The concept of ergodcity restricts the memory of a stationary
stochastic process

Stationary process

Intuitively : for two random variables in the stochastic process  Z, and Z,,, far
apart
f(ztvzt—j)jjw f(zt)[f (Zt—j)
Ergodicity when process is Gaussian (each Z, normally distributed)
Autocovariances COV(Zt,Zt_,-)=},- go to 0 sufficiently quickly as |
becomes large
Important Result: A stationary Gaussian process is ergodic if
VA *+ o] ]| + oo =J_;\yj\<oo
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The need for ergodic stationarity
Ergodic theorem
If a stochastic process is stationary and ergodic with E(Zt):/,l
and we observe a realisation z,z,,z,, ....... Z
then 13
TElZT TZ»’U
when stochastic process generating the Z; is stationary and ergodic then the
sequence of random variables f(z,) f(z,) f(@Z)...... also generates

a stationary and ergodic process

[J moments, E(th),Var(Zt),Cov(Zt,Zt_j) consistently estimated by sample

means if the stochastic process stationary and ergodic
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It is important to distinguish the realisation from the process

stochastic process
Yo=Y tE, &~ N(O,l)
Y, =0
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Estimate by taking sample averages
1 100

hE ZY =6.377

100

Z(Y - ¥ =25.130

—30 24 -18 —12 -7 -3 1 4 710 14 18 22 26 30

o 10 20 30 40 50 60 70 80 90 100

Estimate by taking ensemble
averages at each point

1 10000
7 =-0.004
= 10000 V4
R 1 wop 2
G2=——— S ¥°- =0.991
' 10000 £ (1 H 1)
1 10000

oy =——— 3 Vi, =0.023
:LllOO 10000 ; 100

1 10000 2

620 =—— S (Yoo — o) =99.028

10000 £
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It is important to distinguish the realisation from the process

stochastic process
Y=g, &~N(OY

Estimate by taking sample averages

11
0==3Y Y, =-0011
K212

t=

6% = % (v, - 2f =1.065

M

L Ll L
) IR M i \ ‘ \\h Q\\‘H}‘Il‘f it ‘{u,\‘\"wh'f“““ ‘)‘V«'M,,“l”

“'““"‘ ‘“H “w lvlm lwmr\‘

Estimate by taking ensemble
averages at each point

1 10000
1, =——— Y'Y =-0.004
4= 10000 s !
R 1 10000 %
) M \ A =1.001
" 10000 £ b-)
1 10000
oo =—— Y Yo =0.000
Higo 10000 £;
R 1 10000 2
01200 :m Z (100 ,uloo) =0.996
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It is important to distinguish the realisation from the process

stochastic process
Yo=Y tE, &~ N(O,l)
Y, =0

e

Estimate by taking sample averages

-0 -8B -6 -4 -2 0123455678910

R 1 10
=

0’\.2 _l 10
T

(v, -2y =3.631

-10 -8 -6 -4 -2 012345678910

Estimate by taking ensemble
averages at each point

1 10000
1, =———— S Y, =-0.008
= 10000 L
) 1 10000 ¥
Gl =—— *—f1 )] =1.015
' 10000 £ 6(1 H 1)
1 10000
1, =——— S YS =-0.036
Hio 10000 ; 10
) 1 10000 ) 2
G2 =—— S — =10.097
10000 Z 6(1" K 1")

Seite 25

It is important to distinguish the realisation from the process

stochastic process
V=&, &~ N(O,l)
Y, =0

Estimate by taking sample averages

110
A==73Y, =-0.009
Tz

62 :ilzo(\(t - ¥ =1.914
Ttz

Estimate by taking ensemble
averages at each point

1 10000
7, =——— Y Y,° =-0.000
4= 10000 s !
R 1 0o 2
12 2—10000 (Yl —/Jl) =0.993
1 lSO_OOO
g, =——— S Y5 =0.002
Hio 10000 £; ™
R 1 10000 . - 2
0120 :m (Ylo _,ulo) =1.002
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