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180 00 Prague, Czech Republic

5 Institute for Theoretical Physics, Department of Physics and Astronomy, KU Leuven, Celestijnenlaan 200d, P.O. Box 2415,
3001 Leuven, Belgium

a)Author to whom correspondence should be addressed: elke.fasshauer@gmail.com

ABSTRACT
Interatomic Coulombic electron capture (ICEC) is an environment-mediated process in which a free electron attaches to a species by transfer-
ring excess energy to a neighbor. While previous theoretical investigations assumed fixed nuclei, recent studies indicate that nuclear dynamics
significantly influences the ICEC process. In this work, we incorporate the vibrational motion into an analytical model of the ICEC cross
section, including both energy and electron transfer. To validate this approach, we compare the results to the adiabatic-nuclei approxima-
tion based on fixed-nuclei ab initio R-matrix calculations. We apply our theory to the helium–neon dimer, which is ideal for studying diverse
dynamical effects. We show that while vibrational dynamics can slightly reduce ICEC efficiency, ICEC remains dominant over photorecombi-
nation and can trigger dimer dissociation. Accounting for the nuclear motion also enables to describe the broadening of the electron spectrum
and enables evaluation of temperature-dependent cross sections—capabilities beyond the reach of fixed-nuclei approaches.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0280381

I. INTRODUCTION

The capture of free electrons by atoms, ions, molecules, and
quantum dots is a fundamental process with wide-ranging impli-
cations in both basic and applied sciences. It plays a key role in
astrophysics and plasma physics, where it influences stellar pro-
cesses and ionized gases.1,2 Furthermore, electron capture is critical
for understanding electrochemical and photochemical reactions,
impacting biological systems3 and solid-state technologies.4

One such electron capture mechanism is the interparticle
Coulombic electron capture (ICEC) that occurs exclusively in sys-
tems embedded within an environment.5 In ICEC, a free electron
is captured by an electron acceptor (A), which in this work will
be a cation, while the excess energy is transferred via Coulomb

interaction to a neighboring electron donor (D), leading to the
ionization of D,

e−k + A + D→ A− +D+ + e−k′. (1)

This environment-mediated coupling significantly enhances the
probability of electron capture across various systems, as shown in
theoretical studies.6,7 A detailed overview of the mechanism and its
theoretical basis can be found in Ref. 8.

In most earlier studies, theoretical approaches to investigate
ICEC have assumed static nuclei, neglecting the influence of nuclear
dynamics.8 However, recent results9 reveal that nuclear motion, par-
ticularly vibrational dynamics, can substantially affect the efficiency
and outcome of the process. Findings for related processes, such as
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resonant two-center photoionization10 and two-center dielectronic
recombination,11 further support the importance of nuclear motion
in interparticle electron capture. These findings highlight the neces-
sity of incorporating nuclear dynamics into ICEC models to achieve
a more complete theoretical understanding.

In this work, we extend the previous analytical energy and
electron transfer model6,12 of ICEC by explicitly incorporating the
relative nuclear motion between the interacting partners, provid-
ing intuitive insights grounded in the physical characteristics of
the individual systems. We apply this approach to the positively
charged helium–neon dimer and benchmark our results against
the adiabatic-nuclei approximation based on fixed-nuclei ab initio
R-matrix calculations, which offer a rigorous quantum mechan-
ical treatment of ICEC as a scattering process.13,14 Using both
approaches, we assess the impact of nuclear dynamics on ICEC and
aim to provide theoretical guidance for future experimental efforts.

This paper is organized as follows: we first establish the theoret-
ical framework in Sec. II, incorporating nuclear degrees of freedom
into the analytical model of ICEC. In Sec. III, we describe the
approximations taken to include nuclear dynamics into the R-matrix
approach. Section IV describes the physical parameters of our exam-
ple of a weakly bound system, the positively charged helium–neon
dimer. Section V outlines the computational details. The results for
the ICEC cross sections of the helium–neon dimer are discussed in
Sec. VI. Finally, we summarize our findings and their implications in
Sec. VII. We use atomic units (h = me = e = 1) throughout this paper,
unless explicitly mentioned otherwise.

II. NUCLEAR DYNAMICS IN THE ANALYTICAL ENERGY
AND ELECTRON TRANSFER MODEL OF ICEC

From a scattering theory perspective, ICEC is a multichan-
nel inelastic process in which an incoming electron interacts with
a target.6,15 It is characterized by a cross section that quantifies
its probability for a given electron energy. Our goal is to derive
an approximation to the ICEC cross section that includes nuclear
dynamics.

We consider the process in Eq. (1), where an electron is cap-
tured by an electron acceptor A and a neighboring electron donor D
emits an electron. Both species can be atoms, molecules, or ions. The
corresponding differential cross section is

dσ
dΩk′

= 1
(2π)2

k′

k
∣M∣2, (2)

where Ωk′ is the solid angle of the outgoing electron and M is the
transition matrix element,6,15 in our case between two vibronic states
Ψα accounting for the vibrational dynamics between A and D. We
describe the vibronic states as a single term of the Born–Huang
expansion,16,17

∣Ψα(r, R)⟩ = ∣ϕα(r ; R)⟩ ∣να(R)⟩, (3)

where ϕα is the electronic wave function, να is the nuclear wave func-
tion, r are the electronic coordinates, and R is the distance between
the centers of mass of A and D.

As shown in Ref. 12, the antisymmetry of the electronic wave
function leads to two distinct contributions to M,15

M(k′ ← k) =Mel(k′ ← k, e−k = e−k′) +Men(k′ ← k, e−k ≠ e−k′). (4)

The electron transfer term, Mel, assumes the incoming and outgoing
electrons are the same and describes direct scattering accompanied
by electron relocation from donor to acceptor. The energy trans-
fer term, Men, involves capture of the incoming electron by A, with
excess energy transferred to D, which emits an electron.

These two mechanisms dominate at different distances between
the two particles: electron transfer requires short-range interactions,
while energy transfer remains effective even at larger separations.18

In the following, we focus on incorporating nuclear dynamics into
the energy transfer contribution before turning to electron transfer.

A. Energy transfer contribution to ICEC
For the energy transfer contribution Men, we extend the deriva-

tion from Refs. 5 and 6, incorporating the necessary modifications
to account for nuclear motion. Here, we treat the process as events
taking place separately on A and D, linked by the energy transfer
via first order of perturbation theory. This approach is referred to as
“asymptotic” or “virtual photon” approximation in the literature.8
We will see that this enables us to express the cross section in terms
of physical parameters of A and D,5,6 which can be found in the
literature or obtained from experiments.

We begin by approximating the initial (i) and final (f) electronic
wave functions as products of the individual states of A and D,

∣ϕi⟩ = ∣ϕA,k⟩∣ϕD⟩,
∣ϕ f ⟩ = ∣ϕA−⟩∣ϕD+ ,k′⟩,

(5)

where the energy-normalized state ϕA,k (ϕD+ ,k′ ) describes A (D+)
together with the incoming (outgoing) electron of momentum k
(k′).5 This is justified if A and D are far enough away from each
other and the electronic interaction between them can be assumed
to be weak.

By using Eqs. (5) and (3) and employing the
Born–Oppenheimer approximation, the transition matrix ele-
ment within the first order of perturbation theory for a single initial
and final state is

Men = ⟨ν f ∣ ⟨ϕA− ∣⟨ϕD+ ,k′ ∣ V̂ ∣ϕA,k⟩∣ϕD⟩ ∣νi⟩, (6)

where V̂ is the Coulomb interaction between the charges of the two
systems and νi (ν f ) is the nuclear wave function of the initial (final)
state according to Eq. (3).

For sufficiently large distance R between A and D, we expand
V̂ in a Taylor series around R and retain the leading term that yields
a non-zero contribution to the transition matrix element Men. This
term corresponds to the dipole–dipole interaction of the two charge
densities,

V̂μμ =
1

R3 (μ̂A ⋅ μ̂D − 3 (uR ⋅ μ̂A) (uR ⋅ μ̂D)), (7)

where uR is the unit vector pointing from A into the direction of
D. As the electronic dipole moment operators μ̂A and μ̂D of A and D
are independent of R, we can separate the integration over electronic
and nuclear coordinates.
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Substituting Eqs. (6) and (7) into Eq. (2) yields the differen-
tial cross section in the lowest-order approximation for the energy
transfer contribution to ICEC,

dσ
dΩk′

= 1
(2π)2

k′

k
∣[μA ⋅ μD − 3 (uR ⋅ μA) (uR ⋅ μD)]⟨ν f ∣R−3∣νi⟩∣

2
,

(8)
where μA = ⟨ϕA− ∣ μ̂A ∣ϕA,k⟩ and μD = ⟨ϕD+ ,k′ ∣ μ̂D ∣ϕD⟩ are the elec-
tronic transition dipole moments. To obtain the total cross section,
Eq. (8) is integrated over the solid angle Ωk′ of the outgoing elec-
tron and averaged over the incoming electron angle Ωk. To facilitate
this integration, one expands the plane waves in the initial and final
states in terms of spherical waves.5,19

The dipole transition moments involved in the process can be
related to the corresponding photorecombination (PR) and pho-
toionization (PI) cross sections. The PR cross section of the electron
acceptor A is given by19

σPR
A (ε) =

4π2ω3

3c3k2 ∣μA∣
2, (9)

where c is the speed of light and ε is the kinetic energy of the incom-
ing electron, corresponding to momentum k. The quantity ω is the
energy of the emitted photon, corresponding here to the excess
energy of the electron capture. Its value is given by the sum of ε and
the electron attachment energy of A, which is equal to the ionization
potential of A−, IPA− .

Similarly, the PI cross section for the electron donor D is19

σPI
D (ω′) =

4π2ω′

3c
∣μD∣

2, (10)

where ω′ corresponds to the energy available to ionize D. The differ-
ence of ω′ and ω is Δωfi = E f − Ei, where Ei (E f ) is the energy of the
initial (final) vibrational state of the dimer. As a result, the kinetic
energy of the outgoing electron is

ε′ = ω − Δω f i − IPD, (11)

where IPD is the ionization potential of the electron donor D.
Using these two expressions, we arrive at an approximation to

the energy-transfer contribution to the ICEC cross section for the
transition from vibrational state ∣νi⟩ of AD to vibrational state ∣ν f ⟩
of A−D+,

σ(k, νi → ν f ) =
3c4

4π
σPR

A (ε) σPI
D (ω − Δω f i)

ω3(ω − Δω f i)
∣⟨ν f ∣R−3∣νi⟩∣

2
. (12)

Having established a working expression for the energy trans-
fer contribution to ICEC, we now turn our attention to the electron
transfer mechanism.

B. Electron transfer contribution to ICEC
For the electron transfer contribution Mel, we extend the

derivation from Ref. 12, modifying to account for nuclear motion,
analogously to Sec. II A. In this approach, the overlap of the elec-
tronic wave functions is not neglected, but instead approximated by
the overlap of two Gaussians.12,20–22

In the electron transfer contribution, we assume that we can
distinguish the scattering electron from the bound electrons of

(AD). We further assume that we can treat the interaction of the
continuum electron and the target as a simple interaction of charge
distributions, neglecting electron correlation. We can then write our
initial and final electronic states as

∣ϕi⟩ = ∣ϕAD⟩∣k+⟩,
∣ϕ f ⟩ = ∣ϕA−D+⟩∣k

′−⟩,
(13)

where ϕAD (ϕA−D+ ) is the electronic wave function of the dimer
and k (k′) is the initial (final) momentum vector of the continuum
electron. We denote with + (−) the incoming (outgoing) scattering
state,15 where the continuum electron scatters off of AD (A−D+).

Although we do not consider the electrons of A and D as
distinguishable, the electron correlation between them can still be
treated as a perturbation. Applying Eqs. (3) and (13) within the
Born–Oppenheimer approximation, the transition matrix element
at first order of perturbation theory for a single initial and final state
is given by

Mel = ⟨ν f ∣ ⟨k′− ∣⟨ϕA−D+ ∣ V̂ ∣ϕAD⟩∣k+⟩ ∣νi⟩, (14)

where V̂ is the Coulomb interaction between electrons situated on
A (including the incoming electron) and on D, and now, ϕ neglects
the correlation between electrons on A and D as the zero-order wave
function.

We can again apply the multipole expansion to V̂ [cf. Eq. (7)],
but the lowest contributing order is now the R−1 term, as we assume
the wavefunctions of A and D to have a nonzero overlap. We obtain
the transition matrix element as

Mel = ⟨ν f ∣
⟨ϕA−D+ ∣ϕAD⟩ ⟨k′ − ∣k+⟩

R
∣νi⟩. (15)

Assuming a single Slater determinant for the initial and final
electronic states of the dimer, the overlap ⟨ϕA−D+ ∣ϕAD⟩ reduces to
the product of the virtual orbital of A, which accepts an electron, ϕA

α ,
and the orbital of D, which donates said electron, ϕD

δ . Approximating
these two orbitals as Gaussians of widths aA and aD results in the
following expression for the overlap:12

SAD(R) = ⟨ϕA
α ∣ϕD

δ ⟩ = (
aAaD

a2
A + a2

D
)

3/2

exp(− R2

2(a2
A + a2

D)
). (16)

Note that the true overlap of the two orbitals can vanish due to their
symmetries.

Now, let us gather the results for the approximation to the
differential cross section of the electron transfer path of ICEC by
substituting Eq. (15) into Eq. (2),

dσ
dΩk′

= 1
(2π)2

k′

k
∣⟨ν f ∣

SAD ⟨k′ − ∣k+⟩
R

∣νi⟩∣
2

. (17)

To obtain the total cross section σ, we integrate Eq. (17) over
the solid angleΩk′ of the outgoing electron. The angular dependence
enters only through the overlap of the incoming and outgoing scat-
tering states, ⟨k′ − ∣k+⟩. Assuming the potential of the dimer can be
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approximated by its spherical component, we employ a partial wave
expansion of the scattering states,15 leading to

⟨k′ − ∣k+⟩ = 1
2π2kk′∫

∞

0
dr
∞

∑
ℓ=0
(2ℓ + 1) ψ− ∗ℓk′ (r, R)

× ψ+ℓk(r, R)Pℓ(k̂ ′ ⋅ k̂), (18)

where the hat denotes unit vectors, ψ± are the radial incoming
and outgoing scattering wave functions, and Pℓ is the Legendre
polynomial. The angular parts of this expansion—the Legendre
polynomials—do not depend on R, hence we can carry out the
integration over Ωk′ . If we then define

Jℓ ∶= ∫
∞

0
drψ− ∗ℓk′ (r, R) ψ+ℓk(r, R), (19)

the total cross section reads

σel = 32π
1√
ε3ε′

∞

∑
ℓ=0
(2ℓ + 1) ∣⟨ν f ∣ SAD Jℓ R−1 ∣νi⟩∣

2
, (20)

where ε (ε′) is the kinetic energy of the incoming (outgoing) electron.
Note that compared to Ref. 12, the integral defining Jℓ is not squared
and that we cannot simplify the absolute square further due to the
integration over R.

We further assume an exponential decrease in Jℓ squared, as in
Ref. 12,

J2
ℓ ≈ C exp(− ℓ(ℓ + 1)

K2
AV
), (21)

where we defined K2
AV = (aA + R)2ε + (aD + R)2ε′, and an ad hoc

dependence of C on ε′ − ε,

C ≈ C exp(− ∣ε
′ − ε∣
d
), (22)

where C and d are fitting parameters taken from Ref. 12.
With both the energy and electron transfer contributions estab-

lished for a single vibrational transition, let us summarize the
results.

C. Final considerations of the analytical energy
and electron transfer model

In our model, the total ICEC cross section is given by the sum
of energy and electron transfer contributions,

σ = σen + σel, (23)

with expressions provided in Eqs. (12) and (20), respectively.
Although these mechanisms could, in principle, interfere, their tran-
sition amplitudes are only comparable over a narrow range of R.12

Since the integration spans all internuclear distances, their direct
interference contributes only marginally and an incoherent sum of
cross sections is appropriate.

So far, we have considered only a single vibrational transi-
tion. In practice, ICEC involves transitions to multiple bound and

dissociative final states. For the former, we sum over all final vibra-
tional states ν f , and for the latter, we integrate over the dissociation
energy E,

σ(k, νi) =∑
f
σ(k, νi → ν f ) + ∫

Emax

E=0

dσ
dE
(k, νi → E) dE, (24)

where Emax = ω − IPD + Ei is the maximum dissociation energy
allowed by energy conservation, corresponding to the limit of ε′ = 0.

