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Abstract

Partial differential equations (PDEs) govern critical physical phenomena across various
fields of science and engineering. Their numerical solution traditionally provides only
point estimates, without principled quantification of uncertainty. Recent advances
in probabilistic numerical methods—specifically physics-informed Gaussian processes
and the IterGP framework—enable uncertainty-aware PDE solving. However, these
approaches typically rely on generic action policies that ignore the rich mathematical
structure of PDEs.

This thesis develops structure-informed action policies that systematically exploit
PDE characteristics for more efficient uncertainty reduction in iterative probabilistic
solvers. We identify two key structural properties of PDEs: spectral decomposition
into eigenmodes and temporal causality in time-dependent problems. Leveraging these
insights, we propose three novel action policies. (1) Continuous Adaptive Policy
uses FFT-based spectral analysis to target energetic frequency components. (2) Time
Slice Policy exploits temporal causality by prioritising time slices of problem domain.
(3) Temporal First Policy combines systematic temporal frequency targeting with
spatial refinement in a two-phase approach.

A comprehensive evaluation of heat and wave equations across diverse parameter
configurations reveals that exploiting temporal structure achieves significantly improved
uncertainty quantification in fewer iterations compared to conjugate gradient baselines.
The Temporal First Policy proves most effective while maintaining acceptable mean
convergence. These results validate the core premise: principled exploitation of PDE
mathematical structure brings substantial computational efficiency gains in probabilis-
tic numerical methods.

Our work advances probabilistic numerics, demonstrating how domain-specific knowl-
edge can be systematically incorporated into iterative algorithms. This opens pathways
for structure-aware computational tools that respect the mathematical foundations
underlying physical phenomena.
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1. Introduction
Partial differential equations (PDEs) form the mathematical foundation for under-

standing physical phenomena across various scientific and engineering disciplines [1].

These range from climate modelling to thermal management in electronics. Analytical

solutions exist only for a narrow class of problems with simple geometries and boundary

conditions. Real-world applications require numerical methods. These transform con-

tinuous PDE problems into finite-dimensional algebraic systems, trading mathematical

exactness for computational feasibility. Traditional numerical PDE solvers face a critical

limitation: they provide only point estimates without principled uncertainty quantifi-

cation. In safety-critical applications—such as bridge design and drug delivery systems

—engineers need not just predictions, but reliable confidence bounds that quantify

computational trustworthiness.

Probabilistic PDE Solving and Computational Challenges
Probabilistic numerical methods address this gap by treating numerical computation as

statistical inference. Physics-informed Gaussian processes model unknown solutions as

random functions and condition prior beliefs on PDE constraints, boundary conditions,

and measurements. This framework naturally yields posterior uncertainty estimates and

leverages the mathematical fact that GPs remain Gaussian under conditioning on linear

functionals [2].

However, implementation reveals a computational bottleneck: conditioning requires

operations with the Gram matrix 𝑮 = ℒ𝑘ℒ𝑇 , where ℒ denotes PDE constraints and

𝑘 represents the prior covariance. For practical discretisations, direct inversion incurs

prohibitive 𝒪(𝑁3) complexity [3].

The IterGP framework addresses this challenge using iterative uncertainty quantifica-

tion. Instead of computing exact representer weights 𝒗∗ = 𝑮−1(𝒚 − 𝝁), IterGP treats

these as latent variables and iteratively refines beliefs through tractable matrix-vector

operations. Each iteration computes a scalar observation 𝛼𝑖 = 𝒔𝑇
𝑖 𝒓𝑟−1 in a direction

specified by action an vector 𝒔𝑖, enabling exact Bayesian updates via rank-one precision

modifications [4].
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The Action Policy Challenge
This shift transforms the computational challenge from matrix inversion to strategic

action selection. The sequence {𝑠𝑖} determines which solution components receive

computational attention, governing convergence and uncertainty reduction patterns.

However, existing action policies such as conjugate gradients, Cholesky decomposition,

and random selection operate generically without exploiting PDE structure. They treat

𝑮 as an arbitrary symmetric positive definite matrix, ignoring its origin from physical

phenomena with well-understood spectral properties.

Research Contributions
This thesis examines whether structure-informed action policies achieve faster uncer-

tainty reduction than generic approaches. PDEs possess rich structural properties:

spectral decomposition into eigenmodes and temporal causality in time-dependent

problems. Three novel policies are developed to exploit these characteristics:

1. Continuous Adaptive Policy: Fast Fourier Transform (FFT)-based spectral

analysis targeting energetic frequency components

2. Time Slice Policy: Temporal causality awareness through spatial location priori-

tisation

3. Temporal First Policy: Two-phase approach combining systematic temporal fre-

quency targeting with spatial refinement

A comprehensive evaluation of heat and wave equations demonstrates that temporal

structure exploitation achieves significant uncertainty quantification in fewer iterations

compared to the conjugate gradient baselines, validating principled PDE structure

exploitation for efficient probabilistic numerical methods.

2. Background

2.1. Partial Differential Equations

2.1.1. From Physical Intuition to Discrete Formulation
This derivation follows Sanderson’s approach to partial differential equations [5], which

intuitively connects discrete physical reasoning to continuous mathematics.

Consider the fundamental problem of heat conduction in a one-dimensional rod. Rather

than beginning with abstract differential operators, we start with a discrete approxi-
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mation that captures the essential physics. Imagine the rod divided into discrete points

𝑥1, 𝑥2, …, 𝑥𝑛 with corresponding temperatures 𝑇1(𝑡), 𝑇2(𝑡), …, 𝑇𝑚(𝑡).

The key physical idea is simple: heat moves from warmer to cooler regions. At any

interior point 𝑖, the temperature change rate depends on how 𝑇𝑖 compares to neighbours

𝑇𝑖−1 and 𝑇𝑖+1.

If the neighbours’ average temperature exceeds the current temperature:

𝑇𝑖−1 + 𝑇𝑖+1
2

> 𝑇𝑖,

then 𝑇𝑖 should increase. The rate of change is proportional to this difference:

d𝑇𝑖
d𝑡

= 𝛼(
𝑇𝑖−1 + 𝑇𝑖+1

2
− 𝑇𝑖),

where 𝛼 > 0 is a material constant.

Reformulation in Terms of Second Differences
To connect this discrete formulation with continuous mathematics, we reformulate the

expression above using second differences. Rearranging the right-hand side:

d𝑇𝑖
d𝑡

= 𝛼
2

((𝑇𝑖+1 − 𝑇𝑖) − (𝑇𝑖 − 𝑇𝑖−1)).

Define the discrete second difference operator:

Δ2𝑇𝑖 ≔ (𝑇𝑖+1 − 𝑇𝑖) − (𝑇𝑖 − 𝑇𝑖−1) = 𝑇𝑖+1 − 2𝑇𝑖 + 𝑇𝑖−1.

Then our evolution equation becomes:

d𝑇𝑖
d𝑡

= 𝛼
2

Δ2𝑇𝑖. (1)

The second difference Δ2𝑇𝑖 shows how much point 𝑖 differs from its neighbours’ average,

acting as a discrete analogue of curvature.

2.1.2. Transition to the Continuous Case
As the spacing between discrete points vanishes, the discrete second difference

approaches the second partial derivative. In the continuous limit, our temperature is a

function 𝑢(𝑥, 𝑡) where:

lim
Δ𝑥→0

Δ2𝑇𝑖
(Δ𝑥)2 = 𝜕2𝑢

𝜕𝑥2

The discrete evolution (Eq. 1) correspondingly becomes:

3



𝜕𝑢
𝜕𝑡

= 𝜅𝜕2𝑢
𝜕𝑥2 ,

where 𝜅 is the thermal diffusivity. This is the canonical heat equation or diffusion

equation.

Mathematical Interpretation
The heat equation expresses the principle that the temporal rate of change at any

point is proportional to the spatial gradient of temperature there. The second derivative
𝜕2𝑢
𝜕𝑥2  quantifies how much the temperature at position 𝑥 deviates from the mean of its

infinitesimal neighbours.

When 𝜕2𝑢
𝜕𝑥2 > 0, the profile is curved up and temperature rises. When 𝜕2𝑢

𝜕𝑥2 < 0, it curves

down and the temperature falls.

Extension to Higher Dimensions
For heat conduction in two or three spatial dimensions, the same physical reasoning

remains, but each point has additional neighbours. The heat equation extends to:

𝜕𝑢
𝜕𝑡

= 𝜅∇2𝑢, (2)

where ∇2 = 𝜕2

𝜕𝑥2 + 𝜕2

𝜕𝑦2 + 𝜕2

𝜕𝑧2  is the Laplacian operator. The Laplacian is a multidimen-

sional extension of the second derivative, quantifying how a point’s value differs from

the mean of all neighbouring values [6, sec. 2.3 ].

2.1.3. General Linear PDE Framework
The heat equation exemplifies the abstract structure underlying all linear partial differ-

ential equations. By examining our previously derived heat equation more carefully, we

can reveal how it fits into a much broader mathematical framework.

We can rearrange Eq. 2 to isolate all terms involving the unknown function 𝑢 on one side:

𝜕𝑢
𝜕𝑡

− 𝜅∇2𝑢 = 0.

This reformulation suggests defining an abstract differential operator, denoted as 𝒟,

that captures the left-hand side of the equation. Here, 𝒟 represents the action of

combining all the differential terms (such as derivatives with respect to time and space)

acting on the unknown function 𝑢:

𝒟[𝑢] = 𝜕𝑢
𝜕𝑡

− 𝜅∇2𝑢.
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Our heat equation then takes the general form:

𝒟[𝑢] = 𝑓

where 𝒟 : 𝑈 → 𝑉  is a linear differential operator between appropriate function spaces,

and in our case 𝑓 = 0 represents a homogeneous equation.

The crucial property that makes 𝒟 a linear operator is that it satisfies the linearity

condition. For any functions 𝑢, 𝑣 and scalars 𝑐1, 𝑐2:

𝒟[𝑐1𝑢 + 𝑐2𝑣] = 𝑐1𝒟[𝑢] + 𝑐2𝒟[𝑣].

