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Classification Problems
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Classification Problems
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Classification Problems

https://github.com/zalandoresearch/fashion-mnist
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Classification vs. Regression TUMNGEN
Two types of supervised learning problems

Regression:

Given supervised data (special case d = 1: univariate regression)
(X,Y) == (x;,¥i)i=1....n With x; € X, y; € R
find function f : X —RY such that f “models” Y ~ f(X).

Classification:

Given supervised data (special case d = 2: hinary classification)
(X,Y) := (%, C)i=1,...n Withx; € X, ¢ € {1,...,d}

find probability 7 : X —» U9 (U = {p € [0,1]9 : =%, p; = 1}) such that = ‘models” ; ~ 7.

Regression predicts a function, classification predicts a probability.
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Until further notice, consider only discriminative binary classification

ye{-1;+1} Xx—7(X) =: my € [0, 1]
7(X) ify="1

PUIN =11 10 iy = =1
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Until further notice, consider only discriminative binary classification:

ye{-1;+1} X —>m(X) =: 7y € [0,1]

) ify="1
p(y|x)_{1 _r(0) ify=—1

Discriminative learning phrased probabilistically:
» We would like to learn mx(y) = p(y | X)
» This is almost like regression: p(y | x) = N'(y; fy, 02) = m(y)
» only the domainiswrong: y € {—1;1} vs.y € R.
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Let's not throw out Gauss just yet UNIVERSITAT

Turning Gau
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Link Functions

sigmoids — the logistic link function

=0 =1 o0

o(f)=1—0o(-1) f(r) =Inm —In(1 — ) i w(f) - (1 == ()
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CODE

Generative Model for Logistic Regression.ipynb
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A Gaussian Process model for Classification

Logistic Regression

p(f) = GP(f;m,k)

ply | fx) =o(yf) = {U(f) ify =1

1—o(f) ify=-1
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A Gaussian Process model for Classification

Logistic Regression

p(f) = GP(f;m, k)

ply | f) =olyfy) = {U(f) ify =1

T—o(f) ify=—1

The problem: The posterior is not Gaussian!

p(fx |Y) =

usingo(x) =1 —o(—x).

p(Y [ fop(h) _ N (f;m, k) T, o (vif)
p(Y) SN (fx;m, k) T, o (ify,) df

»I n
logp(fx | Y) = —ﬁf}kxjg f+ Y logo(yf,) + const.

=1

Prababilistic ML — P. Hennig, SS 2020 — Lecture 13: GP Classification — © Philipp Hennig, 2020 CC BY-NC-SA 3.0


https://youtu.be/iatPLQd7qcg?list=PL05umP7R6ij1tHaOFY96m5uX3J21a6yNd&t=2239

Logistic Regressmn is non-analytic L
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Log|st|c Regression is non-analytic B b

ut the toolbox

f
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We do not always care about all details of the posterior, just “key aspects”.

» Remember that the Gaussian choice was also one of convenience.
» Moments of p(f,y) = p(y | f)p(f) we may be interested in

E,(1) = /p(y,f)df = /1 -p(y, f)df =7 the evidence
Ep () () :/f'P(fU/) af = 1z/f-p(ﬂy) df =f the mean
Epy () = F = /f2 -p(f|y)df — = 1z/f2 -p(f,y)df — P = var(f) the variance

Z for hyperparameter tuning fas a point estimator var(f) as an error estimator

Unfortunately, all these are usually intractable. But we can aim to approximate them.
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Framework:
/p(X1,X2) dx, = p(x1) p(x1,%2) = p(x1 | X2)p(x2) p(x|y) = W
Modelling: Computation:
» Directed Graphical Models » Monte Carlo

Linear algebra / Gaussian inference
maximum likelihood / MAP
Laplace approximations

Gaussian Distributions
Kernels

> >
> >
» Markov Chains >
> >
>
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The Laplace Approximation

A Ga ap mation Pierre Simon

fi
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An idea as old as Probabilistic Inference

Théorie

nalytiqu robabilités

Pierre-Simon, marquis de Laplace
(1749-1827)

564 THEORIE ANALYTIQUE

Tintégrale du numérateur étant prise depuis x=0 jusqu'a x=¢/,

et celle du dénominateur étant prise depuis @=o0 jusqu’a =17
La valeur dex1a plus probable, est celle qm rend y.un maximum.

