y =ty — (& = p12) pay 22 )

2
205(1 - pa}y)

1 ( (y +0.5— 0.595)2)
= exp | —

Vér 6

S Y|X ~N (uy + pay gt (@ — pe)yog (1 — piy))

)