This linearity emerges directly from the linearity of differentiation itself. Since both 𝜕
𝜕𝑡

and ∇2 are linear operations, any linear combination of them inherits this fundamental

property [6, ch. 1].

Wave equation
The power of this abstract framework becomes evident when we consider fundamentally

different physical phenomena. Consider wave propagation: when you pluck a guitar

string or drop a pebble in a pond, disturbances propagate outward at a characteristic

speed without the medium itself flowing. Unlike heat diffusion, which smooths out

temperature differences, waves preserve and transport energy whilst maintaining their

oscillatory character. The key insight is that wave acceleration at any point should

be proportional to the local curvature, but with a crucial difference: whereas heat

flows to eliminate curvature, waves use curvature to drive continued oscillation. If the

spatial curvature ∇2𝑢 is positive (the wave height is below the average of infinitesimal

surrounding points), the wave should accelerate upward. This physical reasoning leads

to:

𝜕2𝑢
𝜕𝑡2

= 𝑐2∇2𝑢,

where 𝑐 represents the wave speed and the second time derivative captures the oscil-

latory acceleration. Rearranging to match our general structure:

𝜕2𝑢
𝜕𝑡2

− 𝑐2∇2𝑢 = 0,

we obtain 𝒟[𝑢] = 𝑓 with:

𝒟[𝑢] = 𝜕2𝑢
𝜕𝑡2

− 𝑐2∇2𝑢
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and 𝑓 = 0 [6, sec. 2.4].

The Problem of Underspecification
Having established the general form 𝒟[𝑢] = 𝑓 , a natural question arises: How do we

actually solve such equations? A moment’s reflection reveals a fundamental issue—

the differential equation alone provides insufficient information to determine a unique

solution. Consider our heat equation 𝒟[𝑢] = 𝜕𝑢
𝜕𝑡 − 𝜅∇2𝑢 = 0. If 𝑢(𝒙, 𝑡) is a solution, then

so is 𝑢(𝒙, 𝑡) + 𝐶 for any constant 𝐶. More generally, we can add any function 𝑣(𝒙, 𝑡) that

satisfies 𝒟[𝑣] = 0 to obtain another solution. The differential equation constrains how

the solution behaves locally, but says nothing about the overall magnitude or specific

values the solution must attain. This mathematical ambiguity poses a severe practical

problem. In real-world applications, we seek the temperature distribution in a specific

rod, the wave pattern from a particular disturbance, or the pressure field around a given

obstacle. The physics demands a unique, determined solution.

Constraining the Solution: Initial and Boundary Conditions
The resolution lies in providing additional constraints that pin down the solution

uniquely. These constraints come in two essential forms: initial conditions that specify

the state at some initial time, and boundary conditions that specify the behaviour at

the spatial boundaries of our domain. For time-dependent problems like the heat and

wave equations, initial conditions specify the state of the system at 𝑡 = 0:

𝑢(𝒙, 0) = 𝑢0(𝒙).

For second-order temporal equations like the wave equation, we additionally require the

initial velocity [6, sec. 2.4]:

𝜕𝑢
𝜕𝑡

(𝒙, 0) = 𝑣0(𝒙).

Boundary conditions, meanwhile, constrain the solution at the spatial boundaries of our

domain 𝜕Ω. Two fundamental types prove most important for our purposes: Dirichlet

Boundary Conditions specify the value of the solution on the boundary:

𝑢(𝒙) = 𝑔(𝒙) for 𝒙 ∈ 𝜕Ω.

These represent situations where we directly control or measure the quantity of interest

at the boundary—perhaps by maintaining a constant temperature or clamping a
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vibrating membrane. Neumann Boundary Conditions specify the normal derivative at

the boundary:

𝜕𝑢
𝜕𝒏

(𝒙) = ℎ(𝒙) for 𝒙 ∈ 𝜕Ω

where 𝒏 denotes the outward unit normal. These conditions constrain the flux or rate

of change across the boundary, representing insulated surfaces in heat problems or free

boundaries in wave problems. The combination of a differential equation 𝒟[𝑢] = 𝑓 with

appropriate initial and boundary conditions forms a well-posed problem: a problem that

possesses a unique solution that depends continuously on the given data [6, ch. 2].

2.1.4. Numerical Discretisation: The Inevitable Compromise
Whilst our mathematical framework provides a rigorous foundation for understanding

PDEs, the harsh reality is that closed-form analytical solutions exist only for a

remarkably narrow class of problems—typically those with simple geometries, constant

coefficients, and elementary boundary conditions. For the vast majority of practical

applications, where complex domains, variable material properties, or nonlinear source

terms are encountered, we are compelled to seek approximate solutions through numer-

ical discretisation.

The fundamental principle underlying all discretisation methods is the transformation

of the infinite-dimensional PDE problem into a finite-dimensional algebraic system.

Rather than seeking the exact function 𝑢(𝒙, 𝑡) defined over a continuous domain, we

instead approximate this function using a finite collection of degrees of freedom —

whether these represent function values at discrete points, expansion coefficients in a

chosen basis, or integrated quantities over subdomains.

Discretisation Methodologies
Several well-established approaches exist for achieving this discretisation, each with

distinct mathematical foundations and computational characteristics. Here we present

two very common approaches:

Finite Difference Methods represent perhaps the most intuitive approach, directly

approximating partial derivatives using discrete difference formulae. At each grid point

𝑥𝑖, spatial derivatives are replaced by differences quotients:
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𝜕2𝑢
𝜕𝑥2 |

𝑥𝑖

≈
𝑢𝑖+1 − 2𝑢𝑖 + 𝑢𝑖−1

(Δ𝑥)2 .

This local approximation, when applied systematically across the computational

domain, yields a sparse linear system relating the unknown function values {𝑢𝑖} [7].

Finite Volume Methods, which shall feature prominently in our subsequent analysis,

discretise the domain into control volumes and enforce conservation laws in integral

form. For each volume 𝑉𝑖, the governing equation 𝒟[𝑢] = 𝑓 is integrated:

∫
𝑉𝑖

𝒟[𝑢] d𝒙 = ∫
𝑉𝑖

𝑓 d𝒙.

This approach proves particularly natural for conservation-law PDEs and maintains

inherent conservation properties [7].

The Linear System Challenge
Regardless of the specific discretisation approach employed, all these methods share a

common mathematical structure: they transform the original PDE into a large linear

system of the form:

𝑨𝒖 = 𝒃,

where 𝑨 ∈ ℝ𝑛×𝑛 is the system matrix encoding the discrete differential operator and

boundary conditions, 𝒖 ∈ ℝ𝑛 represents the vector of unknown degrees of freedom, and

𝒃 ∈ ℝ𝑛 contains the discretised source terms and boundary data.

The dimension 𝑛 of this system scales directly with the resolution of the discretisation.

For a three-dimensional problem discretised on a uniform grid with 𝑁 = 100 points

per dimension, this yields systems with one million unknowns. High-fidelity simulations

routinely require resolutions exceeding 𝑁 = 1000 producing systems with 𝑛 > 109

degrees of freedom.

The computational challenge posed by such systems is substantial. Direct solution

methods, whilst providing exact answers, exhibit non-linear complexity and become

prohibitively expensive for large 𝑛. Moreover, the storage requirements for factorised

forms often exceed available memory, particularly for three-dimensional problems.
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2.2. Gaussian Processes
Having established the mathematical framework for linear PDEs and their discretisation

challenges, we now introduce Gaussian processes as a principled probabilistic approach

to function approximation that will prove particularly well-suited to the linear structure

we have uncovered.

2.2.1. Intuitive Foundation
The fundamental insight underlying Gaussian processes lies in shifting perspective from

parametric models — where we specify a functional form with unknown parameters

— to a direct probabilistic model over the space of functions themselves. Rather

than constraining our approximation to lie within a predetermined parametric family,

Gaussian processes allow us to express prior beliefs about the smoothness, periodicity,

and other structural properties of the unknown function 𝑢(𝒙) directly.

Consider the problem of approximating an unknown function 𝑢 : 𝒳 → ℝ from a finite

collection of observations. In the parametric approach, we might assume 𝑢(𝒙) ≈

∑𝑛
𝑖=1 𝜃𝑖𝜑𝑖(𝒙) for some basis functions 𝜑𝑖 and learn the coefficients 𝜃𝑖. The Gaussian

process perspective instead treats the function 𝑢 itself as a random object, specifying a

probability distribution directly over the infinite-dimensional space of functions.

2.2.2. Definition
A Gaussian process (GP) defines a probability distribution over functions 𝑢 : 𝒳 → ℝ,

where 𝒳 represents the input domain. Formally, we write:

𝑢 ∼ GP(𝜇, 𝑘),

where 𝜇 : 𝒳 → ℝ is the mean function and 𝑘 : 𝒳 × 𝒳 → ℝ is the covariance function

(or kernel). The defining property is that any finite collection of function evaluations

follows a multivariate Gaussian distribution:

(
((
(𝑢(𝑥1)

⋮
𝑢(𝑥𝑛))

))
) ∼ 𝒩

(
((
(

(
((
(𝜇(𝑥1)

⋮
𝜇(𝑥𝑛))

))
),

(
((
(𝑘(𝑥1, 𝑥2)

⋮
𝑘(𝑥𝑛, 𝑥1)

…
⋱
…

𝑘(𝑥1, 𝑘𝑛)
⋮

𝑘(𝑥𝑛, 𝑥𝑛))
))
)

)
))
).

This probabilistic framework suits PDE problems well because it naturally reflects the

linear structure in 𝒟[𝑢] = 𝑓 . Since GPs are closed under conditioning and differentiation

is linear, applying 𝒟 to a Gaussian process yields another Gaussian process. [3, sec. 2.2]
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2.3. Physics Informed Gaussian Processes
Having established the mathematical framework for linear PDEs and the probabilistic

foundation of Gaussian processes, we now turn to their powerful synthesis. Physics-

informed Gaussian processes represent an approach to incorporating known physical

laws directly into probabilistic function approximation, enabling us to harness both

data and mechanistic knowledge simultaneously.