Nous la désignerons par a. Si aux limites de x, y est nul, alors

chaque valeur de.y a une valeur égale correspondante de Fautre

cdté du mazimum.

Quand les valeurs d du rémlh(
observé, ne sont pas égulemznl pom.blu en nommant « la fonc-
tion de % qui .exprime leur probubilité; il est facile de_voir, par
ge qui a ét6 dit dans le premier chapitre de ce Livre, qwen chan-
geant dans la formule (1), y dans yz, on aura la probabilité que
la valeur de = est comprise dans les limites =0 et z=#'. Cela
renent a supposer toutes les valeurs de x eg-lemem possibles

@ priori, et & considérer le résultat obseryé, comme étant formé
de deux résultats indépendans, dont les probabilités sont y et z.
On peut donc ramener ainsi tous les cas & celui o Pon suppose
4 priori, avant Pévénement, une égale possibilité aux différentes
valears do =, et par cete raison,, nous adopterons cette bypo-
thése dans ce quiva euivre.

Nous avons donné d-ms Iu 1" 33 ef suivans du premier nm,
les formules par des
convergenites, les lngnlea du pumérateur et du dénominateur de
Ia formulé (1) ; lorsque les événemens simples dont se compose
Pévénement observé, sont répétés un trés-grand nombre de fois ;
car alors  a pour facteurs, des fonctions de  levécs i de grandes

. Nous allons, au moyen de ces formules, déterminer la

B de probabilité des valeurs de =, & mesuro quelles séloignent
de la valeur a, la plus probable, ou qui rend y un nazimum. Pour.
cela, reprenons a formule (c) da 27 du premier Livee, -

Lo

g gt e
HT) g —ete ;. ()
1% &0
=T s tec]
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DES PROBABILITES, - 568
vt dpal & It 7,42, 8.2, . sont ce que de-

viemnent ¢, 42, £ etc, lorsquon y change aprés les difé-

rentiations , x en a , a étant la valeur de x qui rendy.un masimum:
7 est égal & ce que devient la fonction y/log ¥ — 1637, lorsquon
change x en a—6 dans y, et 7' est ce que devient la ‘méme
fonction, lorsquon y change @ dans @ &. L'expression précé-
dente de fydax donne la valeur de-cette intégrale, dans les limites
—Bet .r—a+o’ Pintégrale fd¢.c—" étant prise depuis

ux limites de l'intégrale fydz, étendue depuis
, est nul; ou.lorsque y west pas nul, il
devient si petit & ces limites , qwon peut lo supposer nul. Alors,
on peut fhirc  ces limites 7' et 7 fainis, ce qui donne pour liaté:
grale fydz, étendue depuis x=o jusqua x =1,
@

R [ydz=Y.{U+—.ﬁ;+— et} V75

ainsi la probabilité que la valeur do = est comprise dans les limites
z=a—f et z=a+¥,est égale &

1

{ Lo, {T-—T T+(r+:) ﬁ‘}lf‘a,—m;
P (T+7' D (T) U et }}’ @
Ve or AT e VR

On voit parle n* 23 du premier Livre, quc dans le cas oit 7 a pour
facteurs, des fonctions de = ¢levées 4 de gfandes puissances de
Pordre %, étant une fraction extrémement petite, alors U’ est

le plus souvent de Fordre /2, ainsi que ses’différences succes-"
sives; U, %2, L %%, etc. sont_respectivement des ordres y/z,

e, al, ete.; @it il suit que la convergence des séries de la for-
mulc (3), exige que 7 et 7' no soleat pas dun ordre supérieur