To account for a thermal population in the initial state, we aver-
age over initial vibrational states using a Boltzmann distribution,
which introduces temperature dependence,

σ(k, T) = 1
∑i e−Ei/(kBT)∑

i
e−Ei/(kBT)σ(k, νi), (25)

where Ei is the energy of vibrational state νi, T is the thermodynamic
temperature, and kB is the Boltzmann constant. This temperature
dependence is a key feature of our model, made possible by explicitly
including nuclear motion.

With this theoretical foundation, we now turn to the R-matrix
approach.

III. NUCLEAR DYNAMICS IN THE R-MATRIX
APPROACH

We aim to compare the results of the semi-empirical model
introduced in Sec. II with a more rigorous approach. We calculate
the cross section for the vibronic transitions using an approxima-
tion building upon the fixed-nuclei scattering T-matrix. We evaluate
this T-matrix using the ab initio R-matrix method,23,24 which is well
suited for low-energy electron–molecule scattering calculations. The
fixed-nuclei cross section is given in terms of the T-matrix as24

σi→ f (ε; R) = π
k2 ∑

lml′m′
∣Tilm→ f l′m′(ε, ε

′; R)∣2, (26)

where l, m (l′, m′) denote all the contributing partial waves of the
incoming (outgoing) electron.

We employ the adiabatic-nuclei (AN) approximation25 to com-
pute the vibrationally resolved scattering cross section. In this
approach, the vibrational scattering matrix is constructed as follows:

Tiνi→ f ν f (ε, ε
′) = ⟨ν f ∣Ti→ f (ε, ε̃ ′; R)∣νi⟩R. (27)

The incoming ε and the outgoing ε′ electron energies in the vibra-
tionally resolved picture are related by the conservation of energy
[an equivalent of Eq. (11)],

ε + E
νi

i = ε
′ + E

ν f

f , (28)

where E
νi

i (E ν f

f ) is the energy of the initial (final) vibronic state. If we
define the energy reference as the energy of the final electronic state
in the limit of large R, then E

ν f

f = E f . The approximation utilizes the
fixed-nuclei on-shell T-matrix, Ti→j(ε, ε̃ ′; R), where the incoming ε
and the outgoing ε̃ ′ electron energies are related by the R-dependent
conservation of energy,

ε + Ei(R) = ε̃ ′ + E f (R), (29)
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where Ei(R) [E f (R)] is the potential energy curve of the initial (final)
electronic state. This means that ε̃ ′ ≠ ε′, i.e., the cross section for
a vibronic transition at given outgoing electron energy ε′ is calcu-
lated from fixed-nuclei data corresponding to a different, in fact
R-dependent, outgoing energy ε̃ ′. This is because the AN approx-
imation does not take the energy of the vibrational states into
account. Nevertheless, it has been used successfully for vibrational,26

rotational,27 and electronic28 excitations and it is valid for electron
energies larger than the corresponding excitation thresholds.25

In ICEC, dissociation in the final state can be prominent, mak-
ing the adiabatic-nuclei approximation invalid in a larger range of
electron energies above the ICEC threshold. To remedy this, we use
the energy-balanced adiabatic-nuclei (EBAN) approximation intro-
duced for calculating electron impact dissociation of H2 in Ref. 29.
In this approximation, we use

Tiνi→ f ν f (ε, ε
′) = ⟨ν f ∣Ti→ f (ε̃, ε′; R)∣νi⟩R, (30)

instead of Eq. (27), and

ε̃ + Ei(R) = ε′ + E f (R), (31)

instead of Eq. (29). In this variant, the vibronic outgoing electron
energy coincides with the fixed-nuclei outgoing electron energy, and
the non-equivalence is transferred to the incoming electron energies.

So far, we have not specified whether the vibrational states are
bound or dissociative. In our study, the initial vibrational states
are going to be bound, and in the final state, we consider both
bound and dissociative ones. For the bound–bound transitions,
Eq. (26) can be readily applied, replacing i by iνi and f by f νf . For
bound–dissociative transitions, a similar formula holds

dσiνi→ f νE(ε)
dε′

= π
k2 ∑

lml′m′
∣Tiνi lm→ f νE l′m′(ε, ε

′)∣2, (32)

provided that the dissociative states νE are energy-normalized.29,30

We note that for dissociative states, the vibrational energy E f equals
the kinetic energy release (KER).

The dissociative character of the final states also hints at why, in
Eq. (30), we should use the correct outgoing electron energy instead
of the incoming electron energy. In our case, the fixed-nuclei incom-
ing electron energy ε̃ differs from the correct one, ε, on the energy
scale of the dissociation threshold of the initial electronic state. If we
took the correct incoming electron energy, the fixed-nuclei outgo-
ing energy would have differed from the correct one on the scale of
the dissociation energy. This discrepancy varies for different ε′ with
a fixed ε and is severe when most of the energy is released as KER
and the outgoing electron is slow. For the ICEC scenarios which
correspond to electronic deexcitation, we have to use AN because
EBAN introduces an unphysical threshold. An illustration and more
detailed discussion of the AN and EBAN cross sections can be found
in the supplementary material. Let us also note that for very low
incoming electron energy, both AN and EBAN break down. Further
work is necessary to properly understand how their performance
compares, perhaps by an analytically or numerically exactly solvable
model.

With both the analytical model and the R-matrix approach in
place, let us introduce the physical system we shall investigate.

TABLE I. Parameters of the surfaces X, A, and B from Ref. 31: equilibrium distance
Re, dissociation energy De, harmonic vibrational frequency ωe, and electronic energy
E at equilibrium. The last column denotes corresponding asymptotic (R →∞) states.

State
Re

(Å)
De

(cm−1)
ωe

(cm−1) E (a.u.) Asymptotics

X 2Σ+ 1.43 5200 911 −130.943 49 He +Ne+(2p−1
z )

A 2Π1/2 2.42 283 152 −130.921 76 He +Ne+(2p−1
x/y)

B 2Σ+ 2.66 343 152 −130.807 54 He+(1s−1) +Ne

IV. THE SYSTEM STUDIED: (HeNe)+
In the previous sections, we introduced two approaches for

calculating vibrationally resolved ICEC cross sections. Section II
presented an analytical model extended to include nuclear dynam-
ics, accounting for both energy and electron transfer mechanisms.
In Sec. III, we built upon the ab initio fixed-nuclei R-matrix results
and included the nuclear dynamics using the AN or EBAN approx-
imation, referred to as the R-matrix. We apply both methods to the
(HeNe)+ dimer as an example of a weakly bound system.

To contextualize the calculations, we begin with the struc-
tural and electronic properties of (HeNe)+. Neon and helium have
ionization potentials of 21.56 and 24.59 eV, respectively. Energy con-
servation implies that when He+ captures an electron, the electron
affinity is sufficient to ionize neon. In contrast, electron capture by
Ne+ requires additional kinetic energy.

Vibrational dynamics are described using Morse potentials for
the three lowest electronic states, offering analytic solutions. Para-
meters from Ref. 31 are used and listed in Table I. Without loss
of generality, we assume the dimer is aligned along the z axis. The
ground state X asymptotically corresponds to HeNe+(2p−1

z ), with

FIG. 1. Schematic potential energy surfaces X, A, and B corresponding to
the three lowest electronic states of (HeNe)+. For ease of comparison, sur-
faces A and B are multiplied by 4 and B is shifted down by 2.5 eV. The
figure is taken from E. M. Jahr and J. Šenk (2025). “Influence of vibra-
tional motion and temperature on Interatomic Coulombic electron capture -
Figures,” Figshare. https://doi.org/10.6084/m9.figshare.28883378.v2.32 Copyright
2025 Author(s), licensed under a Creative Commons Attribution 4.0 License.
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the charge localized on neon, also noted in the last column of Table I.
The first excited state A—not to be confused with the electron
acceptor—corresponds to HeNe+(2p−1

x/y), sharing the same asymp-
totic energy as X. The second excited state B, He+(1s−1)Ne, is the
first with the charge on helium.

This system provides an excellent platform for studying a wide
range of vibrational effects, as it features potential energy surfaces
with distinct characteristics. The excited states A and B are shallower
and shifted toward larger internuclear distances compared to X (see
Fig. 1), providing a diverse range of conditions found in different
physical systems.

V. COMPUTATIONAL DETAILS
In this section, we outline the computational framework used to

model ICEC in the (HeNe)+ dimer. We first describe the numerical
implementation of the analytical model, followed by the details of
the R-matrix calculations.

A. The analytical energy and electron transfer model
To implement the model, we require (i) atomic photoionization

cross sections for the energy transfer term in Eq. (12), (ii) Gaussian
widths for the electron transfer term in Eq. (20), and (iii) vibra-
tional states of the dimer. The implementation33 was carried out
in Python using the mpmath module,34 which supports confluent
hypergeometric functions with complex arguments—necessary for
the dissociative Morse states adopted from Ref. 35.

Photoionization cross sections for He and Ne were taken from
Ref. 36. Since the three degenerate 2p orbitals in Ne contribute
equally under an isotropic field approximation,19 we divide the total
cross section by three: σPI

2pℓ = σ
PI/3.

For the electron transfer contribution, we follow Ref. 12, using
Gaussian widths in Eq. (16) based on covalent radii37 scaled by
α = 1.6. Electron transfer efficiency depends on orbital orientation:
in the ground electronic state (X), the 2pz orbital of Ne+ aligns with
the interatomic axis and facilitates the transfer. In the excited A state,
the perpendicular 2px/y orbital results in negligible overlap with He’s
s-orbital, suppressing electron transfer. Consequently, we include
electron transfer only in X to B and B to X transitions and restrict
A to B and B to A transitions to the energy transfer mechanism.

We use the analytical bound and dissociative solutions of the
Morse potential from Ref. 35. Dissociative states are discretized and
normalized within a finite box, R ∈ (0, 10 Å]. All but the highest
bound vibrational state of each electronic state remain well con-
fined within this range. We, therefore, exclude the highest initial
bound state due to unreliable overlap with dissociative states in
the finite box; this is justified at low temperatures where its pop-
ulation is negligible. Final vibrational states are not restricted, as
long as only bound initial states are considered—excluding the high-
est initial state. Energy-normalized dissociative cross sections are
obtained by multiplying the corresponding cross sections from box-
normalized dissociative states of energy E f with the density of states,
ρ(E f ) = 2/∣E f+1 − E f−1∣.

Unless stated otherwise, we assume the dimer starts in the
vibrational ground state of the initial electronic state and sum over
all final vibrational states. For fixed-nuclei calculations, the ICEC

cross section is evaluated at the equilibrium distance Re of the initial
electronic state.

B. The R-matrix approach
We employed the fixed-nuclei R-matrix method as imple-

mented in the UKRmol+ suite.38 Molecular orbitals for the scattering
calculations were obtained using the MOLPRO39–41 implementation of
the Hartree–Fock method applied to the HeNe system, with the cc-
pVDZ basis set. Continuum orbitals were constructed using a radial
GTO basis optimized for an R-matrix radius of a = 13a0, as provided
in the UKRmol-scripts release,42 and included partial waves up to
angular momentum l = 6.

As the target orbitals of the scattering model, we used the 1s
orbital of Ne as frozen and the 2s, 2p, and 3p orbitals of Ne and the
1s and 2s orbitals of He as active. We included four target states into
the scattering calculations, as only those are energetically accessible
in the investigated region of scattering energies. The R-matrix was
propagated to raf = 80a0.

We performed the fixed-nuclei R-matrix calculations for inter-
atomic distances ranging from R = 1.5a0 to R = 9.5a0 with a step
of ΔR = 0.5a0. To evaluate the dissociative states, we use the sine
discrete variable representation (DVR)43 in the confinement box
R ∈ (0, 10 Å] with 3000 grid points.

We use the AN approximation for the transitions B to X and B
to A and the EBAN approximation for the transitions X to B and A
to B. The R-integral in Eqs. (27) and (30) for AN and EBAN, respec-
tively, is facilitated using a composite 10-point Gauss–Legendre
quadrature.44,45 Because the dissociative states in the energy range
studied can oscillate with high frequencies, it is necessary to inter-
polate the fixed-nuclei T-matrices because performing the ab initio
calculations on such a dense grid would be excessively computa-
tionally demanding. In the region of energies that we investigate,
there are no resonances and the T-matrix elements are smooth both
in energy and in R. The cubic spline interpolation46 is used. The
R-quadrature is carried out over the extent of the DVR box. For
obtaining the T-matrix values outside the range of the fixed-nuclei
calculations, we used linear extrapolation for R < 1.5a0 and 1/R3

extrapolation for R > 9.5a0 motivated by the form of the asymptotic
approximation6 to fixed-nuclei ICEC cross sections that is valid in
this range. The implementation is available at Ref. 47.

With the computational framework in place, we proceed to
analyze the ICEC cross sections for the (HeNe)+ dimer.

VI. RESULTS AND DISCUSSION
In this section, we present the computed ICEC cross sections

for the (HeNe)+ dimer, examining how vibrational motion affects
the efficiency of electron capture. We compare results from the ana-
lytical model48 and the R-matrix approach,49 highlighting key trends
and deviations.

We begin by discussing the energy transfer and electron trans-
fer contributions to ICEC in Sec. VI A. In Sec. VI B, we investigate
the total cross section for ICEC from the ground vibrational state
and compare to the transitions from the excited vibrational states.
Then, we present the temperature-dependent ICEC cross section in
Sec. VI C. Last but not the least, we investigate the spectrum of the
outgoing electron for a fixed incoming electron energy in Sec. VI D.
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FIG. 2. ICEC cross section vs incoming electron energy ε for νi = 0 from energy transfer (orange), electron transfer (red), and R-matrix (blue). The solid lines indicate nuclear
dynamics; the dotted lines indicate fixed-nuclei results. The fixed-nuclei model uses asymptotic energies while R-matrix considers a vertical transition at Re, resulting in
different thresholds for X to B. The figure is taken from E. M. Jahr and J. Šenk (2025). “Influence of vibrational motion and temperature on Interatomic Coulombic electron
capture - Figures,” Figshare. https://doi.org/10.6084/m9.figshare.28883378.v2.32 Copyright 2025 Author(s), licensed under a Creative Commons Attribution 4.0 License.

A. Energy vs electron transfer for B to X and X to B

The analytical model, introduced in Sec. II, includes both
energy and electron transfer contributions to ICEC. While energy
transfer applies to all transitions, electron transfer is only relevant

when the state X is involved (see Sec. V A). We, therefore, focus on
the B to X and X to B transitions in this chapter.

Figure 2 shows the corresponding ICEC cross sections as a
function of the incoming electron energy. The electron transfer con-
tribution (red) dominates over energy transfer (orange) by three

FIG. 3. ICEC cross section vs incoming electron energy ε for νi = 0. Left panel: electron captured by He+; right panel: captured by Ne+. R-matrix (blue) and model
(red) results: the solid lines represent bound–dissociative, the dashed lines represent bound–bound transitions, and the dotted lines represent fixed-nuclei results.
In panels (a) and (c), the dotted and dashed lines nearly coincide. The dashed gray lines represent photorecombination cross sections on the capturing atom. The
figure is taken from E. M. Jahr and J. Šenk (2025). “Influence of vibrational motion and temperature on Interatomic Coulombic electron capture - Figures,” Figshare.
https://doi.org/10.6084/m9.figshare.28883378.v2.32 Copyright 2025 Author(s), licensed under a Creative Commons Attribution 4.0 License.
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orders of magnitude, making it the primary mechanism for these
transitions. This dominance stems from the electron transfer being
strongly favored at short interatomic distances around Re.12 Despite
their magnitude difference, both contributions show similar trends
with increasing kinetic energy ε.

We compare the analytical model to the R-matrix results (blue),
which include both energy and electron transfer contributions.
While all curves exhibit the same overall trend, the analytical model
is roughly a factor of three larger than the R-matrix results. This
discrepancy stems from the electron transfer term, which is exag-
gerated due to parameter choices in the Gaussian description of the
electronic distributions for the (HeNe)+ system.12

From here on, we include both energy and electron transfer
contributions in the model for the X to B and B to X transitions.
We now turn to comparing the total cross section with vibrationally
resolved and fixed-nuclei results.