2.3.1. Mathematical Foundation: Closure Under Linear Functionals
The fundamental insight enabling physics-informed Gaussian processes lies in a crucial

property: Gaussian processes remain Gaussian under conditioning on linear functionals

of their sample paths. This mathematical foundation allows us to incorporate differential

equation constraints as probabilistic observations.

Let 𝑓 ∼ GP(𝑚, 𝑘) be an Gaussian process with sample space ℬ and let ℒ : ℬ → ℝ𝑛

be an bounded linear operator. For observation vector 𝒚 ∈ ℝ𝑛 and Gaussian noise 𝜀 ∼

𝒩(𝝁, Σ) independent of 𝑓 , the conditional process is:

𝑓 | ℒ + 𝜀 = 𝑦 ∼ GP(𝑚post, 𝑘post)

with mean and convariance:

𝑚post(𝒙) = 𝑚(𝒙) + ℒ[𝑘(𝒙, ⋅)]⊤(ℒ𝑘ℒ⊤ + Σ)†(𝒚 − ℒ[𝑚] − 𝝁) (3.1)

𝑘post(𝒙1, 𝒙2) = 𝑘(𝒙1, 𝒙2) − ℒ[𝑘(𝒙1, ⋅)]
⊤(ℒ𝑘ℒ⊤ + Σ)†ℒ[𝑘(⋅, 𝒙2)]. (3.2)

This result, seen in [2], provides the theoretical foundation for incorporating physical

constraints as linear observations of the unknown function.

Note that since differentiation is a bounded linear operation, our discretized differential

operators 𝒟 from Section 2.1.3 are precisely the types of bounded linear functionals to

which this theorem applies. This connection enables us to treat PDE constraints 𝒟[𝑢] =

𝑓 as observations of the function 𝑢 through the linear operator 𝒟.

2.3.2. From Finite Volume Methods to Information Operators
To bridge the gap between continuous mathematical formulation and computational

implementation, we must construct finite-dimensional approximations of our infinite-

dimensional PDE constraints. Here, we establish the connection between classical finite

volume discretisation and the information operators that enable probabilistic PDE

solving.

10



Recall from Section 2.1.4 that finite volume methods discretise the domain into control

volumes 𝑉𝑖 and enfore conservation laws in the integral form:

∫
𝑉𝑖

𝒟[𝑢] d𝑥 = ∫
𝑉𝑖

𝑓 d𝑥.

This approach can be transformed naturally to discrete observations:

Let {𝑉𝑖}
𝑛
𝑖=0 ⊂ Ω denote our control volume partition of the domain. We define the

observation operator:

ℒ : ℬ → ℝ𝑛, ℒ[𝑢] =

(
((
((
(∫

𝑉1
𝒟[𝑢] d𝑥

⋮
∫

𝑉𝑛
𝒟[𝑢] d𝑥

)
))
))
)

which we can employ for conditioning using Eq. 3.

Note that whilst 𝒟 and ℒ may appear closely related, they serve fundamentally different

mathematical roles and possess distinct domain and codomain structures. The differ-

ential operator 𝒟 : ℬ → ℬ operates entirely within the function space, transforming

one function into another function. In stark contrast, the information operator ℒ :

ℬ → ℝ𝑛 discretises our observations, extracting finite-dimensional information from the

infinite-dimensional function space. This operator bridges the gap between the contin-

uous mathematical formulation and computational implementation by selecting specific

aspects of the function that we can numerically observe and constrain. The information

operator thus reduces the infinite degrees of freedom inherent in function space to the

𝑛 finite degrees of freedom that our computational framework can manipulate.

2.3.3. Unified Conditioning Framework
Real-world PDE problems involve multiple heterogeneous constraints that must be

balanced simultaneously: the differential equation itself, boundary conditions, initial

conditions, and potentially noisy measurements. The power of the physics-informed GP

framework lies in its natural ability to combine these diverse constraint types into a

unified probabilistic formulation.

Multiple Constraint Types
Consider 𝑀  distinct constraint types, each encoded by a linear operator ℒ𝑗 : ℬ →

ℝ𝑛𝑗 for 𝑗 = 1, …, 𝑛. For example:

• PDE constraints: ℒ1[𝑢] = 𝒇PDE
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• Dirichlet boundary conditions: ℒ2[𝑢] = 𝒈BC

• Initial conditions ℒ3[𝑢] = 𝒖0

We can construct an aggregated operator:

ℒ : ℬ → ℝ𝑛, ℒ[𝑢] =

(
((
((
((

ℒ1[𝑢]
ℒ2[𝑢]

⋮
ℒ𝑀[𝑢])

))
))
))

where 𝑁 = ∑𝑀
𝑗=1 𝑛𝑗 is the total number of constraints. The combined constraint

becomes:

ℒ[𝑢] = 𝑓 =

(
((
((
((

𝒇PDE
𝒈BC

⋮
𝒖0 )

))
))
))

And the information matrix ℒ𝑘ℒ𝑇  (so-called Gram Matrix) exhibits block structure:

ℒ𝑘ℒ𝑇 =

(
((
((
((
(( ℒ(1)𝑘(ℒ(1))𝑇

ℒ(2)𝑘(ℒ(1))𝑇

⋮
ℒ(𝑀)𝑘(ℒ(1))𝑇

ℒ(1)𝑘(ℒ(2))𝑇

ℒ(2)𝑘(ℒ(2))𝑇

⋮
ℒ(𝑀)𝑘(ℒ(2))𝑇

…
…
⋱
…

ℒ(1)𝑘(ℒ(𝑀))𝑇

ℒ(2)𝑘(ℒ(𝑀))𝑇

⋮
ℒ(𝑀)𝑘(ℒ(𝑀))𝑇

)
))
))
))
))

(4)

The diagonal blocks ℒ(𝑗)𝑘(ℒ(𝑗))𝑇  capture correlations within each constraint type,

whilst the off-diagonal blocks ℒ(𝑖)𝑘(ℒ(𝑗))𝑇  encode correlations between different con-

straint types. This block structure proves computationally advantageous, enabling

efficient matrix assembly and potentially block-diagonal preconditioning strategies. The

posterior GP under combined constraints follows the same conditioning form:

𝑢 | ℒ[𝑢] = 𝒇 ∼ GP(𝑚post, 𝑘post)

with closed form mean and variance in accordance with Eq. 3. This unified framework

naturally balances the different constraint types through their relative information

content, as encoded in the combined information matrix [2].

2.4. IterGP

2.4.1. The Computational Uncertainty Challenge
As established in Section 2.1.4, discretising PDEs inevitably leads to large linear systems

𝑨𝒖 = 𝒃. The physics-informed GP framework from Section 2.3 transforms this challenge

through probabilistic conditioning on linear observations ℒ[𝑢] = 𝒇 , where ℒ represents

12



our information operator (e.g., finite volume constraints from Section 2.3.2). However,

this conditioning process generates a fundamental computational bottleneck centred on

what we have previously termed the information matrix ℒ𝑘ℒ𝑇 ∈ ℝ𝑛×𝑛 from Eq. 4.

The Gram Matrix System
The core computational challenge in GP inference lies in computing the posterior mean

and covariance according to Eq. 3.1 and Eq. 3.2. This fundamentally requires opera-

tions with the Gram matrix 𝑮 = ℒ𝑘ℒ𝑇 , specifically computing 𝑮−1𝒚 to obtain the

representer weights. Direct approaches to this computation exhibit 𝑂(𝑁3) complexity,

rendering exact inference computationally prohibitive for the large systems arising from

high-resolution PDE discretisations.

Approximation as Necessity
This computational reality compels practitioners to resort to approximate methods:

iterative solvers such as conjugate gradients or inducing point approximations. These

approaches make GP inference computationally feasible, but introduce a critical over-

sight that undermines the probabilistic foundations we have carefully established.

Most approximation strategies assume the approximate posterior is the exact posterior

from Eq. 3.1 and Eq. 3.2, which neglects the uncertainty introduced by computational

limits and creates inconsistency. While we account for data uncertainty, we overlook

the uncertainty from finite computation.

The Computational Uncertainty Gap
This oversight is particularly problematic for the PDE applications that motivate our

work. The mathematical posterior GP(𝜇post, 𝑘post) is theoretically well-defined, but, due

to computational constraints, we cannot compute it exactly. As a result, when we use

approximate inference, we obtain a surrogate posterior that inevitably differs from the

ideal, yet we typically ignore the resulting approximation error.

The resulting uncertainty estimates become unreliable precisely when accurate quan-

tification proves most crucial — e.g., in safety-critical engineering applications where

PDE simulations inform consequential decisions. Our carefully constructed probabilistic

framework loses its principled foundation when computational limitations force us to

abandon exact inference without proper accounting for the induced uncertainty.
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2.4.2. Iterative Uncertainty Quantification: The IterGP Solution
Wenger et al. [4] provide an elegant resolution to the computational uncertainty

challenge through their IterGP framework. Rather than attempting to compute the

exact representer weights 𝒗∗ = 𝑮−1(𝒚 − 𝝁) at prohibitive 𝒪(𝑁3) cost, IterGP treats

these weights as latent variables and iteratively refines our belief about them through

tractable matrix-vector operations.

The Key Insight
The key insight underlying IterGP lies in recognising that we can maintain a proba-

bilistic belief about the unknown representer weights 𝒗∗ and update this belief through

computations performed on the data. Instead of solving 𝑮𝒗∗ = 𝒚 − 𝒎 exactly, we begin

with a prior belief 𝑝(𝒗∗) = 𝒩(𝟎, 𝑮−1) and iteratively condition this belief through one-

dimensional projections of the residual.

At iteration 𝑖, IterGP computes a single scalar observation:

𝛼𝑖 = 𝒔𝑇
𝑖 𝒓𝑖−1

where 𝒔𝑖 ∈ ℝ𝑁  represents the action vector that determines which aspect of the solu-

tion receives computational attention and 𝒓𝑖−1 = (𝒚 − 𝝁) − 𝑮𝒗𝑖−1 ∈ ℝ𝑁  is the current

residual. This scalar observation can equivalently be written as:

𝛼𝑖 = 𝒔𝑇
𝑖 𝑮(𝒗∗ − 𝒗𝑖−1)

revealing that we observe how much error exists in the direction specified by 𝒔𝑖. Criti-

cally, computing 𝛼𝑖 requires only a single matrix-vector multiplication with 𝑮, making

it computationally tractable.