V‘

o
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The Laplace Approximation

formally

» Consider a probability distribution p(6) (may be a posterior p(6 | D) or something else)
» find a (local) maximum of p(#) or (equivalently) log p()

6 = arg maxlogp(6) = Vlogp(f) =0
» perform second order Taylor expansion around @ = 6 + 4 in log space

logp(6) = logp() + %N (vw |ogp(é)) 5+ 0%

=¥

» define the Laplace approximation g to p

» Note that, if p(8) = N(6;m, %), then p(6) = q(0)
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The Laplace Approximation for GP Classification

ntual step (implementation details coming up)

» Find maximum posterior probability for latent f at training points
f = arg max log p(fx | y)
» Assign approximate Gaussian posterior at training points
q(f) = N(fi: f, (VYT logp(fy | )], ) ") =t N(Ff, 5)

» approximate posterior predictions at f, for latent function
Q(fx ‘ }/) = /p(fx | fX)Q(fX) de = /N(fx§mx + kxXK;)J (fX - mX)>kxx - kxXK)&]kXx)Q(fX) de

= N(fx§ my + kxXK)?)g (;(_ mX)> kxx - kxXK)?)g kXx + kxXK)?)g EK;)J kXx)

Compare with exact predictions

Eoes iy (F) = /(Ep<fx\fx>(fx))P(fx | y) dfx = My + kK (B (fx) — mx) =:

Recall: p(x) = N (x;m, V), p(z | x) = N(z;Ax,B) = p(z) = [p(z | x)p(x) dx = N'(z; Am, AVAT + B).
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The Laplace Approximation for GP Classification

ntual step (implementation details coming up)

» Find maximum posterior probability for latent f at training points

f = arg max log p(fx | y)
» Assign approximate Gaussian posterior at training points

q(f) = N(fx; f, —(VVTlogp(fy | )l ) ™") = N(F 1, %)
» approximate posterior predictions at f, for latent function
Q(fx ‘ }/) = /p(fx | fX)Q(fX) de = /N(fx§mx + kxXK;)J (fX - mX)>kxx - kxXK)&]kXx)Q(fX) de
= N(fx§ my + kxXK)?)g (;(_ mX)> kxx - kxXK)?)g kXx + kxXK)?)g EK;)J kXx)
Compare with exact predictions

vary(s, iy () = / (fe = f)? dp(fi | 1) dp(fi) = Kax — koorK ke + kKo Vary(e, ) (P Ko o)

Recall: p(x) = N (x;m, V), p(z | x) = N(z;Ax,B) = p(z) = [p(z | x)p(x) dx = N'(z; Am, AVAT + B).
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The Laplace Approximation for GP Classification

) (implementation details coming up)
» Find maximum posterior probability for latent f at training points
f= arg maxlogp(fx | y)
» Assign approximate Gaussian posterior at training points
q(fe) = N(Fi f,—(VVT logp(fi | )l ) ™) =2 N

» approximate posterior predictions at f, for latent function

—~>

’2)

qifx |y) = /P(fx | F)q(Fy) dfy = /N(fx;mx + kexKiy (Fx = M), Kix — kexKi k) q(Fx) if

= N(fx§ my + kxxK;; (;‘_ mX)» kxx - kxxK;; kXx + kxXK)ag EK)?)Q kXX)

» compute predictions for label probabilities:
Ep sy [m] = Eg[m] = /a(fx)q(fx | y)dfy or(notthe same!) 7y = o (Eq(fy))
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» the Laplace approximation is only very roughly motivated (see above)
» it can be arbitrarily wrong, since it is a local approximation
» Dbut it is often among the most computationally efficient things to try

» forlogistic regression, it tends to work relatively well, because

» the log posterior is concave (see below)
» the algebraic structure of the link function yields “almost” a Gaussian posterior (cf. picture above)
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Implementing the Laplace Approximation

p(=0P(m k) oI =[o0f) o) =
Iogp(fxIy):logp(ylfx)+logp(fx)—logp(y) with loga(yify,) = —log(1 +e™"")

= Z log o (yify,) — fX — my) Ky, (fx — my) 4 const.