B. Total cross section
Figure 3 presents ICEC cross sections for all electronically dis-

tinct processes, comparing the analytical model, the R-matrix, and
fixed-nuclei results. Across all cases, the model agrees with the
R-matrix approach within an order of magnitude, consistent with
the comparisons discussed in Sec. VI A.

Threshold energies differ between channels. When He+ cap-
tures the electron (left panels), the process can occur at zero incom-
ing electron energy due to the high electron affinity of He+. For the
reverse process (right panels), the incoming electron has to supply
an energy of 3–4 eV to make ICEC possible.

The relative importance of bound–bound (b–b) and
bound–dissociative (b–d) transitions varies by channel. For B
to X and B to A (left panels), b–b transitions dominate by about two
orders of magnitude, driven by large overlaps between the ground
vibrational state of B and bound states of X or A. For A to B, b–b
transitions still dominate but only marginally.

In contrast, the X to B process is dominated by b–d
transitions—by up to ten orders of magnitude. The suppression of
the b–b transitions arises from minimal overlap between the ground
state of X and the bound states of B due to the shift in equilibrium
distance R, as shown in Fig. 1. The same holds even for low-energy

dissociative states but the overlap grows with increasing KER (the
energy of the dissociative state), as the turning point moves to
smaller R. With larger kinetic energy ϵ, more dissociative states are
accessible, enhancing the total cross section. Once the relevant dis-
sociative states are fully accessible, the cross section saturates and
eventually decreases due to the kinetic energy dependence.

Comparison with fixed-nuclei results calculated at the equilib-
rium distance of the initial electronic state (dotted lines) reveals the
impact of nuclear dynamics. For transitions B to A, B to X, and A to
B, the fixed-nuclei cross sections are comparable with the dominant
b–b or b–d contribution. For A to B, the agreement in magnitude is
within a factor of two across the full energy range.

The X to B transition, however, shows a significant dis-
crepancy in threshold between the fixed-nuclei and vibrationally
resolved cross sections. This stems from different energy conserva-
tion assumptions: the fixed-nuclei model (dotted red) uses asymp-
totic energy conservation, ϵ′ = ϵ + IPA− − IPD,6 leading to a thresh-
old energy of 3.02 eV for X to B, while the fixed-nuclei R-matrix
(dotted blue) uses vertical transitions at Re, shown in Eq. (29), cor-
responding to 6.9 eV. Both the model and R-matrix approaches for
including nuclear dynamics instead conserve the vibronic energy,
Eq. (11), yielding a more gradual onset of the cross section.

In all cases, the dominant ICEC cross section—whether b–b or
b–d—surpasses the photorecombination cross section of the cap-
turing ion by at least three orders of magnitude. For the X to B
transition, the enhancement reaches up to six orders of magnitude,
highlighting the efficiency of ICEC and its significant role in envi-
ronments where low-energy electrons and weakly bound systems are
present.

C. Temperature dependence
To model ICEC realistically, the thermal population of initial

vibrational states must be considered. Unlike fixed-nuclei methods,
our approach includes vibrational averaging via a Boltzmann distri-
bution, introducing temperature dependence into the cross sections,
as outlined in Sec. II C.

We show in Fig. 4 how the ICEC cross section for (HeNe)+
changes with increasing incoming electron energy for different tem-
peratures. For the B to X, A to B, and B to A transitions, increasing

FIG. 4. Temperature-dependent ICEC cross section vs incoming electron energy ε. Shades of blue: the R-matrix; shades of red: the model. Lighter shades correspond to
higher temperatures. The curves for T = 15 and 77 K coincide in the right panel. The figure is taken from E. M. Jahr and J. Šenk (2025). “Influence of vibrational motion and
temperature on Interatomic Coulombic electron capture - Figures,” Figshare. https://doi.org/10.6084/m9.figshare.28883378.v2.32 Copyright 2025 Author(s), licensed under
a Creative Commons Attribution 4.0 License.
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the temperature to T = 298 K results in a reduction in the total
cross section. For instance, in the B to X transition (panel 4a),
the asymptotic model predicts a decrease of up to a factor of 1.4
when comparing 298 K (orange) with 15 K (red). This trend is also
observed in the R-matrix calculations (blue). The decrease stems
from significant population of excited vibrational states at higher
temperatures and for these transitions, excited initial states yield
lower cross sections. A detailed analysis of this vibrational-state
dependence is provided in the supplementary material.

In contrast, the X to B transition [panel Fig. 4(b)] exhibits
the opposite behavior. At low incoming electron energies, the cross
section increases with temperature. This enhancement is due to the
strong contribution from higher initial vibrational states, which,
in this case, produce substantially larger cross sections in the low-
energy regime due to lowering the threshold and enhancing the
overlap between initial and final vibrational wave functions. More
details can be found in the supplementary material. At higher elec-
tron energies, where the dependence on the initial vibrational state
becomes weaker, the temperature effect diminishes and the cross
section remains nearly unchanged.

Moreover, for X to B, we observe a lowering of the ICEC thresh-
old with increasing temperature. This is a direct consequence of
the reduced threshold energies associated with vibrationally excited

initial states, which begin to dominate the vibrational average at
higher temperatures.

D. Spectrum
Nuclear dynamics significantly impacts the spectrum of the

outgoing electron in ICEC. At fixed incident electron energy, the
spectrum features discrete peaks from bound–bound transitions and
a continuum from bound–dissociative transitions.

Figure 5 presents the outgoing electron energy spectra for
all ICEC processes considered, assuming initial ground vibrational
states. We use ε = 1 eV (He+ as acceptor) and ε = 5 eV (Ne+ as
acceptor). The line part of the spectrum denotes bound–bound
transitions, with the signal of the highest outgoing electron energy
corresponding to the ground vibrational final state; the continuous
curves represent bound-dissociative contributions. Energy conser-
vation links the outgoing electron energy to the final vibrational
state, shown in the secondary x axis at the top of the plots. Spectra
are truncated below 10−3 × σPR due to experimental irrelevance.

For A to B, B to A, and B to X, bound–dissociative
cross sections decrease with increasing KER, often with modu-
lations. This behavior persists for higher initial vibrational states
(see the supplementary material). For X to B, by contrast, the

FIG. 5. ICEC cross section vs outgoing electron energy ε′ for νi = 0. Each panel shows a different electronic ICEC process: left for He+ (ε = 5 eV), right for Ne+ (ε = 1 eV).
The line spectrum denotes bound–bound transitions and the solid curves represent bound–dissociative differential cross sections in Mb eV−1; see Eqs. (24) and (32).
R-matrix (blue), model (red), photorecombination reference (dashed gray), and fixed-nuclei data (dotted line spectrum) are included. In panel (d), the fixed-nuclei ICEC
channel is closed for the R-matrix result and, therefore, not represented. The figure is taken from E. M. Jahr and J. Šenk (2025). “Influence of vibrational motion and
temperature on Interatomic Coulombic electron capture - Figures,” Figshare. https://doi.org/10.6084/m9.figshare.28883378.v2.32 Copyright 2025 Author(s), licensed under
a Creative Commons Attribution 4.0 License.
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FIG. 6. ICEC cross section vs outgoing electron energy ε′ for X to B. Ne+

captures the incident electron with a kinetic energy of ε = 5 eV. The initial
vibrational state is νi = 5. The dotted curve represents the reflection principle
prediction of the cross section. The reference (gray curve) shows the model
data for νi = 0 [i.e., from panel Fig. 5(d)]. The blue and red lines are as in
Fig. 5. The figure is taken from E. M. Jahr and J. Šenk (2025). “Influence of
vibrational motion and temperature on Interatomic Coulombic electron capture -
Figures,” Figshare. https://doi.org/10.6084/m9.figshare.28883378.v2.32 Copyright
2025 Author(s), licensed under a Creative Commons Attribution 4.0 License.

bound–dissociative cross section increases rapidly with KER. Higher
νi introduce modulations, with an increasing number of minima.

Note that in Fig. 5(d) (X to B), the discrepancy between the
energy conservations discussed in Sec. VI B manifests in the fixed-
nuclei ICEC channel being closed for the R-matrix approach and
open for the analytical model. The fixed-nuclei R-matrix result is,
therefore, not represented in this spectrum.

Figure 6 compares X to B spectra for νi = 0 and νi = 5. Three
key differences arise: (i) the entire spectrum for νi = 5 is shifted
by ∼ 0.4 eV due to the initial vibrational energy difference; (ii)
bound–bound cross sections increase by eight orders of magnitude
for νi = 5, due to enhanced overlap with final bound states at larger
R; and (iii) the dissociative spectrum for νi = 5 shows multiple peaks
and valleys, in contrast to the monotonic shape for νi = 0.

This structure can be qualitatively explained using the reflec-
tion principle.50 By projecting the initial vibrational state’s den-
sity, weighted by the electron transfer interaction∝ exp (−cR2)/R2,
Eqs. (16) and (20), we reproduce the overall shape and nodal struc-
ture of the cross section. However, the predicted peak positions are
systematically shifted to higher ε′, likely due to the approximation of
the final-state potential by its linear component at the turning point
within the reflection principle approximation.

Finally, we compare the analytical model and the R-matrix
results. Overall, the model cross sections agree well with the
R-matrix results—both in magnitude and qualitative behavior. They
show consistent trends and magnitudes for the bound–bound spec-
tra and similarly capture the shape of the bound–continuum transi-
tions. The largest discrepancies occur in bound–dissociative tran-
sitions with He+ as electron acceptor: the model predicts more
pronounced oscillations and shows a faster decay with increasing
KER compared to the R-matrix results. These differences likely arise
from limitations of the model, including the neglect of higher-order
multipole terms and interference between energy and electron trans-
fer mechanisms. The reliability of the R-matrix approach, on the

other hand, is affected by the use of the AN approximation in B to X
and B to A, which becomes less accurate at higher KER.

VII. CONCLUSION
We have presented a comprehensive theoretical investigation

of how nuclear motion influences the ICEC cross section in the pos-
itively charged helium-neon dimer—an example of a weakly bound
system. In our approach, we incorporate vibrational dynamics into
an analytical model of ICEC, including both the energy and elec-
tron transfer mechanisms in terms of a semi-empirical model. To
validate the model, we implemented an approximation based on
fixed-nuclei ab initio R-matrix results, finding agreement within
an order of magnitude. Beyond this quantitative agreement, the
model also reproduces the qualitative behavior and offers valuable
interpretative insight.

Our results demonstrate that including nuclear motion and
temperature dependence leads to important modifications of the
ICEC cross sections. These include changes in threshold posi-
tion, threshold behavior, energy dependence, outgoing electron
energy, and overall magnitude. When the neon cation captures
the incoming electron, the cross section rises near the threshold
and is predominantly followed by dissociation at higher electron
energies— tendency that becomes even more pronounced at ele-
vated temperatures. In contrast, electron capture by the helium
cation favors bound–bound transitions, with slightly reduced cross
sections observed at lower temperatures. We find that electron
transfer dominates the cross section, as the bound vibrational
states are localized in the short-range region where the asymp-
totic energy-transfer approximation breaks down. Although nuclear
motion can slightly reduce the total cross section compared to fixed-
nuclei calculations at equilibrium geometries, ICEC remains several
orders of magnitude more efficient in the helium–neon dimer than
photorecombination, reinforcing its physical relevance.

It is important to note that, although we treat the electronic
states X and A as distinct within our theoretical framework, such
separation may not be feasible experimentally due to limited reso-
lution, which could obscure individual contributions. In addition,
while our treatment neglects molecular rotations, their inclusion
would introduce further fine structure in the bound–bound transi-
tions. However, resolving this substructure would be experimentally
challenging, as the energy splitting between rotational states within
the same vibrational level is minimal.

The influence of nuclear dynamics on ICEC has important
implications for both theoretical modeling and experimental detec-
tion. Our results highlight the need for including this dynamics
into ICEC descriptions, particularly in molecular and weakly bound
systems.

SUPPLEMENTARY MATERIAL

The supplementary material provides the ICEC cross sections
for higher initial vibrational states, which underlie the temperature
dependence discussed in Sec. VI C. We further show the cross sec-
tions for different temperatures for all electronic transitions, as well
as the spectra for higher initial vibrational states. We also show a
comparison of the AN and EBAN cross sections in two example
cases.
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We report the theory for time-resolved spectator resonant interparticle Coulombic decay (ICD) processes.
Following excitation by a short extreme ultraviolet pulse, the spectrum of the resonant ICD electron develops.
Strong-field ionization is imagined to quench the decay at different time delays and to initiate regular ICD. In this
latter process, the ICD electron signal can be measured without interference effects. The typical lifetimes of ICD
processes allow for the observation of oscillations of the time- and energy-differential ionization probability. We
propose to utilize this oscillation to measure lifetimes of electronic decay processes.

DOI: 10.1103/PhysRevA.101.043414

I. INTRODUCTION

Interparticle Coulombic decay (ICD) [1,2] is an electronic
decay process of ionized systems consisting of at least two
weakly bonded units, be it atoms, molecules, or clusters. ICD
has been observed in multiple systems like noble gas clusters
[3–11] and clusters of different solvent molecules like water
[4,5,12] or ammonia [13–16]. It allowed one to explain the
repair mechanism of the enzyme photolyase [17] and was used
to establish a more efficient double ionization strategy [18].
ICD is furthermore discussed as a source of slow electrons,
which are most efficient in damaging the DNA after exposure
to high energy radiation or radioactive materials in the human
body [19–24]. In this work, we shed light on this fundamental
process by offering a time-resolved perspective directly of the
electron dynamics.

Due to developments in creating short pulses in the extreme
ultraviolet (XUV) and x-ray domain [26] a time-dependent
investigation of ICD processes should be within reach. Fano
profiles of a much faster autoionization (AI) process were
recently measured [27,28]. A few time-resolved investigations
of ICD have already been performed theoretically and ex-
perimentally, where the ions produced in the process were
measured [29–36]. However, electrons can be measured with
higher energy resolution than ions and grant direct access
to the electron dynamics and interference effects during the
process. In this work, we will therefore focus on the evolution
of the time- and energy-differential ionization probability,
propose how it might be possible to measure this quantity
in experiment, and discuss how decay lifetimes can be deter-
mined from the time-resolved signal.

In brief, the ICD process starts from a unit A, which is
ionized in the inner valence shell. This vacancy is filled by
an electron from the same unit and the excess energy is
simultaneously transferred to a neighboring unit B. The latter
is consequently ionized by emission of the ICD electron. The
two positively charged units undergo a Coulomb explosion

*elke.fasshauer@gmail.com

(see Fig. 1). A related process is initiated by an excitation of
unit A. This resonant ICD (RICD) can be characterized by
the behavior of the excited electron: it either participates in
the decay process or not. The respective processes are called
participator RICD (pRICD) [37] and spectator RICD (sRICD)
[37–42]. In this work, we will focus on the sRICD signal: Unit
A is excited from the inner valence. The vacancy is then filled
by an electron from the valence and the excess energy is used
to ionize the neighboring unit B (see Fig. 1). This process is
usually characterized by lifetimes of several tens to hundreds
of femtoseconds. After the sRICD process, the excited unit
A decays via fluorescense within a few nanoseconds. AI and
pRICD are competing decay channels and their effect on the
sRICD signal is taken into account in the theory developed
below.

We propose to initiate an sRICD process by exciting with a
short XUV pulse. The system will then decay under emission
of an sRICD electron. This is illustrated in Fig. 1 for electronic
energies and resonance parameters corresponding to the neon
dimer after an excitation to the Ne 2s−15p state. At a later
time ts, a second short and intense infrared (IR) laser pulse
quenches the sRICD process by ionization. By varying the
time delay ts one should be able to observe the time-dependent
formation of the sRICD signal, as illustrated to the right in
Fig. 1 before the second laser pulse, by pump-probe spec-
troscopy similar to the AI process measured in Ref. [27].
At the same time, the proposed quenching would initiate
an ICD process involving the excited ion A+∗. Due to the
strong-field ionization initiating this latter process, the signals
are well separated in energy. In this paper we provide the basic
formulation for a purely electronic solution upon which more
complex scenarios, including nuclear dynamics, will be built
in future work.