Mathematical Framework: Rank-One Precision Updates
Each scalar observation 𝛼𝑖 enables an exact Bayesian update of our belief about 𝒗∗

through rank-one modifications to the precision matrix. The posterior belief after 𝑖

iterations becomes 𝑝(𝒗∗) = 𝒩(𝒗∗; 𝒗𝑖, 𝚺𝑖) where:

𝒗𝑖 = 𝒗𝑖−1 + 𝛼𝑖
𝜂𝑖

𝒅𝑖, 𝒗0 = 0

𝚺𝑖 = 𝚺𝑖−1 − 1
𝜂𝑖

𝒅𝑖𝒅𝑇
𝑖 , 𝚺0 = 𝐺−1
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The search direction 𝒅𝑖 = (𝐼 − 𝐶𝑖−1𝑮)𝒔𝑖 and normalisation constant 𝜂𝑖 = 𝒔𝑇
𝑖 𝑮𝒅𝑖 ensure

that each update maintains the geometric structure necessary for convergence guar-

antees.

Curcially, we can equivalently track the precision matrix 𝑪𝑖 = 𝚺−1
𝑖  through rank-one-

updates:

𝑪𝑖 = 𝑪𝑖−1 + 1
𝜂𝑖

𝒅𝑖𝒅𝑇
𝑖 , 𝑪0 = 0

This formulation reveals that 𝑪𝑖 represents a rank 𝑖 approximation to 𝐺−1, system-

atically improving as we incorporate more computational effort. Each iteration adds

exactly one rank to our precision approximation by incorporating the scalar information

𝛼𝑖.

Algorithm Structure
The complete IterGP algorithm (Algorithm 1 from [4]) operates by iteratively selecting

action vectors 𝒔𝑖, computing the resulting scalar observations 𝛼𝑖, and updating both the

representer weight estimate 𝒗𝑖 and precision approximation 𝑪𝑖. The combined posterior

uncertainty naturally decomposes as:

Combined Uncertainty = Mathematical Uncertainty + Computational Uncertainty

where computational uncertainty quantifies how our limited iterations affect the quality

of our representer weight estimates.

Convergence Guarantees
IterGP provides rigorous theoretical guarantees that distinguish it from heuristic

approximation methods. The framework ensures that:

1. Mean Convergence: The posterior mean converges to the mathematical posterior

mean in RKHS norm [4, Theorem 1]

2. Exact Recovery: After at most 𝑁  iterations with linearly indendent actions, we

recover the exact mathematical posterior

3. Uncertainty Bounds: The combined uncertainty proves a tight worst-case bound

on the error between the approximation posterior mean and the true latent function

[4, Theorem 2]

This final property proves particularly valuable in situations where reliable uncertainty

estimates are needed. Unlike traditional approximation methods that may underesti-
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mate uncertainty, IterGP’s computational uncertainty component ensures we never

become overconfident about solutions obtained with limited computational resources.

The IterGP framework thus provides a principled foundation for maintaining probabilis-

tic integrity whilst making GP-based PDE solving computationally tractable. Rather

than abandoning uncertainty quantification in pursuit of computational efficiency, it

explicitly accounts for the trade-off between computational budget and posterior confi-

dence through its composition of uncertainty.

2.4.3. Action Policies: Directing Computational Resources
The power of the IterGP framework extends beyond its capacity for uncertainty

quantification to encompass the strategic deployment of computational effort through

action sequences {𝒔𝑖}. These policies fundamentally determine which components of

the solution space receive computational attention at each iteration, thereby governing

both convergence characteristics and uncertainty reduction patterns.

Policy Definition and Role
An action policy defines the sequence of action vectors {𝒔𝑖}

𝑁
𝑖=1, which direct compu-

tational resources to specific components of the solution space. Each action 𝒔𝑖 ∈ ℝ𝑁

determines which linear combination of residual components we observe. This is done

through the scalar projection 𝛼𝑖 = 𝒔𝑇
𝑖 𝒓𝑖−1. The choice of policy directly influences

both the convergence rate of the representer weights and the spatial distribution of

computational uncertainty.

Conjugate Gradient Policy
The conjugate gradients (CG) policy was one of the most prominent approaches

explored within the IterGP framework. It sets 𝒔𝑖 = 𝒓𝑖−1, where 𝒓𝑖−1 is the current

residual. This choice ensures that IterGP with CG actions recovers the classical conju-

gate gradient algorithm exactly in its posterior mean [4, Theorem S5].

The CG policy has strong theoretical foundations rooted in Krylov subspace methods.

It minimizes the 𝑮-norm of the error ‖𝒙∗ − 𝒙𝑖‖𝑮 at each iteration, where 𝑮 represents

the system matrix. This makes it optimal among all Krylov subspace methods for

symmetric positive definite systems. The stability and convergence of CG depend on

the condition number of 𝑮 [8, sec. 7.3, 9, 9.2].
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Cholesky Policy
The Cholesky policy systematically selects standard unit vectors 𝒔𝑖 = 𝑒𝜋(𝑖) where 𝜋 rep-

resents the predetermined pivoting strategy (𝒔𝑖 = 𝑒𝑖 without pivoting). This approach

corresponds to computing a partial Cholesky decomposition of the Gram matrix 𝑮, with

IterGP-Chol recovering the classical Cholesky factorisation exactly [4, Theorem S3].

Unlike CG’s global approach, the Cholesky policy provides local uncertainty reduction.

It targets specific datapoints sequentially, reducing computational uncertainty near

selected points whilst leaving uncertainty large in unvisited regions. This localised

behaviour proves advantageous when prior knowledge suggests certain regions of the

domain require higher precision than others.

Random Policy
Random action policies select 𝒔𝑖 by sampling from a specified distribution. This is

typically uniform over the unit sphere or discrete uniform over standard basis vectors.

While random policies lack the deterministic convergence guarantees of CG or Cholesky,

they offer unique advantages for large-scale problems.

Random methods allow parallel implementations, as different processors can indepen-

dently sample actions and contribute to the solution. Furthermore, randomized

approaches often show robust performance across diverse problem classes. This helps

avoid the worst-case scenarios that can trouble deterministic methods on adversarially

structured problems [9].

2.4.4. The PDE Structure Gap
Having established the landscape of existing action policies, we now arrive at the central

limitation that motivates our research contribution. Whilst CG, Cholesky and random

policies each possess distinct advantages for their respective use cases, they all share

a fundamental shortcoming: they operate generically without exploiting the structure

inherent in PDE problems.

Generic Limitations of Standard Policies
Standard policies treat the Gram matrix 𝑮 = ℒ𝑘ℒ𝑇  as an arbitrary symmetric positive

definite matrix, applying action selection strategies that depend only on algebraic prop-

erties such as residual magnitudes, predetermined orderings, or stochastic sampling.

This generic approach entirely ignores the fact that 𝑮 arises from a specific mathe-
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matical context: the discretisation of partial differential equations with physical and

spectral properties.

The CG policy, despite its optimality within Krylov subspaces, selects actions based

solely on the current residual 𝒓𝑖−1, without considering whether this direction aligns

with the natural modes of the underlying PDE. Similarly, Cholesky policies follow

predetermined pivot orderings that may bear no relationship to the problem’s eigen-

mode structure. Random policies, by construction, cannot systematically exploit any

underlying mathematical patterns.

The Structure of PDEs
Those patterns manifest in several fundamental ways that directly relate to the action

selection problem:

• Frequency-Domain Decomposition: Linear PDEs naturally admit frequency-

domain analysis through their eigenfunction expansions 𝑢(𝑥, 𝑡) = ∑𝑘 𝑎𝑘(𝑡)𝜙𝑘(𝑥).

The spatial eigenmodes 𝜙𝑘 corresponds to different frequency components, which

can possibly be targeted using FFT-based techniques. [10, ch. 1]

• Causal Strucuture: Time-dependent PDEs exhibit inherent directionality where

information propagates from earlier to later times, but not vice versa. For parabolic

equations like the heat equation, this creates a natural temporal ordering where

future states depend on past states but not the reverse. This causal structure

suggests that action policies should respect temporal dependencies rather than

treating all time points equivalently. [6, sec. 7.1]

The structure gap of generic policies motivates our main contribution: action policies

that try to explicitly exploit the structure of PDEs in order to reduce uncertainty more

efficiently. The following chapter develops this approach, demonstrating how directional

and FTT-based action selection can lead to faster uncertainty convergence.

3. Structure-Informed Action Policies

3.1. Design Principles
The central challenge motivating our research lies in developing action policies that sys-

tematically reduce uncertainty more efficiently than existing generic approaches whilst

maintaining computational tractability and numerical reliability. Our design philosophy
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centres on four fundamental principles that guide the construction of structure-informed

action policies.

3.1.1. Primary Goal: Accelerated Uncertainty Reduction
Our overarching objective is to reduce posterior uncertainty in IterGP more rapidly than

standard policies such as conjugate gradients. The computational uncertainty compo-

nent of IterGP’s posterior variance directly reflects how much our limited iterations

affect the quality of our solution estimates. Faster uncertainty reduction translates to

more reliable confidence bounds with fewer computational resources. In order to achieve

this goal, we are willing to sacrifice overall best mean convergence as long as the mean

is reasonable close to the optimal one.

Our approach explores whether exploiting PDE-specific structure - such as frequency-

domain characteristics or temporal causality - can lead to action sequences that reduce

uncertainty more efficiently. The specific mechanisms matter less than the end result:

achieving reliable posterior distributions with fewer matrix-vector multiplications

3.1.2. Computational Tractability
The second principle requires that any sophisticated action selection strategy must

remain computationally reasonable. There is no benefit in developing theoretically

superior policies if their computational overhead negates the advantages of faster

uncertainty reduction.