_ . dlogo(yify) ¥i+1
Vlogp(fy | y) = ;vlog o (yify) — Kyy (fx —myx)  with TX =5 T o(fy)

n ) ‘
VVTlogp(f | 1) = 3 VT logo(yf,) — Kyl with 21007 V)

T of of, = —0isdip o (f) (1 — o (fy))

- A N——

i=1 b =:w; with 0<w; <1

=: —diagw — K="= —(W4K~") < convex minimization / concave maximization!
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Implementing the Laplace Approximation |

\ n Optimization

1 procedure OPTIMIZE(L(+), fo)

2 fa fo / initialize
s while not converged do

4 g < VL(f) // compute gradient
5 H %(VVTL(f))*W /| compute inverse Hessian
6 A «—Hg // Newton step
7 fe—f—A // perform step
8 converged «— ||AH <€ // check for convergence
o end while

10 return f

end procedure
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Implementmg the Laplace Approximation |l

gorithm, preliminary form

1 procedure GP-LOGISTIC-TRAIN(Kyx, My, ¥)

2 fa My / initialize
s while not converged do

4 [<a— }% — U(f) // = Vlogp(y | fx), gradient of log likelihood
5 W diag(a(f) ® (1 — O'(f))) // = —VVlogp(y | fx), Hessian of log likelihood
6 g<—1rI— KX_X1 (f — mX) // compute gradient
7 H < ,(W + K1 )71 // compute inverse Hessian
8 A<+ Hg // Newton step
9 f—f—A // perform step
10 converged «— ||AH <€ // check for convergence
it end while

12 return f

s end procedure

This can be numerically unstable as it (repeatedly) requires (W 4 K=')~". For a numerically stable
alternative, use B := | + W'/2KyyW'/2 (cf. Rasmussen & Williams).
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Computing Predictions

from the Laplace approximation

1
logp(fy | y) = Z log o (yify) — 5 (Fx — my) Ky (fx — my) + const.

_ . olo i, i+ 1
Vlogp(fy | y) = ZVIOga (if) —Kg! (F — my)  with gao;(y W) g, (y - a(fx,)>

=1 J 2
=

1 procedure GP-LOGISTIC'PREDICT(;;7 W,R,r, k, X) // f,W, R = Cholesky(B), r handed over from training
2 fori=1,...,LENGTH(x) do

3 f, <+ kx,Xr // mean prediction (note at minimum, 0 = Vp(fy | y) =r — KX’X1 (fx — my)).
4 S <+ Rf1 (W1 /2kXx,) // pre-computation allows this step in ©(n?)
5 V—Kyx, — STS - /v =cov(f,)
6 T < f U(f,)./\/(f, fi, V) df; // predictive probability for class 1isp(y | f) = [ p(yx | f)p(fy | ) dfy
7 end for // entire loop is O (n?m) for m test cases.
8 return 7y

o end procedure
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Pictorial View URUBINGER
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Pictorial View
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Pictorial View RSitaT @
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EBERHARD KARLS
UNIVERSITAT
TUBINGEN

Gaussian Process Classification — (Probabilistic) Logistic Regression:
» Supervised classification phrased in a discriminative model with probabilistic interpretation
» model binary outputs as a transformation of a latent function with a Gaussian process prior
» due to non-Gaussian likelihood, the posterior is non-Gaussian; exact inference intractable
» Laplace approximation: Find MAP estimator, second order expansion for Gaussian approximation
» tune code for numerical stability, efficient computations
» Laplace approximation provides Gaussian posterior on training points, hence evidence, predictions
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