II. THEORY

The relevant property for the description of the time evolu-
tion of the ICD processes is the time- and energy-differential
ionization probability obtained from the time-dependent wave
function |�(t )〉 by P(Ekin, t ) = ∑

i |〈Ei|�(t )〉|2. Here |Ei〉

2469-9926/2020/101(4)/043414(11) 043414-1 ©2020 American Physical Society
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FIG. 1. Illustration [25] of the considered process. At t = 0, a spectator resonant interparticle Coulombic decay (sRICD) is initiated by
XUV excitation. At a later time ts, which in this example plot is 35 fs, a second strong infrared laser pulse quenches the sRICD process by
ionization and thereby initiates ICD. The signals of the respective electrons with kinetic energies Ekin are well separated. While the sRICD
appears from the start of the XUV pulse centered at t = 0, the ICD signal appears after the second pulse. This approach allows for a time-
resolved measurement of the sRICD signal and an interference free measurement of the ICD signal. sRICD: unit A is excited from the inner
valence shell. The created vacancy is filled with an electron from the outer valence and the excess energy is simultaneously transferred to B,
which emits the sRICD electron. ICD: The initial state is created by removing the excited electron in A. It is then filled by an electron of the
outer valence of A while the excess energy is transferred to B, which consequently emits the ICD electron. The two units are both positively
charged and therefore undergo Coulomb explosion. The panel to the right illustrates typical time and energy resolved traces of sRICD and ICD
electrons (see text).

denotes a continuum state with energy Ei, which entails
both the kinetic energy Ekin of the emitted electron and the
energy of the final cationic state i. These continuum states are
orthogonal to all bound states of the system and amongst each
other. Because the signals of the competing decay channels
do not overlap, we can and will focus on the sRICD signal.
Atomic units are used throughout unless stated otherwise.

We obtain the wave function of the system by solv-
ing the time-dependent Schrödinger equation i∂t |�(t )〉 =
H (t ) |�(t )〉 for a model system consisting of the ground state
|G〉, the resonant state |R〉 for the sRICD, and the resonant
state |I〉 for the ICD process, as well as three sets of continuum
states characterized by the respective final state energy of the
decay process. All parameters describing a general resonant
state are designated by the index r. The Hamiltonian consists
of the single configuration Hamiltonian H0, the residual con-
figuration interaction operators VRICD and VICD as well as Vo

for the competing autoionization and pRICD decay channels,
and the operator HX (t ) of the exciting XUV pulse:

H (t ) = H0 + VsRICD + Vo + VICD + HX (t ). (1)

The effect of the ionizing infrared pulse is modeled by termi-
nating the sRICD and starting the ICD process at the time of
the second pulse ts. We will come back to this point below.

A. Description of the RICD process

The sRICD process we intend to describe in a fully time-
dependent manner is schematically illustrated in Fig. 2. Start-
ing from the ground state |G〉 we excite the system with an
XUV pulse with a mean photon energy � into the resonant
state |R〉 with the corresponding energy ER. This resonant
state can then under emission of an electron either decay
to the continuum state characterized by a final state of the
sRICD |EsR〉 with a partial lifetime of τsR or to a continuum
state characterized by the shared final state of pRICD and
autoionization (AI) decay |Eo〉 with a different partial lifetime
τo. The continuum state of the sRICD couples to other con-
tinuum states under emission of a photon. This fluorescence
process is usually several orders of magnitude slower than the
electronic decay process and is therefore ignored in this work.
Alternatively to arriving in the continuum via the decaying
resonant state, a simultaneous direct excitation and ionization

043414-2
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FIG. 2. Schematic illustration of the energy levels involved in the
RICD process. The laser pulse with mean photon energy � excites
the system into the resonant state |R〉 with energy ER. The resonant
state couples to two continua (denoted Cont. in the figure), one
characterized by the sRICD final state and the other characterized by
the pRICD and AI final state. Both channels have partial lifetimes in
the order of femtoseconds. The continuum state of the sRICD process
can then couple to other continuum states by emission of a photon.
This fluorescence process has a lifetime τfl., which typically is in the
order of nanoseconds and therefore much larger than the timescales
of interest here. Alternatively, all continuum states can be reached
directly by simultaneously ionizing and exciting in the case of the
sRICD or single ionization in the case of the pRICD and AI. All
couplings to the continuum via spontaneous radiative transitions are
ignored in this work.

in the case of sRICD or a direct ionization in the case of the
pRICD and AI channel, is also possible, which is denoted
“dir” in the figure.

We assume low field strengths of the XUV pulse and
therefore use first-order perturbation theory to describe its
interaction with the system. Hence the wave function evolves
according to

|�(t )〉 = Ũ (t, t0) |G(t0)〉 − i
∫ t

t0

dt ′ Ũ (t, t ′)HX (t ′) |G(t ′)〉 .

(2)
Here, Ũ (t, t0) is the time evolution operator from a time t0
until time t of the unperturbed system pertaining to the first
four terms on the right-hand side of Eq. (1).

We are free to choose an energy reference and therefore set
EG = 0. This conveniently removes the time dependence from
the ground state, since |G(t0)〉 = exp{−iEGt0} |G〉 = |G〉.

We introduce approximations for the time-evolution oper-
ator Ũ (t, t ′) appearing in the last term of Eq. (2). After the
system has interacted with the XUV via HX (t ′) at time t ′,
the system decays via the configuration interaction V . In this
general discussion, V refers to the sum of all configuration-
interaction terms of Eq. (1). We will specify the explicit form
of V for the different cases below. In the continuum we neglect
the Coulomb interaction for simplicity, which leads to the
time-evolution operator

Ũ (t, t ′) = U0(t, t ′) − i
∫ t

t ′
dt ′′ U0(t, t ′′)V Ũ (t ′′, t ′), (3)

where U0(t, t ′) is the free-particle time-evolution operator.
By inserting Eq. (3) into Eq. (2) we arrive at

|�(t )〉 = Ũ (t, t0) |G〉

− i
∫ t

t0

dt ′ U0(t, t ′)HX (t ′) |G〉

−
∫ t

t0

dt ′
∫ t

t ′
dt ′′ U0(t, t ′′)V Ũ (t ′′, t ′) HX (t ′) |G〉 .

(4)

The time-evolution operator Ũ (t ′′, t ′) in the last integral
describes the contribution of the Hamiltonian H0 + V . This is
equivalent to the Hamilton operator used in Fano’s description
[43] of a decaying resonant state and below we therefore add
the subscript F to the time-evolution operator and remove the
tilde.

We now project on a continuum state |EsR〉 characterized
by the sRICD final state energy of the ionized system and the
kinetic energy of the emitted electron. The first term vanishes,
because of the orthogonality between bound and continuum
states, and we obtain

〈EsR|�(t )〉 = − i
∫ t

t0

dt ′ 〈EsR|U0(t, t ′)HX (t ′)|G〉

−
∫ t

t0

dt ′
∫ t

t ′
dt ′′ 〈EsR|U0(t, t ′′)V

× UF (t ′′, t ′) HX (t ′) |G〉 . (5)

The time-evolution operator U0(t, t ′) solves the time-
dependent Schrödinger equation for the Hamiltonian �p2/2.
The corresponding wave functions with wave vector �k are

|�0
�k (t )〉 = |�k〉 exp[−i

∫ t
−∞ dt ′ 1

2
�k2]. Another way of formulat-

ing a time-evolution operator is by a projection from basis
functions at time t ′ to such of time t :

U0(t, t ′) =
∫

d�k ∣∣�0
�k (t )

〉 〈
�0

�k (t ′)
∣∣ . (6)

At this point we only consider the kinetic energy of
the emitted electron and can therefore write the projection
of a general continuum state 〈E | on the free-particle time-
evolution operator in the following way:

〈E |U0(t, t ′) = 〈E | exp[i�0(E , t, t ′)] (7)

= 〈E | exp

[
−i

∫ t

t ′

(
k2

2
+ Efin

)
dt ′′′

]
, (8)

where k2/2 is the kinetic energy relative to the final state
Efin. The interaction V between a general resonant state |r〉
coupling to one of the continuum states is given by

V =
∫

dE ′ |E ′〉VE ′r 〈r| +
∫

dE ′ |r〉VrE ′ 〈E ′| . (9)

For two different final states, and therefore two continua, it
reads

V =
∫

dE ′
1 |E ′

1〉VE ′
1r 〈r| +

∫
dE ′

1 |r〉VrE ′
1
〈E ′

1|

+
∫

dE ′
2 |E ′

2〉VE ′
2r 〈r| +

∫
dE ′

2 |r〉VrE ′
2
〈E ′

2| . (10)
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This case is, e.g., relevant for systems that cannot only
decay via sRICD but also via autoionization or pRICD,
which both yield a singly ionized system, which is the
case that we investigate. At the same time, the initiating
energy of the XUV laser pulse will be chosen too low
to initiate an ICD process. Hence V = VsRICD + Vo in our
case.

We also insert the resolution of the identity between
the Fano time-evolution UF (t ′′, t ′) operator, to be speci-
fied below, and the Hamilton operator of the XUV field

using

1 = |R〉 〈R| +
∫

dE ′
1 |E ′

1〉 〈E ′
1| +

∫
dE ′

2 |E ′
2〉 〈E ′

2| (11)

= |R〉 〈R| +
∫

dE ′
sR |E ′

sR〉 〈E ′
sR| +

∫
dE ′

o |E ′
o〉 〈E ′

o| . (12)

By suppressing all dependences on angular momentum and
using Eqs. (5), (10), and (12) we arrive at an amplitude of
the sRICD process for the resonance |R〉 consisting of four
terms:

〈EsR|�(t )〉 = − i
∫ t

t0

dt ′ 〈EsR|U0(t, t ′)HX (t ′)|G〉 −
∫ t

t0

dt ′
∫ t

t ′
dt ′′ 〈EsR|U0(t, t ′′)|EsR〉 VER 〈R|U R

F (t ′′, t ′)|R〉 〈R|HX (t ′)|G〉

−
∫ t

t0

dt ′
∫ t

t ′
dt ′′

∫
dE ′

sR 〈EsR|U0(t, t ′′)|EsR〉 VER 〈R|U R
F (t ′′, t ′)|E ′

sR〉 〈E ′
sR|HX (t ′)|G〉

−
∫ t

t0

dt ′
∫ t

t ′
dt ′′

∫
dE ′

o 〈EsR|U0(t, t ′′)|EsR〉 VER 〈R|U R
F (t ′′, t ′)|E ′

o〉 〈E ′
o|HX (t ′)|G〉 . (13)

In these expressions, U0(t, t ′) is the free particle time-
evolution operator, whose action was specified in Eq. (8).
VER = 〈E |V |R〉 = √

�sR/(2π ) is related to the partial sRICD
decay rate of the resonant state �sR and U R

F (t ′′, t ′) is the
Fano time-evolution operator, which is specific to the resonant
state |R〉. The variables of the other, competing, processes
are designated with the index o. The total decay width of the
RICD resonant state is given by �R = �sR + �o.

The terms of Eq. (13) are linked to the different pathways
shown in Fig. 2 as follows. The first term of Eq. (13) de-
scribes the direct excitation and ionization to the continuum
state, while the second term describes the excitation from the
ground state to the resonant state followed by a decay to the
continuum state. The third, indirect, term describes the direct
excitation and ionization to the continuum state related to the
sRICD final state, which couples to the resonant state, which
then again decays into the continuum state. The last term is
similar to the indirect term, but couples to the continuum of
the competing pRICD and AI channels. Due to a different
model system including only one final state, the latter term is
not present in Eq. (11) of Ref. [44]. The interference of these
different terms leads to the characteristic Fano profile [43].

We describe the interaction between the system and the ex-
citing XUV field in the dipole approximation. Therefore, the
corresponding Hamilton operator in the length gauge is given
by HX (t ′) = −μEX (t ′) = −μ d

dt ′ AX (t ′) fX (t ′), where EX (t ′)
denotes the time-dependent field strength of the XUV laser,
while μ denotes the dipole operator, AX (t ′) = A0X cos(�t ′)
is the vector potential of the laser field in the direction
of the linear polarization, and fX (t ′) is the Gaussian pulse
envelope. Over the energy range of interest, we assume the
transition dipole matrix element from the ground state to
the continuum to be independent of the energy of the con-
tinuum state. To indicate these assumptions, we change the
notation as 〈Ei|μ|G〉 = 〈Ci|μ|G〉. We furthermore assume the
coupling elements between the resonant and the continuum
state to be real and independent of the continuum energy
and therefore change the notation VE1R → VR and VE2R → WR.
Then, the Fano matrix elements, i.e., 〈R|U R

F (t ′′, t ′)|R〉 and

〈R|U R
F (t ′′, t ′)|E ′〉 of Eq. (13), can be solved using the pro-

jection formulation of the Fano time-evolution operator and
solving the resulting integral by contour integration. Hence
we write the Fano time-evolution operator as

UF (t ′′, t ′) =
∫

dE |�E (t ′′)〉 〈�E (t ′)|

=
∫

dE |�E 〉 〈�E | exp[−iE (t ′′ − t ′)]. (14)

The evaluation of these Fano matrix elements is given in the
Appendix and for the sRICD signal we finally arrive at

〈E |�(t )〉 = i 〈CsR|μ|G〉
∫ t

t0

dt ′ exp[i�0(EsR, t, t ′)]EX (t ′)

+ (
VR 〈R|μ|G〉 − iπV 2

R 〈CsR|μ|G〉
− iπVRWR 〈Co|μ|G〉 )

×
∫ t

t0

dt ′
∫ t

t ′
dt ′′ exp[i�0(EsR, t, t ′′)]

× exp
{−i

[
ER − iπ

(
V 2

R + W 2
R

)]
(t ′′ − t ′)

}
EX (t ′).

(15)

The first integral corresponds to the direct ionization pro-
cess. The second integral is identical for the resonant and
the two indirect terms. They have, though, different pref-
actors. For the case of a slowly varying envelope function
[ d

dt ′ fX (t ′) ≈ 0] and only considering the absorption of an
XUV photon these two integrals are solved analytically for
times after the exciting pulse. The direct term is given by

− A0X � 〈CsR|μ|G〉
4

exp[−it (Ekin + Efin)]

× exp

[
−σ 2

2
(Ekin + Efin − �)2

]

× Re

{
erf

[
1√
2σ

(
TX

2
+ iσ 2(Ekin + Efin − �)

)]}
, (16)

043414-4



TIME-RESOLVED SPECTROSCOPY OF INTERPARTICLE … PHYSICAL REVIEW A 101, 043414 (2020)

where Re denotes the real value and erf denotes the error function. The resonant and indirect ionization terms without their
respective prefactors are given by

+ A0X �

4
[
ER − iπ

(
V 2

R + W 2
R

) − Ekin − Efin
] exp

[−it
[
ER − iπ

(
V 2

r + W 2
R

)]]
exp

[
−σ 2

2
(ER − �)2

]
(erf (τ1,max) − erf (τ1,min))

− A0X �

4
[
ER − iπ

(
V 2

R + W 2
R

) − Ekin − Efin
] exp[−it (Ekin + Efin)] exp

[
−σ 2

2
(Ekin + Efin − �)2

]
(erf (τ2,max) − erf (τ2,min)), (17)

with τ1,max= 1√
2σ

( TX
2 −iσ 2[ER − iπ (V 2

R + W 2
R )−�]), τ1,min =

− 1√
2σ

( TX
2 + iσ 2[ER − iπ (V 2

R + W 2
R ) − �]), τ2,max = 1√

2σ

( TX
2 − iσ 2(Ekin + Efin − �)), and τ2,min = − 1√

2σ
( TX

2 +
iσ 2(Ekin + Efin − �)). Here, σ is the standard deviation
of the Gauss distribution in time and TX is the duration of the
exciting XUV pulse.

The time- and energy-differential ionization probability of
the RICD process is the absolute square of the amplitude given
in Eq. (15) and therefore a sum over 28 different terms (seven
absolute squares and 21 mixed interference terms). Their
relative contributions are determined by the Fano parameter
q = 〈R|μ|G〉

〈C|μ|G〉πVR
.

B. Transition from the resonant state of the RICD process
to the initial state of the ICD process

We propose a time-resolved measurement of the RICD pro-
cess, where the quenching of the RICD process by strong field
ionization with an IR pulse at time ts entails the initiation of
an ICD process. Technically, this means a population transfer
from the resonant state of the RICD process to the initial state
of the ICD process. We assume the transition in time to be
Gaussian shaped and that the ICD signal is unaffected by pulse
shape effects. The transition is modeled as follows.