Complexity Constraints
Action computation should preferably exhibit sublinear complexity per iteration, where

𝑖 represents the current iteration number. This ensures that action selection overhead

remains negligible compared to the dominant 𝒪(𝑁) cost of matrix-vector multiplication

𝑮𝒔𝒊.

Memory Efficiency
Action policies should avoid storing large auxiliary matrices that scale with system size

𝑁 . For problems with thousands of degrees of freedom, maintaining additional 𝑁 × 𝑁

matrices would be prohibitive.

Practical Implementations
Methods that require more complex handling should leverage standard computational

primitives that are already highly optimised.
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The key insight is that even modest improvements in uncertainty reduction per iteration

can provide substantial benefits when the per-iteration overhead remains small. A policy

that reduces uncertainty 20% faster while adding only 10% computational overhead

represents a practical advantage.

3.1.3. Numerical Stability
The third principle ensures that our action policies maintain numerical reliability across

diverse problem conditions. Sophisticated action selection strategies can sometimes lead

to ill-conditioned subproblems or near-singular search directions that compromise the

overall algorithm’s stability.

When structure-based policies encounter difficulties - such as unclear spectral structure

or near-singular matrices - they should revert to the established fallback methods

like conjugate gradients for the affected iteration, rather than introducing numerical

problems.

3.1.4. Implementation Philosophy
These three principles collectively establish a pragmatic framework for developing

improved action policies. Our approach prioritises demonstrable improvements in

uncertainty reduction over theoretical elegance, recognising that practical advances

in computational science require methods that work reliably across diverse problem

conditions.

Empirical validation
Rather than relying solely on theoretical arguments, we evaluate our policies through

systematic comparison with established baselines on representative PDE problems. The

ultimate test is whether our methods reduce computational uncertainty more efficiently

in practice.

Clear fallback paths:
Every structure-informed policy includes well-defined conditions under which it reverts

to conjugate gradients, ensuring that our methods never perform worse than established

approaches in terms of reliability.

The subsequent sections detail how these principles manifest in concrete algorithmic

implementations for heat and wave equations, demonstrating that principled exploita-

tion of PDE structure can indeed lead to more efficient uncertainty quantification.
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3.2. Failed Approaches
Prior to presenting the successful action policies, this section examines a promising

approach that, although ultimately unsuccessful, provided deeper insight into the

mathematical foundations of IterGP.

3.2.1. Calibrated Conjugate Gradients
Our initial approach attempted to reduce IterGP’s computational uncertainty conser-

vatism by leveraging the well-established spectral convergence properties of conjugate

gradients. The motivation stemmed from Axelsson & Kaporin’s analysis of CG conver-

gence, which demonstrates that CG achieves superlinear convergence “when a sufficient

number of extreme eigenvalues components have been essentially damped out” [11]

Theoretical Motivation
The standard IterGP-CG approach treats all unresolved components of the precision

matrix approximation 𝑪𝑖 ≈ 𝑮̂−1 equally when computing computational uncertainty.

However, CG theory suggests that this uniform treatment may be overly conservative.

Axelsson & Kaporin [11] establish that CG convergence typically proceeds through

three phases:

1. Sublinear phase: Initial rapid convergence depends on the initial error vector

2. Linear phase: Convergece dominated by the spectral condition number

3. Superlinear phase Achieved through systematic damping of extreme eigenvalue

components

Our hypothesis was that if we could track which eigenvalue components had been

“essentially damped out” during the CG process, we would proportionally reduce the

computational uncertainty without compromising IterGP’s worst-case guarantees.

Proposed Approach
Eigenvalue Resolution Trakcing: We attempted to define a “resolved eigenvalue

fraction”:

𝜌𝑖 = number of sufficiently damped eigencomponents
total number of eigencomponents

.

The idea was to calibrate computational uncertainty as:

𝑘calibrated
comp,𝑖 (⋅, ⋅) = (1 − 𝜌𝑖) ⋅ 𝑘comp,𝑖(⋅, ⋅).
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Fundamental Challenges Encountered
Implementation efforts revealed several significant challenges:

Lack of Rigorous Theory: Despite extensive literature review, we could not establish

rigorous bounds connecting eigenvalue component damping to total uncertainty reduc-

tion. We were struggling to find papers that describe:

• Quantitatively, thresholds for when components are “sufficiently damped”

• Rigorous relationships between damped eigencomponents and total error reduction.

Although we investigated multiple strategies for deriving conservative uncertainty

bounds from eigenvalue convergence information, none proved practically feasible.

Matrix-Free Constraint Violation: Attempts to independently manipulate the

computational uncertainty component conflict with IterGP’s underlying algebraic

framework. The core issue lies in IterGP’s combined uncertainty function:

𝑘𝑖(𝒙1, 𝒙2) = 𝑘𝑖(𝒙1, 𝒙2) − 𝑘𝑖(𝒙1, 𝑋)𝐶𝑖𝑘𝑖(𝑋, 𝒙2)

It is an indivisible unit where matrix inversion cancels out algebraically.

IterGP’s computational efficiency stems from working with the combined uncertainty

directly, which avoids explicit computation of matrix inverses. The framework never sep-

arately computes 𝑘math(𝒙1, 𝒙2) and 𝑘comp,𝑖(𝒙1, 𝒙2) as independent quantities. Instead,

these components exist only as a conceptual decomposition of the unified posterior

covariance, where the mathematical structures ensure that expensive matrix inversions

are eliminated through algebraic cancellation.

Our proposed calibration approach required decomposing the combined uncertainty

into its mathematical and computational components, then applying a reduction factor

(1 − 𝜌𝑖) specifically to the computational term before recombining them. However,

this decomposition necessitates explicit computation of terms that IterGP deliberately

avoids through its algebraic structure. Any of our attempts to isolate and modify the

computational uncertainty component reintroduced the very matrix inversions that

IterGP’s design eliminates.

3.3. Successful Action Policies

3.3.1. Continouous Adaptive Policy
Traditional action policies in IterGP, such as conjugate gradients, operate purely in

the spatiotemporal domain without exploiting the frequency structure inherent in PDE
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residuals. The conjugate gradient policy selects actions based solely on the residual: 𝒔𝑘 =

𝒓𝑘−1, treating all frequency components equally, regardless of their relative importance

to the underlying PDE solution.

However, partial differential equations naturally decompose into frequency components

through their eigenmode structure as described in Section 2.4.4. This spectral structure

suggests that it might be beneficial to select actions that prioritize components where

the residual exhibits the strongest characteristics, rather than applying uniform treat-

ment across all frequencies.

The continuous adaptive policy addresses this gap by constructing actions through

frequency-domain analysis of the residual. Rather than selecting actions based purely

on spatial magnitude, this approach:

1. Transforms the residual to the frequency domain to reveal its spectral energy

distribution

2. Applies energy-dependent weighting to emphasise frequencies where uncer-

tainty is concentrated

3. Constructs actions that naturally target dominant spectral components

without requiring prior knowledge of the PDE’s eigenmode structure

We design this frequency-aware approach to achieve three goals:

• Adaptive resolution: Automatically adjusts frequency emphasis based on the

residual’s actual spectral content

• Energy preservation: Maintains spectral relationships whilst amplifying signif-

icant frequency components

Mathematical Formulation
The continuous adaptive policy constructs action vectors through energy-weighted

frequency domain filtering:

𝒔𝑘 = ℱ−1[𝒘𝑘 ⊙ ℱ[𝑟𝑘−1]]

where 𝒓𝑘−1 is the current residual, ℱ denotes the discrete Fourier transformation and

⊙ represents element-wise multiplication.

For a residual of length 𝑁 , the discrete Fourier transform produces 𝑁  frequency

components indexed by 𝑗 ∈ {1, 2, …, 𝑁}. The frequency weights 𝒘𝒌 are derived from

the residual’s spectral energy distribution:
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𝐸𝑗 = |ℱ[𝑟𝑘−𝑖]𝑗|
2
.

We normalise and apply quadratic energy amplification:

𝐸𝑗 =
𝐸𝑗

∑𝑁
𝑘=1 𝐸𝑘

𝑤𝑗 = 𝐸 ⋅ 𝛼𝐸2

where 𝛼 = 2 is the emphasis parameter. This formulation ensures that:

• High-energy frequencies receive quadratic amplification

• Low-energy frequencies are preserved

• All spectral components still contribute to the final action vector

2D Logarithmic Energy Amplification
For spatiotemporal problems with grid dimensions (𝑛𝑡, 𝑛𝑥), the 2D implementation

instead uses a more conservative logarithmic amplification strategy instead of the

quadratic approach in 1D. This design choice addresses the increased complexity of

2D frequency interactions and prevents over-amplification that could destabilise the

algorithm.

The 2D energy computation follows the same pattern:

𝐸𝑖,𝑗 = |ℱ2D[𝑟𝑘−1]𝑖,𝑗
|
2
, total energy: 𝐸total = ∑

𝑛𝑡

𝑚=1
∑
𝑛𝑥

𝑛1

𝐸𝑚,𝑛.

However, the weighting function uses logarithmic scaling to prevent over-amplification:

𝑤𝑖,𝑗 =
𝐸𝑖,𝑗

𝐸total
⋅ (1 + ln(1 +

𝐸𝑖,𝑗

𝐸total
)).

The logarithmic approach in 2D serves two important purposes:

1. Stability in Higher Dimensions: 2D problems have 𝑛𝑡 × 𝑛𝑥 frequency compo-

nents compared to 𝑛 in 1D. We observed numerical instabilities when using quadratic

amplification across the larger 2D frequency space.

2. Smooth Energy Weighting: The logarithmic function provides smooth, contin-

uous weighting that naturally compresses the dynamic range of energy ranges whilst

still emphasising high-energy frequencies
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Computational Complexity
The continuous adaptive policy incurs significantly higher computational costs per

iteration compared to standard action policies, due to its frequency-domain operations.

The spectral approach incurs substantial computational cost through:

1. Forward FFT: 𝒪(𝑛 log 𝑛) to transfrom residual to frequency domain

2. Frequency domain processing: 𝒪(𝑛) for energy computation and weight appli-

cation

3. Inverse FFT: 𝒪(𝑛 log 𝑛) to return to spatial domain

Total per-iteration complexity: 𝒪(𝑛 log 𝑛) for 1D problems, 𝒪(𝑛𝑡𝑛𝑥 log(𝑛𝑥𝑛𝑡)) for

2D spatiotemporal problem.

This represents an overhead factor of 𝑛 log 𝑛 compared to CG for 1D problems, so this

policy can only be justified when the number of iterations required for acceptance is

significantly reduced.

3.3.2. Time Slice Policy
Whilst the continuous adaptive policy exploits frequency-domain structure, it operates

without consideration of the fundamental causal structure inherent in time-dependent

PDEs. For parabolic equations such as the heat equation, information propagates

naturally from earlier to later times, creating an inherent temporal directionality that

suggests computational resources should be allocated accordingly.

The time slice policy addresses this gap by directly targeting the temporal structure

of spatiotemporal problems. Rather than treating all spatial locations equally, this

approach identifies and prioritises spatial regions where temporal evolution exhibits the

highest residual magnitude, thereby concentrating computational effort where uncer-

tainty reduction yields the most benefit.

Mathematical Formulation
For spatiotemporal problems discretised on an 𝑛𝑥 × 𝑛𝑥 grid, the time slice policy

operatos by reshaping the residual vector 𝒓𝑘−1 ∈ ℝ𝑛𝑡⋅𝑛𝑥 into its natural matrix form

𝑹𝑘−1 ∈ ℝ𝑛𝑡×𝑛𝑥 , where rows correspond to temporal indices, and columns represent

spatial locations.

The policy identifies the spatial location 𝑗∗ with the maximum residual:

𝑗∗ = arg max
𝑗∈{1,…,𝑛𝑥)

‖𝑹𝑘−1[:, 𝑗]‖2.
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The action vector then targets the complete temporal evolution at this spatial location:

𝒔𝑘 = vec(𝑺𝑘)

where the action matrix 𝑺𝑘 ∈ ℝ𝑛𝑡×𝑛𝑥 is defined as:

𝑺𝑘[:, 𝑖] = {𝑹𝑘−1[:, 𝑖] if 𝑖 = 𝑗∗

𝟎 else .

This formulation ensures that computational effort concentrates on the spatial location

experiencing the most significant temporal dynamics, whilst still using inexpensive

residual operations.

Spatial Mixing Enhancements
The basic time slice policy exhibits excellent temporal targeting but may suffer from

spatial locality limitations. To address this, we developed an enhanced variant that

incorporates spatial neighbourhood information through weighted contributions from

adjacent spatial locations.

The spatial mixing variant modifies the action construction to include weighted contri-

butions from spatial neighbours:

𝑺𝑘[:,𝑖] =
{{
{
{{𝑹𝑘−1[:, 𝑖] if 𝑖 = 𝑗∗

𝑤 ⋅ 𝑹𝑘−1[:, 𝑖] if 𝑖 ∈ {𝑗∗ − 1, 𝑗∗ + 1} ⊂ {1, …, 𝑛𝑥}
𝟎 else

where 𝑤 ∈ [0.1, 0.5] represents the spatial mixing weight. These additions help prevent

pathological clustering of actions around a single spatial location and exploits spatial

correlations more efficently.

Computational Complexity
The time slice policy exhibits significant computational advantages over the previously

seen frequency-domain approaches. The core operations consist of:

1. Residual Reshaping: 𝒪(1) memory indexing operation

2. Norm Computation: 𝒪(𝑛𝑡 ⋅ 𝑛𝑥) for computing spatial norms

3. Action Construction 𝒪(𝑛𝑡) for copying temporal slice data

Total per-iteration complexity: 𝒪(𝑛𝑡 ⋅ 𝑛𝑥)

This represents a substantial improvement over the continuous adaptive policy’s

𝒪(𝑛𝑡𝑛𝑥 log(𝑛𝑥𝑛𝑡)) complexity. Moreover, the time slice policy’s operations - particularly
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the spatial norm computations - admit efficient vectorised implementations that further

reduce computational overhead in practice.

3.3.3. Temporal First Policy
The temporal first policy represents a fundamental departure from generic action

selection strategies by explicitly recognising and exploiting the causal directionality

inherent in time-dependent PDEs. Unlike heat conduction in space, which can propa-

gate in all directions, temporal evolution in parabolic equations flows unidirectionally

from past to future. This asymmetry suggests that computational resources should

be allocated with temporal precedence, leading to the policy’s distinctive two-phase

approach. However, instead of choosing time slices as seen in the Time Slice Policy, we

choose the actions based on the frequency domain.

Core Philosophy and Design Rationale
The central insight underlying the temporal first policy is that spatiotemporal PDE

residuals possess a hierarchical structure where temporal frequencies often exhibit

clearer, more systematic patterns than their spatial counterparts. In heat diffusion

problems, for instance, the temporal evolution follows a well-understood exponential

decay modes, whilst spatial patterns may be complicated by irregular boundary condi-

tions, heterogeneous material properties, or complex geometries.

Rather than treating temporal and spatial components with equal priority, the temporal

first policy implements a structured attention mechanism that systematically

targets temporal frequency bands whilst maintaining controlled spatial awareness.

Algorithmic Framework
The temporal first policy operates through a twofold computational strategy with the

following key parameters:

• temporal_phase_fraction ∈ (0, 1): fraction of total iterations dedicated to temporal

targeting (default: 0.4)

• num_temporal_bands: number of discrete temporal frequency bands for systematic

progression (default: 6)

• spatial_coverage ∈ (0, 1]: fraction of spatial frequeny spectrum preseved during

temporal phase (default: 0.5)

• spatial_refinement_policy: strategy for Phase 2 (e.g., CG, Continuous Adaptive,…)
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Phase 1: Systematic Temporal Frequency Targeting
During the first ⌊temporal_phase_fraction × max_iterations⌋ iterations, the policy impl-

ments progressive temporal band targetting using 2D FFt decomposition. For

spatiotemporal problems discretised on an 𝑛𝑡 × 𝑛𝑥 grid, the residual vector 𝒓𝑘−1 ∈

ℝ𝑛𝑡⋅𝑛𝑥 is reshaped into matrix form 𝑹𝑘−1 ∈ ℝ𝑛𝑡×𝑛𝑥 as seen before.

These temporal frequency bands are created using logarithmic spacing to provide

enhanced resolution at low frequencies.

{ℓ1, …, ℓnum_temporal_bands} = range(0, ln(𝜔max + 1), length = num_temporal_bands)

band_edges = {0, ⌊𝑒ℓ1⌋, …, ⌊𝑒ℓnum_temporal_bands⌋ = 𝜔max}

where 𝜔max is the highest frequency of the FFT.

2D Frequency Domain Filtering with Spatial Awareness
The core computational procedure employs rectangular filtering in the 2D frequency

domain, enabling temporal focus whilst preserving essential spatial coupling. The

process proceeds as follows:

1. Forward 2D FFT Transform:

𝑹̂𝑘−1[𝜔𝑡, 𝜔𝑥] = ℱ2𝐷[𝑹𝑘−1][𝑖, 𝑗], 𝑖 = 1, …, 𝑛𝑡, 𝑗 = 1, …, 𝑛𝑥

2. Frequency Index Mapping: For FFT output indices (𝑖, 𝑗), the corresponding

temporal and spatial frequencies are:

𝜔𝑡 = {
𝑖 − 1 if 𝑖 ≤ 𝑛𝑡

2
𝑖 − 𝑛𝑡 − 1 if 𝑖 > 𝑛𝑡

2
, 𝜔𝑥 = {

𝑖 − 1 if 𝑖 ≤ 𝑛𝑥
2

𝑖 − 𝑛𝑡 − 1 if 𝑖 > 𝑛𝑥
2

This mapping accounts for the standard FFT convention, where negative frequencies

appear in the second half of the frequency array.

3. Temporal Band selection: For the current temporal band 𝑏 the frequency range is:

Ω𝑡,𝑏 = [band_edges [𝑏], band_edges [𝑏 + 1])

4. Spatial Coverage Cutoff: The spatial frequency cutoff implements controlled

spatial awareness

𝜔𝑥,max = ⌊spatial_coverage × 𝑛𝑥
2

⌋

This parameter controls the trade-off between temporal focus and spatial detail

preservation:
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• spatial_coverage = 0.3: Preserve only broad spatial patterns

• spatial_coverage = 0.5: Balances spatial awareness

• spatial_coverage = 1.0: Include all spatial details

5. Rectangular Frequency Domain Filter: The filtered FFT coefficients are con-

structed through rectangular masking:

𝑹̂𝑘,filtered[𝜔𝑡, 𝜔𝑥] = {𝑹̂𝑘−1[𝜔𝑡, 𝜔𝑥] if |𝜔𝑡| ∈ Ω𝑡,𝑏 ∧ |𝜔𝑥| ≤ 𝜔𝑥,max
0 otherwise

5. Inverse 2D FFT Transform:

𝑅𝑘[𝑖, 𝑗] = ℱ−1[𝑅̂𝑘, filtered[𝜔𝑥, 𝜔𝑡]]

𝑟𝑘 = vec(𝑅𝑘)

Phase 2: Spatial Refinement
After completing the temporal targeting phase, the policy transitions to spatial

refinement using the specified spatial_refinement_policy. This modular design enables

combination with any existing action strategy.

Computational Complexity
The total complexity of this policy depends on the phase and the chosen spatial refine-

ment policy. The temporal phase exhibits the same complexity of 𝒪(𝑛𝑡𝑛𝑥 log(𝑛𝑥𝑛𝑡)) as

seen in Section 3.3.1 due to the transformation in the frequency domain.

The amortised total complexity depends on the temporal phase fraction. With the

default 40% temporal phase, approximately 60% of iterations operate at the spatial

policy’s complexity, providing computational efficiency when paired with lower-cost

spatial methods like conjugate gradients.