We determine the remaining population of the resonant
state of the RICD process N0 at the beginning of the second
pulse t = ts − δt as

N0 = |〈R|μ|G〉|2
4

exp[−σ 2(� − ER)2]

× exp[−(�sR + �o)(ts − δt )]. (18)

Here, δt is chosen as 5
2σIR with σIR being the standard devi-

ation of the IR pulse in time. We assume the decrease of the
population NR(t ) in the resonant state of the RICD process
|R〉 to have a Gaussian shape fIR(t ) centered around the time
of the second pulse:

dNR(t )

dt
= − fIR(t )NR(t ) (19)

and therefore

NR(t ) = N0 exp

[
−α

2
erf

(
− δt√

2σ
,

t − ts√
2σ

)]
. (20)

Correspondingly, the population of the initial state |I〉 of
the ICD process NR(t ) is increased:

NI (t ) = N0 − NR(t ). (21)

The square roots of the time-dependent populations are
then updated in every time step and used instead of 〈r|μ|G〉 in
the calculation of the amplitude of the ionization probability.
In order to allow for a complete depopulation of the resonant
state, we have chosen α = 8.

Since we assume a direct population of the resonant state
of the ICD process |I〉 from the resonant state of the sRICD
process |R〉 induced with a short and intense laser pulse,
we assume that the terms of Eq. (13), which are mediated
by the continuum, can be neglected. After the end of the
ionizing pulse the amplitude of the ICD process associated
with resonance |I〉 therefore reads

〈E |�(t )〉 = −
∫ t

t0

dts

∫ t

ts+δt
dt ′′ 〈E |U0(t, t ′′)|E〉

×VEI 〈I|U I
F (t ′′, ts)|I〉 √

NI . (22)

III. COMPUTATIONAL DETAILS

In our model system, where the nuclei are kept fixed,
we evaluated Eq. (13), and simulated the time-dependent
buildup of the Fano resonance for the sRICD process for
parameters corresponding to those of the neon dimer at the
equilibrium distance of 3.08 Å [47] after an excitation to the
Ne2s−12p65pz state. The parameters are given in Table I. All
simulations were performed with ELDEST [48–52], where
only the outer integral over t ′ in Eq. (15) is solved numerically.
We use the Fano parameter q = 10. The exact q value is
unknown to us, but we expect it to be larger than unity due
to the low probability for direct single photon ionization and
excitation. Since the exact q values are unknown, we assume
equal values for the two continua. We have performed calcu-
lations for a range of q parameters, of which a cut is shown
in Fig. 3. The time of t = 93 fs after the initiating excitation

TABLE I. Energies and lifetimes for the excited states
Ne2s−12p6np-Ne (n = 4, 5) undergoing RICD. The resonant en-
ergies are taken from Ref. [45], the final-state energies of the
sRICD Ne2s22p5(P3/2,1/2 )np-Ne2p5(P3/2,1/2), of the pRICD and AI
Ne2s22p5(P3/2,1/2)-Ne and the ICD process were averaged to give
approximations of nonrelativistic energies. The lifetimes, τ , of the
sRICD and pRICD+AI are from Ref. [40] and the ICD lifetime are
from Ref. [46].

n = 4 n = 5 pRICD + AI ICD

Er [eV] 47.1230 47.6930 48.4750
Efin [eV] 41.8391 42.4138 21.6290 47.8688
τ [2s−1(npz )1�+

u ] [fs] 112 106 206 98
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FIG. 3. Peak shape of the spectator RICD electron spectrum for
50 cycles of the exciting pulse with different values of the Fano q pa-
rameter at time t = 93 fs after the excitation at time t = 0. The Fano
profile is modified by an oscillation in energy. This oscillation stems
from the interference terms of the direct term with the resonance
terms of P(Ekin, t ) and is described by Eq. (24). The larger q, the
less likely the direct path and therefore, for increasing q, the signal is
damped for a given transition dipole moment into the resonant state.

was chosen to illustrate a typical behavior. It becomes evident
that the basic features of the spectra are identical, even though
the width and the amplitude of the signal differ. Therefore, the
conclusions of this paper are independent of the choice of the
q parameter.

The exciting pulse for the main results in Figs. 1 and 5 has
A0X = 5 × 108 W/cm2, � = 47.6930 eV, and a FWHM =
6.1 fs corresponding to 50 cycles. This duration ensures that
the bandwidth is so small that only the Ne2s−12p65pz state in
the neon dimer is resonantly excited.

FIG. 4. Peak shape of the sRICD electron spectrum for late time
t � 1

�R
after excitation of our system with electronic parameters

corresponding to those of the 5p state in the neon dimer depending
on the number of cycles of the exciting pulse nX . The shape can be
explained by folding the Fourier transform of the exciting pulse in
time with a Fano profile. In this example, the Fano parameter is
q = 10. Around the resonance energy, the peaks are identical. The
width of the peak is decreased for an increased number of cycles nX

and therefore determined by the duration of the exciting pulse. The
dashed line illustrates an excitation 0.5 eV off resonance for nX = 30.

FIG. 5. Time-resolved sRICD and ICD spectrum after initial
excitation at t = 0 and quenching the sRICD at t = 35 fs. The sRICD
signal centered around 5.3 eV before the second pulse shows the
buildup of a Fano profile, with an additional oscillation in energy
cos [(Ekin + Efin − Er )t] [see (a) and text]. After depopulation of the
sRICD resonant state around ts, the signal shape remains constant
[see (b)]. For the ICD signal centered around 0.6 eV shown in (c),
only the resonant term of Eq. (13) contributes, which has the shape of
a Voigt profile. A pump-probe spectrum can be obtained by varying
ts.

We assumed a complete population transfer from the res-
onant state of the sRICD process to the resonant state of the
ICD process during the second ionizing pulse over a time of
15 fs as realized experimentally [27].

IV. RESULTS AND DISCUSSION

In the investigation of decay processes with short laser
pulses, the shortness comes with the cost of an energy broad-
ening. As a consequence, the kinetic-energy spectrum of an
sRICD electron is given by a Fano profile centered around
the kinetic energy, that corresponds to the energy of the
resonant state, convoluted with a Gaussian centered around
the kinetic energy, that would correspond to a direct excitation
and ionization into the final state. Here, we show the Voigt
profile part inherent to most terms of the absolute square of
Eq. (15):

P(Ekin,∞) ∝ exp
[ − σ 2

t (Ekin + Efin − �)2
]

(Ekin + Efin − ER)2 + �2
R

4

. (23)

043414-6



TIME-RESOLVED SPECTROSCOPY OF INTERPARTICLE … PHYSICAL REVIEW A 101, 043414 (2020)

The shapes of the spectra are illustrated for different num-
bers of cycles nX for the exciting pulse in Fig. 4 for a late
time t � 1

�R
. There, the mean pulse energy was chosen to

be on resonance and, therefore, the Fano profile is centered
on the maximum of the Gaussian. It is clearly seen how the
peak is narrowed with an increased number of laser cycles
in the exciting pulse. In order to only excite into a single
state we choose nX = 50, such that other excited states are
outside 3σE of the energy distribution of the exciting pulse.
In future investigations of the interaction between several
decaying resonant states, a smaller number of cycles will be
appropriate.

For the case of an off-resonant excitation, the Fano profile
and the Gaussian will not be centered around the same kinetic
energy of the sRICD electron and the sRICD electron peak
will be damped accordingly as illustrated by the dashed line
of Fig. 4 for nX = 30.

By using the parameters for the neon dimer (see Table I),
we simulated the time evolution of an initial excitation at
t = 0 and quenching of the decay processes by ionization
with a second laser pulse centered at the time t = 35 fs. The
results are presented in Fig. 5. We will discuss its different
characteristics separately.

The time-resolved spectrum shows two energy-separated
signals within the chosen kinetic-energy range. The signal of
the sRICD process is initiated with the first and the signal
of the ICD process by the second laser pulse, which at the
same time reduces those contributions of the sRICD signal
that involve a population of the resonant state. Due to the fast
depopulation of the resonant state, the signal before and after
the second pulse are effectively the same [compare Figs. 5(a)
and 5(b)]. This allows one to generate a full pump-probe
spectrum. The competing autoionization and pRICD process
would result in much higher kinetic electron energies of about
26 eV and can therefore unambigously be distinguished from
the sRICD and ICD electrons shown in Fig. 5.

While the sRICD signal shows the buildup of a Fano profile
[see Fig. 5(a)], and therefore interference effects, the ICD
signal is an interference free Voigt profile [see Fig. 5(c)],
because only the resonant term [see Eq. (22)] significantly
contributes to it. This can be explained by the initiating pro-
cess being ionization rather than excitation. In case of the ICD
process, the final state is characterized by a doubly ionized
system. A single photon double ionization with low laser
intensities is very unlikely compared to a single ionization.
Hence the corresponding Fano parameter would be very large
and interference effects would have low amplitudes. At the
same time, the kinetic-energy distribution of the two emitted
electrons can be expected to be wide and not necessarily
to peak at the energy of the ICD electrons, which would
further marginalize the contribution of the direct pathway. As
a result, the signal shape is described by the absolute square
of Eq. (22), i.e., the terms of Eq. (17).

We now turn our attention from the variation of the signals
in energy to their variation in time. During the buildup of
the signals over time, they show oscillations in both energy
and time, which are easiest seen for the ICD in the video of
the Supplemental Material [53]. For the sRICD process, the
variation in time can be obtained by solving the dominant part
of the absolute square of Eq. (15) analytically. For the ICD

FIG. 6. Oscillation in time for observing the sRICD electron with
a kinetic energy of 5.3 eV, for nX = 50 and q = 10. This oscillation
can be described by cos [(Ekin + Efin − Er )t]. Its period is therefore
dependent on the kinetic energy of the electron. It is damped in
time by the decay of the resonant state exp(−�rt/2). While the
oscillations in energy are known and have been observed in energy,
the oscillations in time require a process with a long enough lifetime
to be observed around the resonance energy.

process, the dominant part of the absolute square of Eq. (22)
needs to be solved. In both cases, it can be shown that the
signal is proportional to

cos[(Er − Ekin − Efin)t] exp

(
−�r

2
t

)
. (24)

This equation is not specific to the decay process and therefore
valid for both the sRICD and the ICD signal (r = R, I). The
variation in energy, illustrated in Fig. 5(a), is in agreement
with Ref. [54]. As can be seen from Eq. (24), the oscillation
is also visible in time as shown in Fig. 6 for a fixed kinetic
energy of the sRICD electron of Ekin = 5.3 eV.

In order to be observed, such an oscillation requires long
enough lifetimes of the resonant state. The comparably slow
sRICD process offers the opportunity to observe and utilize
it. An oscillation in time has recently been observed experi-
mentally for an AI process [55]. In both the latter and in our
case, a discrepancy between the actual and the fitted lifetime
is observed. Given the analytical expressions of this work, we
are able to understand this discrepancy. The kinetic energy in
Fig. 6 is slightly higher than the kinetic energy corresponding
to the resonant state. The further away from the resonance
this energy is chosen, the shorter the period of this oscillation.
The oscillation is exponentially damped by the lifetime of the
decaying state. However, the dynamics of the system are more
complex than shown in Eq. (24), because some terms of the
resonant and indirect contributions are damped by exp(−�rt )
while others are damped by exp(−�rt/2), which can be seen
by evaluating the time dependence of the absolute square
of Eq. (15). This behavior is effectively only observed in
the beginning of the decay, because its contribution becomes
small within a short time. Therefore, a fit of the maxima
at longer times, where the parts damped by exp(−�rt ) can
be neglected, to the function a exp[−(t − b)/2d] + c gives
a good estimate of the lifetime d ≈ τr . The fit in Fig. 6,
where the first maximum was omitted, yields a lifetime of
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68 fs . The effective overall lifetime of the excited resonant
state used as input parameter for the simulations is given by

1
τeff

= 1
τsRICD

+ 1
τo

and τeff = 70 fs using the parameters given
in Table I. The value determined from the fit is slightly lower
than this effective lifetime but still matches it very well. This
kind of fit can therefore be used to determine the lifetime of
the electronic decay process.

V. SUMMARY

We have presented a time-dependent theoretical descrip-
tion of the sRICD and ICD processes investigated with short
laser pulses for a model system with frozen nuclei. We suggest
sRICD as the primary process. We then imagine that it is
possible to quench the sRICD process by a strong laser pulse
and thereby initiate the ICD process interference free. We

have shown an oscillation of the ionization probability in time,
which is general for electronic decay processes. For processes
with comparably long lifetimes, such as the ICD processes,
this oscillation allows for a new way of measuring the lifetime
of the underlying processes. Moreover, the basic formula-
tion opens the door for future investigations in controlling
the decay processes and to guide time-resolved experimental
studies.
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APPENDIX: FANO MATRIX ELEMENTS

1. One continuum final state

The time-independent wave function |�E 〉 is a solution to the same Hamiltonian as considered in Ref. [43]. We therefore have
the same solution

|�E 〉 = a(E ) |r〉 +
∫

dE ′bE ′ (E ) |E ′〉 , (A1)

with coefficients

a(E ) = − Vr√
[E − Er − F (E )]2 + π2V 4

r

, (A2)

bE ′ (E ) =Vra(E )

E − E ′

− E − Er − F (E )√
[E − Er − F (E )]2 + π2V 4

r

δ(E − E ′). (A3)

Here, F (E ) is a small shift in the energy position of the resonant state |r〉, which is of second order in V and which we neglect
in the following.

The Fano matrix elements of Eq. (13) involving the Fano time-evolution operator can now be solved by contour integration
in the negative complex half-plane, where a−1 is the first-order residue and we use that 〈r|r〉 = 1, 〈E |E ′〉 = δ(E − E ′), and
〈E |r〉 = 0:

〈r|UF (t ′′, t ′)|r〉 =
∫

dE exp[−iE (t ′′ − t ′)] |a(E )|2 (A4)

= V 2
r

∫
dE

exp[−iE (t ′′ − t ′)]
(E − Er )2 + π2V 4

r

(A5)

= V 2
r

∫
dE

exp[−iE (t ′′ − t ′)]
(E − Er + iπV 2

r )
(
E − Er − iπV 2

r

) (A6)

= V 2
r exp[−iEr (t ′′ − t ′)]

∫
dẼ

exp[−iẼ (t ′′ − t ′)](
Ẽ + iπV 2

r

) (
Ẽ − iπV 2

r

) (A7)

= 2π i V 2
r exp

[−iEr
(
t ′′ − t ′)] a−1 (A8)

= exp[−i(Er − iπV 2
r )(t ′′ − t ′)], (A9)∫

dE ′ 〈r|UF (t ′′, t ′)|E ′〉 =
∫

dE
∫

dE ′ exp[−iE (t ′′ − t ′)] a(E )b∗
E ′ (E ) (A10)

= V 2
r

∫
dE

(E − Er ) exp[−iE (t ′′ − t ′)]
(E − Er )2 + π2V 4

r

(A11)

= V 2
r

∫
dE

(E − Er ) exp[−iE (t ′′ − t ′)](
E − Er + iπV 2

r

) (
E − Er − iπV 2

r

) (A12)
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= V 2
r exp[−iEr (t ′′ − t ′)]

∫
dẼ

Ẽ exp[−iẼ (t ′′ − t ′)](
Ẽ + iπV 2

r

) (
Ẽ − iπV 2

r

) (A13)

= 2π i V 2
r exp[−iEr (t ′′ − t ′)] a−1 (A14)

= −iπVrexp
[−i

(
Er − iπV 2

r

)
(t ′′ − t ′)

]
. (A15)

2. Two continuum final states

The time-independent wave function |�E 〉 is a solution to the same Hamiltonian as considered in Ref. [43]. After neglecting
F (E ) as before we therefore have the same solutions

|�E 〉 = a(E ) |r〉 +
∫

dE ′
1bE ′

1
(E ) |E ′

1〉 +
∫

dE ′
2bE ′

2
(E ) |E ′

2〉 , (A16)

with coefficients

a(E ) = −
√

V 2
r + W 2

r√
(E − Er )2 + π2

(
V 2

r + W 2
r

)2
, (A17)

bE ′
1
(E ) = Vra(E )√

V 2
r + W 2

r (E − E ′
1)

− E − Er√
(E − Er )2 + π2

(
V 2

r + W 2
r

)2
δ(E − E ′

1), (A18)

cE ′
2
(E ) = Wra(E )√

V 2
r + W 2

r (E − E ′
2)

− E − Er√
(E − Er )2 + π2

(
V 2

r + W 2
r

)2
δ(E − E ′

2). (A19)

The Fano integrals can now be solved by contour integration in the negative complex half-plane, where a−1 is the first-order
residue and we use that 〈r|r〉 = 1, 〈E |E ′〉 = δ(E − E ′), and 〈E |r〉 = 0:

〈r|UF (t ′′, t ′)|r〉 = (
V 2

r + W 2
r

) ∫
dE exp[−iE (t ′′ − t ′)] |a(E )|2 (A20)

= (
V 2

r + W 2
r

) ∫
dE

exp[−iE (t ′′ − t ′)]

(E − Er )2 + π2
(
V 2

r + W 2
r

)2 (A21)

= (
V 2

r + W 2
r

) ∫
dE

exp[−iE (t ′′ − t ′)][
E − Er + iπ

(
V 2

r + W 2
r

)] [
E − Er − iπ

(
V 2

r + W 2
r

)] (A22)

= (
V 2

r + W 2
r

)
exp[−iEr (t ′′ − t ′)]

∫
dẼ

exp[−iẼ (t ′′ − t ′)][
Ẽ + iπ

(
V 2

r + W 2
r

)] [
Ẽ − iπ

(
V 2

r + W 2
r

)] (A23)

= 2π i
(
V 2

r + W 2
r

)
exp[−iEr (t ′′ − t ′)] a−1 (A24)

= exp{−i
[
Er − iπ

(
V 2

r + W 2
r

)]
(t ′′ − t ′)}, (A25)∫

dE ′ 〈r|UF (t ′′, t ′)|E ′〉 =
∫

dE
∫
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E ′ (E ) (A26)
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r

)] [
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Ẽ + iπ
(
V 2
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r

)] [
Ẽ − iπ

(
V 2
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)] (A29)

= 2π i Vr exp[−iEr (t ′′ − t ′)] a−1 (A30)

= −iπVr exp{−i
[
Er − iπ

(
V 2

r + W 2
r

)]
(t ′′ − t ′)}. (A31)
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Abstract
Interatomic Coulombic decay (ICD) is an electronic decay process of excited, ionized systems. It has
been shown to occur in amultitude of small and large systems. The effects ofmore than one possible
decay partner are discussed in detail illustrated by simulated ICD electron spectra ofNeAr clusters and
pureNe clusters. Hereby, themostly underestimated contribution of decaywith non-nearest
neighbours is highlighted. In the neon clusters, the lifetime of the bulk atoms is found to be in excellent
agreementwith experiment (Jahnke et al 2004Phys. Rev. Lett. 93 173401)while the lifetimes of the
surface atoms differ significantly. Hence, the experimental lifetime can not purely be explained by the
effect of the number of neighbours.We propose the possibility to investigate the transition from small
clusters to the solid state by using the ICD electron spectra to distinguish between icosahedral and
cuboctahedral cluster structures.

1. Introduction

The InteratomicCoulombic decay (ICD) is an electronic decay process of an atomormolecule with a sub-outer-
valence vacancy involving atoms ormolecules of the environment. The decay process is initiated by the creation
of the vacancy, which can be achieved in different ways, out of which direct ionization, excitation, anAuger
decay and radioactive decay are themost commonones. They are connected to differentmembers of the family
of ICD-like processes such as the electron transfermediated decay (ETMD), the Resonance ICD, the ICDof
multiply charged species like after anAuger decay and the classical ICD (see [1, 2] and references therein). In this
paper the classical ICDof a sub-outer-valence vacancy in an atomor amolecule (a unitA)will be discussed. After
creation of the vacancy inA, it is filled by an electron of the same unit and the excess energy (often called the
energy of a virtual photon (vp) wvp) is transferred to a decay partnerB, which subsequently gets ionized:

+  + ++ + + -*A B A B e .ICD

In thefinal state, the two unitsA andB are both positively charged, repell each other and thereby undergo a
Coulomb explosion. This process was predicted theoretically [3], later thefirst experimental evidence was found
in [4, 5] and the experimental provewas given by Jahnke et al [6]. Since then it has been studied in amultitude of
different systems such as small and large rare gas clusters [7–15], clusters of smallmolecules [16–20], quantum
dots [21], proteins [22], it is expected to play a role inDNAdamage in radiation therapy [23] andmay be used to
destroymalign tissue [24, 25].

In order to undergo ICD and this process to be observable, two criteria have to be fulfilled: the energy and the
coupling criterion. The energy criterion is a rephrasing of the energy conservation stating that a decay can only
happen if the energy suffices. In case the energy of the doubly ionized final state is higher than the energy of the
singly ionized initial state, the ICD is energetically forbidden. The coupling criterion requires the decay process
to be sufficiently efficient to outperformother decay pathways such as radiative decay by emission of a photon or

coupling to the nuclear degrees of freedom inmolecules. The corresponding property is the decaywidth G =
t
 ,

which is inversely proportional to the lifetime τ and proportional to the decay rate
t
1 .
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The ICDprocess was so farmostly discussed for the case of decay partners in the direct vicinity, because the
decaywith decay partners further awaywere considered to be negligible due to their decaywidth. Therefore, the
decaywas studied in clusters up to 13 neon atoms of equal interatomic distances considering the initial
ionization of only the central atom andnot the other ones [9]. The largest cluster had a cuboctahedral structure.
In this study, a higher than linear dependence of the decaywidth on the number of neighbours was observed. A
linear dependencewould be expected for equal decay partners at equal distances from the initially ionized atom
in the same environment. Since the decaywidth in the asymptotic limit shows an w1 vp

4 -behaviour on the energy
of the vp, which is decreased for a stabilizedfinal state, this additional feature can be related to the better
energetic stabilization of the doubly ionized final state in larger clusters [26].

It was shown in earlier studies [15, 26–28] that decay pathwayswith decay partners at larger distances need to
be included for larger systems for two reasons:

(i) In cluster structures more than one pair of units can consist of the same atom types and have the same
interatomic distance. Hence, they are indistinguishable in the spectrum. Since the decay rate aswell as the
peak intensity is proportional to the number of such pairs, the peaks stemming from several pairs are
favoured compared to other ones at similar distances. Therefore, peaks stemming fromdecays with distant
decay partners can be visible in ICD spectra of clusters[15].

(ii) The opening of ICD-like decay channels depends on the interatomic distance, which is characteristic for
every atompair. A channel being closed at the distance to themost direct neighboursmight be open for
interaction partners at slightly larger distances. If this particular decay channel ismore efficient than other
decay channels being open for the decaywith direct neighbours, it can still be visible in the spectrumor
even outperform the slower decaymechanism and hence they have to be taken into account.We have
shown this for the case of ICD versus the ETMD3process inmixedArXe clusters [26, 28].

Especially in the biological systems, inwhich ICD is discussed to play an important role [23–25] theDNA is
surrounded bymultiplemovingwatermolecules which can act as decay partners. Therefore, understanding the
effect of non-nearest neighbour decaywill be crucial to study these systems.However, this feature of non-nearest
neighbour ICDhas so far not been addressed by itself andwewillfill the gap in this paper.

For a test systemwe choose rare gas clusters. These are favourable for the investigation of basic features both
froma theoretical and an experimental point of view. Their spherical symmetry and their very localized orbitals
allow for an comparably easy theoretical description of the decay processes. The experimental techniques to
produce rare gas clusters arewell established via variety of experimental and theoretical studies [5, 29–31]. This
makes these clusters a convenient target with controlled and predictable cluster conditions available at sufficient
target densities for extended time periods as required in the here described experiments. At the same time, the
structure of the clusters reveals an interestingmatter of research. Small, ideal clusters exhibit an icosahedral
structure while large clusters have a cuboctahedral structure, which infinitely extended, yields the solid state
face-centered-cubic (fcc) structure. In the solid state, every single atom is surrounded by twelve other atoms in
the same distance. Surface atoms or even atoms at edges and vertices are rare compared to the number of atoms
in the bulk.However, in small clustersmost atoms are surface atoms and are therefore surrounded by less than
the optimal 12 atoms. In the icosahedral cluster structure the interatomic distances between different layers are
shorter than between atoms of the same layer. Therefore, this structure is favourable in small clusters with a large
surface-to-bulk ratio. Together with the structure change from icosahedral to cuboctahedral the clusters’
properties gradually change towards those of solids and conductivity as well asmagnetizability can be
observed[32]. It is still unclear at which cluster size the favourable structure changes from an icosahedral to an
cuboctahedral structure. Numbers in the range of 800–3000 atoms have been reported[33, 34].We propose to
use the ICD to be a possible tool to distinguish between icosahedral and cuboctahedral cluster structures using
the different distance patterns in the cluster structures.

Wewill therefore first introduce the theoretical concepts in section 2, present the computational details in
section 3, discuss the distance dependency of the ICD in general in section 4 and then discuss theNeNe ICDpart
of the ICD spectra ofNeAr clusters [15] in section 5.1.Here wewill discuss the peaks and their origin in detail
and thereby raise the question, what a nearest neighbour is supposed to be. Fromour conclusions we propose the
possibility to distinguish cluster structures of ideal icosahedral and cuboctahedral structures using ICD spectra
in section 5.2.

2. Theoretical background

In order to simulate the ICD electron spectra for a given cluster structure, the kinetic energies of the ICD
electrons EICD and the corresponding decaywidths of all pairs have to be determined. The ICD electron energies
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are given by the differences between the initial state and the final state energiesEin andEfin, respectively. The
initial state energy is given by the single ionization potential (SIP) of the sub-valence electron of the entire system
and thefinal state energy is given by the double ionization potential. In the asymptotic limit, which is a
reasonably good approximation forweakly bound systems, the initial state energy is approximated by the SIP of
the initially ionized unitXin and thefinal state energy can be approximated by the sumover the SIPs of the
electron donating unitXD and the electron emitting unitXE ionized in thefinal state aswell as the Coulomb
repulsion between twopoint charges at the interatomic distanceR

= -b b b ( )E E E , 1ICD in fin

= ( ) ( )E XSIP , 2in in

= + +b b b( ) ( ) ( )E X X
R

SIP SIP
1

. 3fin D E

Here,β denotes the selected decay channel.
FollowingWentzel [35], Feshbach [36, 37] and Fano [38] the decaywidth is given by

p cG = á F ñb b( ) ∣ ∣ ∣ ∣ ∣ ∣ ( )E H2 . 4res in f
2

Here, the bound and ionized initial state is described by F ñ∣ in and thefinal continuum state of a particular decay
channelβ is given by c ñb∣ . Its challenging description involving both bound and continuum states can amongst
others be achieved by the FanoADC-Stieltjes approach, where a subset of the 2-hole-1-particle (2h1p) functions
within the algebraic diagrammatic construction (ADC) are used tomimic the final state function c ñb∣ . By these
means calculated discrete energies and corresponding transitionsmoments are then used to construct a
continuous function, which is evaluated at the resonance energy approximated by the single ionization potential
corresponding to the initial state Ein. For amore detailed description of themethod and comparison to other
approaches see[39, 40] and references therein.

3. Computational details

The cluster structures usedwere constructed to have an ideal icosahedral or fcc geometry with optional
additional incomplete outermost shells. These are based on the van derWaals radii for neon rNe=1.54Å and
argon rAr=1.88Å [41]. In case of theNeAr clusters two of those cluster structures from [15], where the
theoretical and experimental argon content in the cluster, theNeAr-ICD to total ICD ratio and the peak position
of theNeAr-ICDpeakmatched best for a givenmanifold (set) of clusters produced under certain experimental
conditions, have been chosen. These are =C 3Ar , =C 1Ne , =S 7Ne for set 3 and =C 2Ar , =C 1Ne , =S 13Ne

for set 5wherewe used the same nomenclature as in [15]. Hence,CAr denotes the edge length of the argon core,
CNe denotes the number of complete neon shells around the argon core and SNe denotes the number of
triangular surfaces additionally covered by neon atoms.

The calculations to obtain the ICD electron spectra of all cluster structures were performedwith the program
HARDRoC [42] based on the decomposition of the cluster into pairs. Every pair with the same distance is treated
equally. This includes the assumption that every neon atom is ionizedwith the same probability[15, 43]. It uses
experimental ionization energies shown in table 1 and curves fitted to the decaywidth of theNeNe ICDof [10]
and theNeAr decaywidths of [15]. Thesefitted curves yield lifetimes t =

G
 at the corresponding equilibrium

distances of t = 60 fsNeNe and t = 44 fsNeAr .

4.Decaywith decay partners at different distances

To fully understand the spectra of clusters with several possible initially ionized atomswithmultiple decay
partners it is necessary to understand the properties of the decay of a single pair of atoms. As can be seen from

Table 1.Experimental values
for the single ionization
potentials [15] used for the
estimation of the decay
widths.

Indicator Value

SIP(Ne2s) 47.75 eV

SIP(Ne2p) 21.10 eV

SIP(Ar3p) <c 3 15.40 eV

SIP(Ar3p) c 3 15.20 eV
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equations (1)–(3), the kinetic energy of the ICD electron follows an R1 -behaviour shown infigure 1 for the case
of a neon dimer at different distances.

From this diagram it can already be seen that the kinetic energies stemming from equidistant peaks of 3, 4, 5,
K , 9Å are not equidistant in their energy difference but rather decrease for an increasing interatomic distance.

The corresponding decaywidthsΓ depending on the interatomic distance are shown infigure 2. They show
an asymptotic R1 6-behaviour such that the decaywidths from an interatomic distance of 7Å on are too small
to be seen in thefigure. Thismeans that in case of a neon dimerwith an internuclear distance of 3Å, a decaywith
one decay partner at twice the internuclear distance of the neon dimer is very unlikely, but that interactionswith
decay partners at shorter distances can not in general be neglected.

A similar picture is given by the hypothetical ICD-electron spectrum for decay partners at distances of 3, 4,
K, 9Å shown infigure 3.Here, the kinetic energy of the ICD electron is depicted on the abscissa while the decay
widthΓ is plotted on the ordinate. Since the decaywidth is proportional to the decay rate and hence the decay
probability, these spectra can directly be compared to experimental ICD electron spectra.

Thefirst and dominant peak stems from the decaywith a decay partner at a distance of 3Å. The energy
distance to the next peak stemming from a decaywith a decay partner with an internuclear distance of 4Å is
found at a 1.20 eV higher kinetic energy and the energy difference to the next peak stemming from a 5Å distant

Figure 1.Kinetic energy of the ICD electron depending on the interatomic distance of the two atoms in an isolated pair involved in the
decay within the asymptotic approximation. The kinetic energy shows a R1 behaviour and hence distance changes at small distances
lead to larger changes in the kinetic energy than at larger distances.

Figure 2.Decaywidths for different interatomic distances following an asymptotic R1 6-behaviour. For distances larger than twice
the shortest distance considered the peaks are not visible in this plot.
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decay partner is further 0.68 eVhigher. The increase of kinetic energy of the ICD electron is caused by a decrease
of Coulomb repulsion between the interaction partners in the final state and therefore, the additional excess in
energy is converted into kinetic energy of the emitted ICD electron. The energy difference between the peaks
shown infigure 3 decreases with an increasing distance of decay partners and at the same time the kinetic energy
of the ICD electron. Thismeans that for small interatomic distances and comparably low kinetic energies of the
ICD electron, the energy spectrumhas a higher resolution of the interatomic distances. Therefore, a peak
structuremight be visible for the decaywith nearest neighbours (or the closest atomswith energetically allowed
decay channels) but not necessarily for all different kinds of interaction partners at larger distances.

5. ICD in clusters

5.1. NeAr clusters
After ionization from theNe2s, a heteronuclearNeAr cluster can decay via two competing pathways:

+  + +
+  + +

- - -

- - - -

( ) ( ) ( )
( ) ( ) ( )

e

e

Ne 2s Ne Ne 2p Ne 2p ,

Ne 2s Ar Ne 2p Ar 3p

1 1 1
ICD

1 1 1
ICD

inwhich the excess energy gained by filling theNe2s vacancy is transferred to either another neon atomor to an
argon atom. Since the lifetimes of theNeNe-ICD and theNeAr-ICD are of the same order ofmagnitude, both
are visible in the secondary electron spectrum (seefigure 2 of [15]). The two signals are well separated in energy
and both consist of amain peak and a shoulder at higher kinetic energies of the ICD electron.We earlier showed
a clear geometry dependence of peak intensity relation of theNeNe-ICD andNeAr-ICD and utilized this
property to determine the structure of heteroatomic rare gas clusters [15].