4. Experimental Design
This section details the experimental framework designed to evaluate the performance

of structure-informed action policies against established baselines. Our experimental

design addresses our central research question: can our action policies that try to

exploit PDE-specific structure achieve faster uncertainty reduction compared to generic

approaches in the IterGP framework?
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4.1. Experimental Framework and Implementation

4.1.1. Software Implementation
Our experiments utilise the GaussPDE.jl package developed by Tim Weiland, which

provides a comprehensive framework for probabilistic PDE solving using physics-

informed Gaussian processes. We extended the framework by implementing the IterGP

methodology, which enables iterative uncertainty-aware PDE solving with customisable

action policies.

The implementation maintains full compatibility with the existing GaussPDE.jl archi-

tecture whilst introducing the capability for systematic comparison of action policies

for iterative solving. All experiments are conducted using Julia 1.11 on a MacBook Pro

(M1) and the ML-Cloud (CPU-Galvani).

4.1.2. Action Policy Portfolio
Our experimental evaluation encompasses six distinct action policies, to represent

different approaches to exploiting PDE structure:

Baseline Policy
• Conjugate Gradients (CG): The established baseline policy, providing optimal

convergence within Krylov subspaces and serving as our primary comparison policy.

Structure-Informed Policies
• Continuous Adaptive: Frequency-domain policy using energy-weighted spectral

filtering with 2D FFT decomposition and logarithmic energy amplification.

• Time Slice: Including both variants (with and without neighbours) that exploit

temporal causality by targeting spatial locations with maximum temporal residual

evolution.

• Temporal-First + Continous Adaptive: A compositional two-phase approach

combining systematic temporal frequency targeting (40% of iterations) followed by

continuous adaptive spatial refinement.

• Temporal-First + CG: Similar two-phase structure but employing only 4 bands

and frequency targeting of only 20% of iterations, followed by spatial refinement

through CG.
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4.2. Test Problem Configuration

4.2.1. Heat Equation Test Suite
The parabolic heat equation serves as our first test bed, governed by:

𝜕𝑢
𝜕𝑡

= 𝛼∇2𝑢

𝛼 = 𝜅
𝑐𝜌

where 𝜅 is the thermal conductivity, 𝑐 is the specific heat capacity and 𝜌 the density. We

evaluate six parameter configurations designed to probe different aspects of diffusion

dynamics:

Configuration 𝜅 𝜌 c IC Coefficients Physical Interpretation
Slow Diffusion 0.05 1.0 1.0 [1.0, 0.5, 0.25, 0.125] High-contrast, localised evolution
Medium Diffusion 0.1 1.0 1.0 [1.0, 0.5, 0.25, 0.125] Reference diffusion rate
Fast Diffusion 0.2 1.0 1.0 [1.0, 0.5, 0.25, 0.125] Rapid equilibration
High Amplitude 0.1 1.0 1.0 [2.0, 1.0, 0.5, 0.25] Enhanced signal strength
Low Amplitude 0.1 1.0 1.0 [0.5, 0.2, 0.1, 0.05] Weak signal detection
High Density 0.1 2.0 1.0 [1.0, 0.5, 0.25, 0.125] Altered material properties

Table 1: Heat Equation Configurations

Each configuration employs truncated sine series initial conditions 𝑢(𝑥, 0) =

∑4
𝑖=1 𝑎𝑖 sin(𝑖𝜑𝑥) with Dirichlet boundary conditions u(0,t) = u(1,t) = 0 on the spa-

tiotemporal domain [0, 2] × [0, 1].

4.2.2. Wave Equation Test Suite
The hyperbolic wave equation provides a complementary test environment:

𝜕2𝑢
𝜕𝑡2

= 𝑐2∇2𝑢

Five parameter variants explore different wave propagation characteristics:

Configuration c IC Displacement IC Velocity Wave Behaviour
Reference 2.0 [1.0, 0.5, 0.25, 0.125] [0.0, 0.0, 0.0, 0.0] Standard propagation
Enhanced Modes 2.0 [1.0, 0.6, 0.35, 0.2] [0.0, 0.0, 0.0, 0.0] Enriched frequency content
Faster Wave 2.4 [1.0, 0.5, 0.25, 0.125] [0.0, 0.0, 0.0, 0.0] Increased propagation speed
With Velocity 2.0 [1.0, 0.5, 0.25, 0.125] [0.2, 0.1, 0.05, 0.025] Non-zero initial velocity
Redistributed 2.0 [0.9, 0.55, 0.3, 0.15] [0.0, 0.0, 0.0, 0.0] Alternative mode distribution

Table 2: Wave Equation Configurations

Each configuration employs truncated sine series for both displacement and velocity

initial conditions on the spatiotemporal domain [0, 2] × [0, 1]. Displacement and velocity

are both provided as initial conditions using a truncated sine series. The boundaries
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are set up using homogeneous Dirichlet boundary conditions imposed on both spatial

boundaries: 𝑢(0, 𝑡) = 𝑢(1, 𝑡) = 0.

4.3. Observation Strategy and Discretisation
Following the original purpose of the GaussPDE.jl framework, we employ finite volume

method (FVM) discretisation for PDE constraint generation as described by Tim

Weiland et al. [12] This approach integrates the differential operator over control

volumes:

∫
𝑉𝑖

𝐷[𝑢] d𝑥 = ∫
𝑉𝑖

𝑓 d𝑥

Spatial Resolution: Δ𝑥 = 0.05 yielding approximately 20 spatial control volumes.

Temporal Resolution: Δ𝑡 = 0.05 producing approximately 40 temporal intervals.

Total PDE Constraints: Approximately 800 volumetric observations per test case.

4.3.1. Multi-Type Observation Framework
Each test problem incorporates heterogeneous observation types to better reflect real-

istic PDE solving scenarios:

• Initial Conditions: 20 point observations of 𝑢(𝒙, 0) (heat) or 𝑢(𝒙, 0) and 𝜕𝑢
𝜕𝑡 (𝒙, 0)

(wave)

• Boundary Conditions: 40 Dirichlet boundary observations enforcing 𝑢(𝜕Ω, 𝑡) = 0

• PDE Constraints:   800 FVM observations ensuring differential equation satis-

faction

4.3.2. Iterative Solver Configuration
Our implementation of the IterGP framework processes observations in sequential layers

even though they are stored in the same matrix:

1. Layer 1: Intitial conditions using Cholesky policy

2. Layer 2: Boundary conditions using Cholesky policy

3. Layer 3: PDE constraints using the test policy (CG, Continuous Adaptive, etc.)

Cholesky was chosen for the boundary and initial conditions to provide a numerically

stable base to work for the action policies in the third layer.

32



4.4. Evaluation Methodology

4.4.1. Baseline Computation
For each parameter configuration, we establish a baseline using direct cholesky condi-

tioning:

𝑝(𝑢|ℒ[𝑢] = 𝑦) = GP(𝜇post, 𝑘post)

This baseline represents the mathematically exact posterior (up to numerical precision)

and serves as the reference for all comparative metrics.

4.4.2. Convergence Metrics
Our evaluation framework focuses on three core quantitative metrics that capture the

essential aspects of policy performance:

1. Mean Squared Error: ‖𝜇𝑘 − 𝜇baseline‖
2 - posterior mean convergece to exact

solution

2. Variance Squared Error: ‖diag(Σ𝑘) − diag(𝜎baseline)‖
2 - marginal uncertainty con-

vergence

3. KL Divergence:

𝐷KL(𝒩𝑏 ‖ 𝒩𝑖) = 1
2
[tr(Σ−𝑖

𝑖 Σ𝑏) − 𝑘 + (𝜇𝑖 − 𝜇𝑏)
𝑇 Σ−1

𝑖 (𝜇𝑖 − 𝑚𝑏) + logdet(Σ𝑖
Σ𝑏

)]

where 𝑏 stands for baseline, 𝑖 represents the current iteration and 𝑘 is the dimension

of the GP.

To enable meaningful comparison across different parameter configurations and policies,

we employ a systematic normalisation approach:

1. First-Iteration Scaling: Mean and variance squared error are normalised by their

respective values at the first iteration of each policy:

Metricnorm,𝑘 = Metric𝑘
Metric1

This removes parameter-dependent scaling effects whilst preserving relative conver-

gence behaviour, as the first iteration is the same regardless of the chosen policy.

2. Cross-Parameter Averaging: For each policy, normalised metrics are averaged

across all parameter configurations:

Policy Performance𝑘 = 1
𝑁params

∑
𝑁params

𝑝=1
Metric𝑝

norm,𝑘
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This aggregation strategy ensures robust policy comparison whilst testing across diverse

PDE parameter regimes.

4.4.3. Evaluation Grid
All metrics are computed on a standardised evaluation grid:

• Temporal Points: 40 uniformly spaced points in [0, 2]

• Spatial Points: 50 uniformly spaced points in [0, 1]

• Total Evaluation Points: 2000 spatiotemporal locations

5. Results
This section is a evaluation of our structure-informed action policies against the

conjugate gradients baseline across both heat and wave equation test cases. Our

experimental results demonstrate that exploiting PDE-specific structure, particularly

temporal causality, yields substantial improvements in uncertainty reduction efficiency

whilst maintaining acceptable mean convergence.

5.1. Heat Equation Performance
The heat equation test suite provides our first evaluation framework, with results aver-

aged across six parameter configurations to ensure robust policy comparison. Figure 1

presents the convergence behaviour across our three key metrics: variance convergence

(a), mean convergence (b), and covariance structure similarity via KL-Divergence (c).

5.1.1. Variance Convergence: The Primary Success
The most relevant result emerges in variance convergence Figure 1(a), where tempo-

ral first policies show substantial advantages over the conjugate gradients baseline.

Specifically, the “Temporal First CG Fast” policy achieves variance reduction after

approximately 120 iterations, whereas the standard CG requires nearly 200 iterations

to match this performance.

Notably, other structure-informed policies (Continuous Adaptive, Time Slice, and Time

Slice + Neighbours) did not outperform CG in either variance reduction or covariance

recovery, as they remained within the same performance range as the baseline.