The peak structure of onemain peak and a shoulder at higher energies has been discussed for theNeAr
before. Theoretical investigations indicate that the shapemight be caused by different vibrational levels of the
NeAr dimer ( =v 0, 1, 2) being populated prior to the initial ionization, because the calculated lifetimes of the
intermediate states were too short to allow for nuclear dynamics [44]. There, the ratio of the population of the
three vibrational levels 10:5:4was chosen to yield a spectrum close to the experimental spectrumofNeAr
clusters. However, recent experimental results of the ICD in theNeAr dimer show a symmetric peakwithout a
shoulder [45]. In order to explain this, the authors assume a bond contraction of theNe+Ar to happen prior to
the decay. This nuclear rearrangement would contradict the theoretically predicted lifetime of the system and
they therefore propose the prior value to bewrong and give an estimate for a higher lifetime.Wewould like to
emphasize the possibility thatmainly the vibrational ground state was populated at the temperatures at which
the experiment was conducted and that the theoretically predicted lifetimes are correct. Since the shoulder
appears in the spectrumof clusters only and not in the dimer spectra, we interpret these experimental results of

Figure 3. ICD electron spectrum for interaction partner distances of 3 , 4 , 5 ,K ,9 Å. The energy difference between equidistant
interaction partners decreases with increasing distance. For the case ofNe2 pairs these energy differences between the peaks stemming
fromdifferent interatomic distances are given by: 3 Å, 4 Å 1.20 eV, 4 Å, 5 Å 0.68 eV and 5 Å, 6 Å 0.48 eV. Thismeans
that the spectrum is better resolved for smaller distances and that small distance changes like vibrations willmainly affect this lower
energy part of the spectrum.
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the dimer to confirmourfindings, that the shoulder stems from ICDwith interaction partners of the next
shell [15].

In the neon dimer several vibrational states of the ionized initial state are involved in the decay[7]. It has
furthermore been shown, that the experimentally determined lifetime of t = 150 50 fsNeNe [46] is only in
agreementwith those theoretical lifetime calculations that explicitly include nuclear dynamics of the
intermediate state[47]. However, the early lifetimemeasurements in neon clusters with amean cluster size of
<N>=900 atoms show a lifetime of 30 fs for surface atoms and 6 fs for bulk atoms. This lifetime decrease is
caused by the possibility to decaywith several decay partners. Nuclear dynamics occur in the range of tens of
femtoseconds in the dimer. Additionally, the driving force for a bond contraction after the initial ionization is
higher in dimers than in clusters, where one bond contraction usually leads to several bond elongations.
Therefore, we consider the influence of nuclear dynamics on the lifetime to be sufficiently small to be able to
neglect them in clusters in a first description[5, 9]. In the following, wewill focus on theNeNe-ICDpart of the
ICD electron spectra of theNeAr clusters and analyze them inmore detail.

Infigure 4 the ICD electron spectra for theNeNe-ICDpart of heterogeneous clusters are shown as stick
spectra for set 3 and set 5.Hereby, we stick to the naming and the color code of [15]. Both spectra exhibit a
similar pattern of peak groups. The groups are found around 1.0 eV (group (a)), around 1.7 eV (group (b)),
around 2.6 eV (group (c)) and from3 to 4 eV. The peak groups can be assigned to atompairs within the cluster.
For group (a) the peaks stem fromdecays between two nearest neighbour atoms of two different shells, while
group (b) stems from the decay partners being nearest neighbours in the same shell. Group (c) can be assigned to

Figure 4. ICD spectra for theNeNe-ICDpart of the structures of set 3 and set 5 of theNeAr clusters in [15] plotted as stick spectra. The
different peak groups resemble different pair types within theNeAr clusters. The lowest energy peaks ((a)) refer to nearest neighbours
of different shells, the peak group (b) refers to nearest neighbours within one shell and the peak group (c) refers to next-nearest
neighbours between adjacent shells. The other peaks contain both peaks stemming frompairs within the same shell as well as pairs
consisting of atoms of different shells. In this representation the contribution of the peaks around 3 eV is easily underestimated. After
folding the spectrumwithmany close lying small peaks theywill add up to yield a visible peak or shoulder (compare [15]).
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non-nearest neighbours in adjacent shells and the other peaks stem fromamixture of pairs which cannot
unambigiously be categorized because different kinds of peaks intersect each other.

Obviously, the peak groups have afine structurewhich originates fromdifferent positions of the decay
partners within a shell (face, egde or vertex). For the investigated ideal icosahedral structures, these pairs of
group (a) are from low to high kinetic energies: vertex–vertex, edge–edge, edge–face and face–face. Due to
vibrational broadening of the peaks the experimental observation of thisfine structure is unlikely in neon
clusters.

Concluding these findings, there is not neccessarily only one kind of nearest neighbours in clusters. Even the
next-nearest neighbours are closer to twice the interatomic distance of the closest pair with an open decay
channel. Therefore, also non-nearest decay partners need to be taken into account in order to simulate ICD
spectra of clusters. It can be considered safe to neglect decay partners at sufficiently larger distances than twice
the closest interatomic distance between decay partners with open channels.

5.2. Neon clusters: icosahedral versus cuboctahedral structure of clusters
We study two cluster structures (shown infigure 5), where one has an idealized icosahedral and the other one has
an idealized cuboctahedral structure for clusters of both 55 and 923 atoms. They hence consist of 13 (561) core
and 42 (362) surface atoms.

It was predicted theoretically and proven experimentally that the lifetimes of ionized bulk atoms is shorter
than of ionized surface atoms due to the smaller number of direct neighbours of surface atoms[5, 9]. The
experimentally determined lifetimes are t = 30 fssurf and t = 6 1 fsbulk  [5]. For our 55 and 923 atom
cluster the decaywidths and lifetimes are listed in table 2.

In all cases, our results confirm the shorter lifetimes of the bulk atoms compared to the surface atoms. Both
for the icosahedral and for the cuboctahedral cluster structure the lifetime of the bulk atoms is almost
independent of the cluster size and the difference ismaximum0.2 fs. This can be explained by the very similar
environments of bulk atoms in smaller and larger clusters. The lifetimes of the surface atoms however are
smaller for the larger cluster sizes. In small clusters, the number of face surface atoms is small compared to the
number of edge and vertex atoms in the surface. The larger the clusters are, the larger is the relative number of
the surface atoms. These surface atoms in face positions havemore direct neighbours than atoms in vertex

Figure 5.Cluster structures of the 55 atomNe clusters with cuboctahedral structure (left) and icosahedral structure (right).

Table 2.Calculated decaywidths and lifetimes of bulk and surface
atoms for icosahedral and cuboctahedral clusters of 55 and 923
atoms.

Atoms Γ (meV) τ (fs)

Icosahedral Bulk 55 125 5.3

Surface 55 67 9.8

Bulk 923 126 5.2

Surface 923 81 8.1

Cuboctahedral Bulk 55 140 4.7

Surface 55 78 8.4

Bulk 923 147 4.5

Surface 923 95 7.0
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positions. Therefore, our estimated lifetime of the average surface atoms in the small clusters should be slightly
larger than in larger clusters.

For both the icosahedral and the cuboctahedral cluster structures the lifetimes of the bulk atoms are in
excellent agreement with experiment. However, the theoretical lifetimes of the surface atoms are significantly
smaller than the experimental lifetime. Assuming that the experimental lifetimes are correct, we have to consider
three error sources: (1) the nuclearmotion excluded in our approach, (2)different cluster structures, and (3) a
different stabilization of charges between the inner-valence ionized and the outer-valence ionized atom
compared to the bulk.

Cluster structures with larger interatomic distances of the surface atoms between each other and the core
atomswould explain the higher experimental lifetimes of the surface atoms. These could be caused by non-ideal
structures due to the clusters’ temperature.

It remains to discuss the influence of the different charge stabilizations of inner- and outer-valence
vacancies. The decaywidth is proportional to

w
1

vp
4 where the energy of the vp is given by

w = -( ) ( ) ( )X XSIP SIP . 5vp in D

If the stabilization difference of the inner-valence vacancy between the bulk and the surface atoms is larger
than the corresponding difference of the outer-valence vacancy, the transferred energy is increased in case of the
surface atoms (w w>vp,surf vp,bulk). As a consequence, the decaywidth is decreased and the lifetime is increased.
Unfortunately, only the initial state energy differences are to be found in the literature [5]. Hence, a validation of
this cause is currently not possible.

Before discussing the ICD spectra of the icosahedral and cuboctahedral cluster structures shown infigure 6,
wewould like to recall that clusters with an icosahedral structure have shorter interatomic distances between
shells thanwithin the same shell. In terms of the ICD, different groups of nearest neighbours exist, onewithin
the same shell and one between adjacent shells. This is characteristic for icosahedral cluster structures.
Cuboctahedral cluster structures on the other hand are characterized by only one interatomic distance.
Therefore, icosahedral cluster structures should be distinguishable from cuboctahedral clusters by the number
of peaks, which can be seen in figure 6.

Two experimental ICD electron spectra of clusters with amean cluster size< >N of70 and 209 atoms are
available in the literature[4, 48]. Thefirst experimental spectrum for clusters with< >N =70 shows a very
broad ICD electron peakwithout an unambiguously assignable peak structure, whereas the later results show a
main peak of ICD electrons and a smaller peak at slightly higher kinetic energies (at around 3 eV) that was not
even assigned to be an ICDpeak in the original work. This peak corresponds to the decaywith non-nearest
neighbours in the adjacent shell. However, a further peak structure is not visible.

Whether or not the cluster structures would be distinguishable in experiment will depend on the vibrational
broadening of the peaks, the experimental resolution and difference of the interatomic distances and hence the
energy difference of the peaks in the spectrumof the icosahedral structure. In this proof-of-principle discussion

Figure 6. ICD spectra of pure neon clusters consisting of 55 atoms in icosahedral and cuboctahedral structure. In clusters with an ideal
cuboctahedral structure all interatomic distances are the same and hence only one peak for each shell around any atom in the cluster is
to be expected. In ideal icosahedral clusters the interatomic distances between atomswithin the same shell and between atoms in
neighbouring atoms are different. Therefore two peaks for interactions partners at different distances can be expected. This feature
might help to experimentally identify the underlying structure of clusters.
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we chose neon clusters for comparisonwith experiment but for the distinction of cluster structures itmight be
recommendable to choose atomswith larger internuclear distances in clusters.

6. Summary

Wehave discussed two of the three aspects one needs to take into account to simulate the ICD spectrumof rare
gas clusters properly. Due to the nature of clusters, a neon atom ionized in the inner-valence will have several
decay partners at different distances. The larger the interatomic distance is the higher is the kinetic energy of the
ICD electronswhichwill yield amultitude of peaks in the spectrum. These are thenweighted by the decaywidth,
which depends on the interatomic distance of the decay partners but also needs to be scaled by the number of
pairs of the same distance. Themanifold of all different decay events will then yield the spectrum.

When applying these aspects to cluster structures, onefinds that not only the nearest neighbours contribute
to the spectrum, but several other decay partners do as well. Decay partners until a distance of at least twice the
distance of the clostest decay partners should be taken into account. In clusters with an icosahedral cluster
structure this is especially important because the smallest interatomic distance between atoms of the same and
atoms of different layers is different, but both distances are comparable. This leads to a different number of peaks
in the spectrawhichmight help to distinguish between clusters of icosahedral and cuboctahedral cluster
structure.

While the theoretical lifetime of the bulk atoms show an excellent agreement with experiment, the lifetimes
of the surface atoms differ significantly. This deviationmight be caused by different static cluster structures than
taken into account in this work, by different energetic stabilization of charges or by nuclear dynamics.Which of
these reasons explains the experiment can not be determined at themoment. Experimentally determined
photoelectron spectra of the outer valence of high resolution in neon clusters would help to solve this puzzle.
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We report on an implementation of the multiconfigurational time-dependent Hartree method (MCTDH) for
spin-polarized fermions (MCTDHF). Our approach is based on a mapping for operators in Fock space that
allows a compact and efficient application of the Hamiltonian and solution of the MCTDHF equations of motion.
Our implementation extends, builds on, and exploits the recursive implementation of MCTDH for bosons
(R-MCTDHB) package. Together with R-MCTDHB, the present implementation of MCTDHF forms the MCTDH-X

package. We benchmark the accuracy of the algorithm with the harmonic interaction model and a time-dependent
generalization thereof. These models consider parabolically trapped particles that interact through a harmonic
interaction potential. We demonstrate that MCTDHF is capable of solving the time-dependent many-fermion
Schrödinger equation to an arbitrary degree of precision and can hence yield numerically exact results even in
the case of Hamiltonians with time-dependent one-body and two-body potentials. We study the problem of two
initially parabolically confined and charged fermions tunneling through a barrier to open space. We demonstrate
the validity of a model proposed previously for the many-body tunneling to open space of bosonic particles
with contact interactions [Proc. Natl. Acad. Sci. USA 109, 13521 (2012)]. The many-fermion tunneling can be
built up from sequentially happening single-fermion tunneling processes. The characteristic momenta of these
processes are determined by the chemical potentials of trapped subsystems of smaller particle numbers: The
escaped fermions convert the different chemical potentials into kinetic energy. Using the two-body correlation
function, we present a detailed picture of the sequentiality of the process and are able to tell tunneling from
over-the-barrier escape.

DOI: 10.1103/PhysRevA.93.033635

I. INTRODUCTION

The time-dependent many-body Schrödinger equation for
interacting fermions governs systems from many different
fields ranging from electron dynamics in molecules [1] in
quantum or theoretical chemistry, over graphene [2] and
(fractional) quantum Hall states [3] in condensed matter, to the
physics of quantum computation [4], quantum simulation [5],
and quantum dots and mesoscopic structures and interactions
thereof [6–8], to name but a few. A general approach to deal
with the time-dependent many-body Schrödinger equation for
interacting fermionic particles is hence of great and general
interest, especially also in view of the recent experimental
demonstration of deterministic production of few-fermion
systems [9] and their detailed investigation [10–12] in the
context of ultracold atoms.

However, the solution of Schrödinger’s equation for many-
body systems presents a formidable and in most cases not
analytically tractable problem. The exceptions to this state-
ment include the Lieb-Liniger [13] and Tonks-Girardeau [14]
models for one-dimensional bosonic particles and the har-
monic interaction model for fermionic or bosonic particles
of any spatial dimension [15–17]. To date, unfortunately, no
way has been found to scrutinize these or other analytical

*elke.fasshauer@uit.no
†axel.lode@unibas.ch

models to obtain solutions for the time-dependent Schrödinger
equation for a general problem setting. Numerical methods
that solve the Schrödinger equation are thus needed. Such
numerical approaches also face limitations as the Hilbert
space of many-body systems is growing exponentially with
the particle number. Among the first approaches to the
time-dependent many-body problem were so-called mean-
field methods, which reduce the intractably large problem
by transforming the time-dependent many-body Schrödinger
equation (TDSE) to an effective one-body problem. This
transformation can be done in different ways. One approach
is to make a mean-field ansatz for the state of the system
and to derive the equations of motion for it by employing
a time-dependent variational principle [18,19]: Demanding
the stationarity of the functional action with respect to small
variations of the parameters of said mean-field ansatz and
demanding the solution to obey constraints (like, for instance,
normalization) yields the equations of motion for the param-
eters (the time-dependent orbital[s]) in the mean-field ansatz.
In the case of distinguishable particles, one obtains the time-
dependent Hartree-type or self-consistent field equations [18].
For indistinguishable bosons, these equations of motion are
called time-dependent Gross-Pitaevskii equation [20,21] for
a single-orbital ansatz and time-dependent multiorbital mean-
field equations [22] for a multiorbital ansatz. For fermions
they are named time-dependent Hartree(-Fock) equations [23].
All these equations have in common that they prescribe the
time evolution of a single ([anti]symmetrized) product of

2469-9926/2016/93(3)/033635(11) 033635-1 ©2016 American Physical Society
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one-particle states or, in short, of one configuration. They
therefore cannot describe correlations between the particles
and their dynamics adequately since that necessitates multiple
configurations.