Furthermore, KL-Divergence (Figure 1(c)) of all action policies closely follow the CG

convergence trajectory, thus demonstrating comparable uncertainty quantification.
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Figure 1:  Heat Equation Policy Comparison. Convergence comparison of structure-informed action

policies for the heat equation test suite. All metrics are normalised by their first iteration values

and averaged across six parameter configurations (Table 1) (a) MSE Variance (norm): Temporal first

policies show a substantial reduction in the first iterations, even outperforming CG, while other policies

approximate the convergence rate of CG. (b) MSE Mean (norm): All policies exhibit a rapid mean

convergence within 100 iterations, with temporal first policies maintaining competitive mean accuracy

whilst prioritising uncertainty reduction. (c) KL-Divergence: No clear improvements over the baseline

can be observed.

This highlights that not all structure-exploiting approaches fulfil their design goals

or yield practical improvements. In contrast, only systematic targeting of temporal

frequency structure achieves meaningful gains over the baseline, applying across both

marginal uncertainty reduction and global covariance structure recovery.

5.1.2. Mean Convergence: Acceptable Trade-offs
Figure 1(b) reveals that our policies achieve competitive mean convergence while also

providing decent uncertainty reduction. All policies converge rapidly in the first 100

iterations. The mean squared error drops from about 0.8 to below 0.05.
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The temporal first policies have slightly higher residual mean error compared to pure

CG during iterations 80-200. The slower “Temporal First Adaptive” variant maintains

a heightened MSE error up to iteration 200. This limitation can be addressed through

parameter tuning, as shown by the improved performance of the “Temporal First CG

Fast” variant.

The remaining structure-informed policies (Continuous Adaptive and Time Slice

variants) perform marginally worse than CG but remain within acceptable tolerance

bounds. These modest mean convergence compromises are justifiable given the substan-

tial variance reduction advantages of the temporal first approaches.

This trade-off aligns with our design philosophy. We explicitly prioritise uncertainty

quantification over marginal improvements in point estimates. Reliable confidence

bounds are often more valuable than perfect mean convergence in practical PDE

applications, where decision-making under uncertainty is paramount.

5.2. Wave Equation Performance
The wave equation test suite provides validation of our structure-informed policies

across hyperbolic PDEs, with results averaged across five parameter configurations to

assess robustness across different wave propagation characteristics. The wave equation

results reveal both the strengths and limitations of temporal structure exploitation

when applied to oscillatory phenomena.

5.2.1. Variance Convergence: Sustained Advantages with Reduced Margins
The temporal first policies maintain their advantages in variance convergence for the

wave equation, though with reduced margins compared to the heat equation case. The

“Temporal First CG Fast” policy achieves variance reduction after approximately 185

iterations that the standard CG policy requires 220+ iterations to match.

The covariance structure recovery, as measured by KL-Divergence Figure 2(c), reveals

no improvement, mirroring the results observed for the heat equation. The temporal first

adaptive action policy appears to even worsen convergence between iterations 220-400.

Note that the plot excludes the final iterations of some policies due to high numerical

instabilities encountered during KL-Divergence computations at later stages.

This more modest improvement reflects the fundamental differences between parabolic

and hyperbolic PDEs. Wave equations exhibit oscillatory behaviour that creates a more
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Figure 2:  Wave Equation Policy Comparison. Convergence comparison of structure-informed action

policies for the wave equation test suite. All metrics are normalised by their first iteration values

and averaged across six parameter configurations (Table 2) (a) MSE Variance (norm): Temporal first

policies show a substantial reduction in the first iterations, even outperforming CG, while other policies

approximate the convergence rate of CG. (b) MSE Mean (norm): Our Policies converge more slowly

in relation to CG. The Temporal First Adaptive policy only reaches an MSE of under 0.1 after 300+

iterations. (c) KL-Divergence: No clear improvement over the baseline can be observed.

complex spectral structure compared to the exponential decay modes characteristic of

heat diffusion, reducing the effectiveness of systematic temporal frequency targeting.

The other structure-informed policies (Continuous Adaptive, Time Slice variants) again

failed to outperform CG, remaining within comparable performance ranges. This

consistent pattern across both PDE types reinforces that only temporal first approaches

provide reliable uncertainty reduction benefits.
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5.2.2. Mean Convergence: Performance Degradation: Performance Degrada-

tion and Trade-offs
Wave equation results reveal more pronounced trade-offs in mean convergence compared

to heat equation performance. Standard CG achieves mean convergence around iteration

170, whilst our temporal first policies require 220+ iterations.

The “Temporal First CG Fast” policy demonstrates the value of early switching to

spatial refinement, as its earlier transition to CG (at 20% of iterations rather than

40%) enables faster mean convergence recovery. This suggests that the optimal temporal

phase fraction, unfortunately, depends on the underlying PDE characteristics.

The slower converging “Temporal First Adaptive” policy exhibits more pronounced

mean convergence degradation, maintaining elevated MSE error well beyond iteration

200. This performance difference highlights the importance of spatial refinement strat-

egy selection for hyperbolic PDEs.

6. Conclusion

6.1. Key Insights

6.1.1. Temporal Structure Exploitation: Success and Limitations
The temporal first policy demonstrates the most significant success among our struc-

ture-informed approaches, achieving substantial variance reduction improvements over

conjugate gradients baselines across both heat and wave equation test cases. This

policy’s two-phase architecture—systematic temporal frequency targeting followed by

spatial refinement—consistently outperforms generic methods by exploiting the inherent

causal directionality of time-dependent PDEs.

However, the results reveal parameter sensitivity that affects both effectiveness and

computational efficiency. While the standard 40% temporal phase performs well for heat

equations, wave equation results expose mean convergence stagnation when temporal

exploration extends too long. The “fast” variant with a reduced 20% temporal phase

demonstrates superior mean recovery while maintaining uncertainty benefits, indicating

that optimal temporal phase fractions may depend on underlying PDE characteristics.

This parameter sensitivity represents both the policy’s strength—its adaptability to
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different mathematical structures—and its primary limitation requiring problem-spe-

cific tuning.

In stark contrast, alternative structure-informed approaches consistently fail to deliver

practical advantages. The continuous adaptive, time slice, and spatial mixing policies

remain within comparable performance ranges to conjugate gradients without achieving

meaningful improvements in uncertainty quantification. This selective success demon-

strates that not all structure-exploiting approaches bring computational advantages.

Frequency-domain filtering without temporal awareness (continuous adaptive) and

spatial targeting by residual magnitude (time slice variants) do not match the strong

convergence properties of established methods.

6.1.2. Computational Cost Considerations
The temporal first policy is one of our most computationally expensive approaches

because of its 2D FFT operations in the temporal targeting phase. However, the results

suggest this higher cost is justifiable for certain use cases. The large variance convergence

improvements—achieving in 120-180 iterations what CG requires in 200-220 iterations

—show possible computational savings even with higher per-iteration costs.

There exists a computational sweet spot where running the temporal first policy for

limited iterations, followed by a transition to lower-cost methods, may provide optimal

efficiency. The plots demonstrate that even brief temporal structure exploitation yields

disproportionate uncertainty reduction benefits during early iterations.

6.2. Limitations and Future Directions

6.2.1. Scope Limitation
Our analysis focuses on linear PDEs with structured finite volume discretisations. This

restricts generalisability to three primary cases: nonlinear PDE systems, where spectral

structure depends on the problem; irregular geometries, where FFT-based methods

become inefficient; and adaptive mesh refinement, where temporal structure may be

inconsistent.

6.2.2. Future Directions: Parameter Tuning
The core challenge addressed by our research is determining optimal temporal phase

parameters as well as choosing a fitting spatial refinement policy without advance

knowledge of convergence. The effectiveness of the temporal-first policy hinges on
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accurately weighing temporal exploration against spatial refinement while keeping the

computational costs in mind.

Adaptive Phase Duration Control
Future research should focus on developing online algorithms that dynamically adjust

temporal phase duration using real-time convergence indicators. Potential avenues

include spectral energy analysis, which tracks the stabilization of residual temporal

patterns, signaling diminished returns from continued temporal targeting. Another

approach is marginal variance tracking, which switches to CG once convergence stag-

nates or crosses a predefined threshold. Additionally, residual structure evaluation could

potentialy measure stabilization in residuals, indicating reduced benefits from continued

temporal targeting.

Preliminary investigations into spectral energy analysis and residual structure evalu-

ation were conducted during this thesis, but failed to yield reliable switching criteria.

6.3. Summary of Contributions
This thesis examines the development and evaluation of structure-informed action

policies—rules dictating which information to acquire during computation—for iterative

probabilistic partial differential equation (PDE) solving within the IterGP framework.

This research addresses a fundamental limitation in existing probabilistic numerical

methods: the failure of generic action policies to exploit the rich mathematical structure

inherent in PDEs.

Building on this foundation, a systematic two-phase approach was developed to explic-

itly target temporal frequency structure through FFT-based filtering, followed by spatial

refinement using established methods. This represents the first successful exploitation

of PDE temporal causality within the IterGP framework.

To assess the effectiveness of these methods, a comprehensive evaluation was conducted

using heat and wave equations with diverse parameter configurations. The results

demonstrate that temporal-first policies achieve reductions in iterations for equivalent

uncertainty quantification compared to conjugate gradients baselines.
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6.4. Final Remarks
This thesis demonstrates that principled exploitation of PDE mathematical structure

can yield substantial improvements in probabilistic numerical methods. Whilst not all

approaches proved successful, we can conclude that the frequency domain represents a

promising avenue for optimising iterative GP-based PDE solvers, particularly through

systematic temporal structure targeting.

This work contributes to the broader goal of developing computational tools that

respect and leverage the mathematical foundations underlying physical phenomena.

The path towards more efficient and reliable probabilistic PDE solving lies not in

abandoning established methods, but in thoughtfully augmenting them with structure-

aware algorithmic innovations.
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LLM Usage

This thesis used Claude Sonnet 4.0 for grammar correction, spelling correction, and proper
language. Only the language, not the underlying content, was modified.

The GaussPDE.jl project additions where written with assistance from Claude Sonnet 4.0 as
well as GitHub Copilot (Claude Sonnet 3.7). LLMs where used to enhance the understanding
of the overall codebase. No major parts were generated on their own.
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