In order to straightforwardly go beyond the mean-field ap-
proach one allows not only one but all possible time-dependent
configurations to contribute to the ansatz. One arrives, after a
similar variational derivation as for the mean-field theories,
at the multiconfigurational time-dependent Hartree approach
(MCTDH) [24–26] for distinguishable particles, the MCTDH
for bosons in the case of indistinguishable bosons [27,28]
(for a dedicated version for the double-well special case,
see Ref. [29], and for the multilayer MCTDH for bosons
generalization, see Ref. [30]), or the MCTDH for fermions
(MCTDHF) [31–36] in the case of indistinguishable fermions,
which is also often referred to as multiconfigurational time-
dependent Hartree-Fock. The generalization to multiconfig-
urational ansätze and hence improved accuracy comes at a
price: The number of (symmetrized) basis states increases
exponentially with the number of particles considered. The
improvement in accuracy, however, can be crucial in order to
describe the ongoing quantum dynamics, since it incorporates
the evolution of correlations between the particles or degrees
of freedom in the system. Moreover, the ansatzes of MCTDH,
MCTDH for bosons, and MCTDHF form a formally complete
set of the respective many-body Hilbert spaces. Therefore,
these methods can in principle provide the exact solution of
the full TDSE when a convergence with respect to the number
of variational parameters in the description is achieved. This
has been demonstrated for the bosonic case in Refs. [37–39]
and the fermionic case in, for instance, Ref. [36].

Herein, we report on the implementation of MCTDHF that
relies on the equivalence of many-body Hamiltonians in Fock
space to a mapping [40] that helps us to optimally scrutinize
the sparsity of the Hamiltonian in configuration space.

We demonstrate how the algorithm converges to the exact
solutions of the TDSE for the case of spin-polarized fermions
even for Hamiltonians with time-dependent one- and two-body
potentials. We show the convergence and exactness of the
algorithm, we test it with the exactly solvable harmonic
interaction model (HIM) and its time-dependent generaliza-
tion (TDHIM) [37,38]. Thereby, we demonstrate MCTDHFs
capability to describe both ground states as well as many-body
dynamics with a time-dependent Hamiltonian, including time-
dependent one-body potentials and interactions, accurately.

We investigate charged fermions tunneling to open space
from an initial parabolic confinement similar to recent ex-
perimental realizations [9,10]. We thereby verify a model for
the many-boson tunneling to open space [41] to also hold in
the fermionic case. We prepare a system of N = 2 charged,
spin-polarized fermions in the ground state of a parabolic
trap. By subsequently transforming the potential to an open
configuration with a barrier, we allow the fermions to escape to
open space by tunneling. We monitor the process with the time
evolution of the momentum distributions and the one-body and
two-body correlation functions.

We implemented the solution of MCTDHF equations
of motion extending and exploiting our previous recursive
implementation of the MCTDH for bosons, the R-MCTDHB

package [42]. The resulting software is now capable of

solving the time-dependent many-body Schrödinger equation
for general indistinguishable particles. We name the resulting
software MCTDH-X, since it computes the dynamics of multi-
configurational wave functions of X = F fermions and X = B
bosons. The MCTDH-X software is distributed under a copy-left
license through the website [43] and provides numerically
exact results for bosons—as shown in Refs. [37,38]—and—as
shown below—numerically exact results for fermions.

Let us mention here that the present study considers long-
range interactions in partially large grids. The evaluation of
the respective two-body operators relies crucially on the so-
called interaction-matrix evaluation via successive transforms
algorithm introduced in Refs. [38,39]. Without this algorithm
the present and many recent investigations of realistic solutions
of the TDSE as, for instance, in Refs. [37,38,44–46] would
have been impossible.

The structure of this paper is as follows: In Sec. II, we
introduce the TDSE, derive the MCTDHF equations of motion,
describe our implementation of it, and show its accuracy.
Section III discusses charged fermion tunneling to open space
dynamics and Sec. IV gives conclusions and an outlook.

II. THEORY, IMPLEMENTATION, AND EXACTNESS

A. Time-dependent Schrödinger equation and Hamiltonian

The problem we aim to solve with the MCTDHF is the
time-dependent Schrödinger equation for N spin-polarized
interacting fermionic particles. The TDSE reads

i∂t |�〉 = Ĥ |�〉. (1)

Here, the wave function |�〉 and the Hamiltonian Ĥ depend on
all the particle coordinates �r1,...,�rN and time t . We investigate
systems with at most two-body operators in the Hamiltonian:

Ĥ =
∑

k

ĥ(�rk; t) +
∑
j<k

Ŵ (�rj ,�rk,t). (2)

Here, ĥ(�r) = 1
2∂2

�r + V (�r,t), is the one-body Hamiltonian and
Ŵ (�r,�r ′,t) represents the two-body interactions. Both terms are
generally time-dependent. In this work, we employ dimension-
less units throughout: The dimensionless Hamiltonian, Eq. (2),
is obtained by dividing the dimension-full Hamiltonian by
�

2

mL2 (m is the mass of the considered Fermions and L is a
conveniently chosen length scale).

In second quantization, one uses field operators to represent
the many-body problem:

�̂(�r,t) =
∑

k

âk(t)φk(�r; t). (3)

The functions φk(�r,t) are an orthonormal set of time-dependent
single-particle states or orbitals that build up a fully antisym-
metrized basis of the N -fermion Hilbert space. Consequently,
the Hamiltonian of Eq. (2) reads

Ĥ =
∑
kq

hkq(t)â†
kâq + 1

2

∑
kslq

Wksql(t)â
†
kâ

†
s âl âq . (4)
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Here, we used the following notations for the one-body and
two-body matrix elements hkq and Wksql , respectively:

hkq(t) =
∫

d�rφ∗
k (�r,t)ĥ(�r,t)φq(�r,t),

Wksql(t) =
∫∫

d�r ′d�rφ∗
k (�r ′,t)φ∗

s (�r,t)Ŵ (�r ′,�r,t)φq(�r,t)φl(�r ′,t).

(5)

In the following we will make use of the matrix elements of
the reduced one- and two-body density matrices,

ρkq(t) = 〈�|â†
kâq |�〉, ρkslq(t) = 〈�|â†

kâ
†
s âl âq |�〉, (6)

respectively, as well as the reduced one-body and two-body
densities [47,48]

ρ(1)(�r,�r ′,t) =
∑
kq

ρkqφ
∗
k (�r ′,t)φq(�r,t), and

ρ(2)(�r1,�r2,�r ′
1,�r ′

2,t) =
∑
kslq

ρkslqφ
∗
k (�r ′

1,t)φ
∗
s (�r1,t)φl(�r ′

2,t)φq(�r2,t),

(7)

respectively. Now, all prerequisites for the derivation of the
MCTDHF equations of motion are defined and we can proceed
by doing so.

B. MCTDHF equations of motion

To derive the equations of motion of MCTDHF, we
first formulate a general multiconfigurational ansatz for the
wave function. Then, we use the time-dependent variational
principle [19] to minimize the error in describing the solution
of the TDSE with said ansatz. The ansatz is obtained by
truncating the field operator in Eq. (3) from an infinite to
a finite sum of M operators {âk(t)}Mk=1. Consequently, some
expressions in Sec. II A become finite sums [cf. Eqs. (3), (4),
and (8)] or have a finite set of indices [cf. Eqs. (5) and (6)].

The wave function corresponding to a field operator in a
finite set of M time-dependent orbitals [see Eq. (3)] is the
ansatz for MCTDHF and reads

|�〉 =
∑

�n
C�n(t)|�n; t〉 =

∑
�n

C�n(t)
M∏
i=1

(â†
k(t))nk |vac〉. (8)

Here, a vector notation �n = (n1, . . . ,nM ) for the occupation
numbers was invoked. In total, this ansatz contains Nconf = (MN )
terms and as many time-dependent coefficients C�n(t). The
occupation number states or configurations {|�n; t〉} are fully
antisymmetrized products of the orbitals {φk(�r; t)}Mk=1. The
Nconf coefficients and M orbitals are the variational parameters
in the derivation of the MCTDHF equations of motion. The
functional action of the TDSE [Eq. (1)] reads as follows [19]:

S =
∫

dt

⎛
⎝〈�|Ĥ − i∂t |�〉 +

∑
ij

μij (t)(〈φi |φj 〉 − δij )

⎞
⎠.

(9)

Here, the orthonormality of the orbitals {φk(x; t)}Mk=1 is ensured
by the Lagrange multipliers μij (t) in S. From demanding the

stationarity of this functional action with respect to variations
of the coefficients C�n(t) and the orbitals {φk(�r,t)}Mk=1,

∂C∗
�n (t)S

[{C�n(t)},{φk(�r,t)}Mk=1

] != 0 ∀ �n;
(10)

∂φ∗
k (�r,t)S

[{C�n(t)},{φk(�r,t)}Mk=1

] != 0 ∀ k,

the equations of motion for the orbitals and the coefficients of
the MCTDHF are obtained. To simplify the resulting equations
of motion and without loss of generality we use an invariance
property of the ansatz [Eq. (8)] (see Refs. [24,26]) and set
〈φk|i∂t |φq〉 = 0. For details of the derivation, see, for instance,
Refs. [34–36]. The obtained coefficients’ equations of motion
read

H(t)C(t) = i∂tC(t); H �m �m′(t) = 〈 �m; t |Ĥ | �m′; t〉. (11)

Here, C(t) collects all coefficients C�n(t) in a vector. The
indexing of this vector is a key part of the implementation
of MCTDHF and is described in the following subsection.
The orbitals’ equations of motion read

i∂tφj (�r,t) =

P̂

⎛
⎝ĥφj (�r,t) +

M∑
k,s,q,l=1

{ρ(t)}−1
jk ρkslq(t)Ŵsl(�r,t)φq(�r,t)

⎞
⎠,

P̂ = 1 −
M∑

j ′=1

|φj ′ 〉〈φj ′ |. (12)

The projector P̂ emerges in the derivation from the
Lagrange multipliers introduced in the functional ac-
tion, Eq. (9), to ensure the orthonormality of the or-
bitals. The local time-dependent potentials Ŵsl(�r; t) =∫

d�r ′φ∗
s (�r ′,t)Ŵ (�r,�r ′,t)φl(�r ′,t) were defined. Equations (11)

and (12) form the core of the MCTDHF. The number of
coefficients’ equations [Eq. (11)] is (MN ) and the number
orbitals’ equations [Eq. (12)] is M . In the latter equation (12),
the main computational effort is to compute O(M4) two-body
terms (containing ρkslq). With this scaling of the problem
size, O(10) fermions are tractable at present without further
optimization of the MCTDH-X software. We note that the
equations of motion, (11) and (12), are of the same shape as
the orbital equations of motion in the case of bosons [34]. The
coefficients’ and orbitals’ equations form a coupled, integro-
differential, and generally nonlinear set: The evaluation of
Eq. (11) for the coefficients C�n(t) necessitates the matrix
elements Wksql(t) and hkq(t) [Eq. (5)] computed from the
current set of orbitals {φk(�r,t)}Mk=1. The propagation of Eq. (12)
for the orbitals {φk(�r,t)}Mk=1 necessitates the matrix elements
ρkq(t) and ρkslq(t) [Eq. (6)] computed from the present
set of coefficients C�n(t). We move on and describe our
implementation of MCTDHF.

C. Hamiltonian as a mapping in configuration space

Our MCTDHF implementation relies on a mapping for
operators in Fock space as described in Ref. [40] and takes
maximal advantage of the sparsity of the Hamiltonian in Fock

033635-3



ELKE FASSHAUER AND AXEL U. J. LODE PHYSICAL REVIEW A 93, 033635 (2016)

basis [Eq. (11)]. We use the address

I
(
h1, . . . ,hkμ

) = 1 +
kμ∑

j=1

(
N + kμ − hj

kμ + 1 − j

)
(13)

to index all occupation number states of N fermions in M

orbitals. Here kμ is the number of holes, i.e., 0 occupation
numbers in the configuration �n, and hj are the positions of
these holes. Importantly, the indexing defined by Eq. (13)
allows us to write the coefficients C�n(t) in a compact vector
notation C(t) as done in the MCTDHF coefficients equation
of motion, Eq. (11), above. We continue by illustrating how a
general set of operators’ actions can be cast in a compact and
intuitive form by scrutinizing the indexing in Eq. (13). The
action of any of the operators that appear in the Hamiltonian
Eq. (4) applied to a given configuration |�n1; t〉 will yield
a modified configuration α|�n2; t〉. Evidently, α depends on
the occupation numbers �n1 and on the applied creation and
annihilation operators. Since all the configurations have an
index assigned through Eq. (13), it is sufficient to know three
numbers to apply any operator: (i) the index I1 of |�n1; t〉,
(ii) the index I2 of |�n2; t〉, and (iii) the prefactor α. Let us
consider the generic one-body operators â

†
4â1 and â

†
6â3 and

the configuration |�n1; t〉 = |1,1,1,0,1,0,0,1,0〉 as an example.
One finds

â
†
4â1|1,1,1,0,1,0,0,1,0〉 = |0,1,1,1,1,0,0,1,0〉;

and â
†
6â3|1,1,1,0,1,0,0,1,0〉 = (−1)|1,1,0,0,1,1,0,1,0〉.

In our example, we have N = 5,M = 9 and the num-
ber of holes is kμ = 4. Consequently, for â

†
4â1 with I1 =

I (4,6,7,9) = 8, we find I2 = I (1,6,7,9) = 73 and α = 1 from
Eq. (13). For â

†
6â3 with I1 = 8, we find I2 = I (3,4,7,9) = 26

and α = (−1). For many operators’ actions on a configuration
one finds that the respective prefactor α is zero and one does
therefore not have to consider the action of the operator on that
configuration. In order to minimize the effort in the evaluation
of the MCTDHF coefficients equations of motion (11), we
therefore only save the triples I1,I2,α when α �= 0 in a
dedicated custom data type in our implementation of Eq. (11).
The data type is constructed with the following recipe: For
every one- or two-body operator in the Hamiltonian (4), we
analyze for every I1 if α is zero. If so, we move on to the next
configuration. Only if α is nonzero, I1,I2, and α are stored.
The resulting set of triplets (I1,I2,α) for every operator in the
Hamiltonian (4), for all configurations |�n1; t〉, constitutes the
most compact (and hence memory-efficient) way of applying
the Hamiltonian to a given vector C(t) of coefficients. This
allows for a faster evaluation of the coefficients equation of
motion and for the handling of configuration spaces with a
larger number of coefficients.

D. Benchmark with the time-dependent harmonic interaction
model

The HIM and TDHIM are models that are exactly solvable
when a coordinate transform from Cartesian to center-of-mass
and relative coordinates is applied to their Hamiltonians.
Solutions are known for any spatial dimension and for bosonic
and fermionic systems [15]. The existence of exact solutions

distinguishes the HIM models from other example problems
such as, for instance, the helium atom (cf. Ref. [36]), for
which approximate solutions with a very high accuracy are
available—but not exact ones.

Since the HIM and TDHIM Hamiltonians present a cor-
related many-body problem in Cartesian coordinates, these
models are a good test for the accuracy of the MCTDHF algo-
rithm which, of course, also works in Cartesian coordinates.
Benchmarks have been performed previously in the case of
the MCTDH for bosons with the HIM and its time-dependent
generalization, the TDHIM in Refs. [37,38]. Let us mention
here that the TDHIM presents a much tougher problem for the
algorithm than typical physical problems like the tunneling
to open space discussed in Sec. III because the TDHIM
Hamiltonian has time-dependent one- and two-body terms.
In a study of the eigenstates of the HIM, we found that
MCTDHF yields results with an arbitrarily large accuracy,
see Supplemental Material [49].

In this section, we asses the correctness of our implementa-
tion and the formal exactness of MCTDHF with the fermionic
versions of the TDHIM.

To arrive at a time-dependent generalization of the HIM, the
TDHIM, we chose a Hamiltonian with time-dependent trap-
ping frequency ω ≡ ωTD(t) and time-dependent interparticle
interaction K ≡ KTD(t). The obtained TDHIM Hamiltonian
Ĥ ′ reads [37,38]

Ĥ ′(t) =
N∑

i=1

[
−1

2
∂2

�r + 1

2
ωTD(t)2�r2

]
+KTD(t)

j=N∑
i<j

(�ri − �rj )2.

(14)

We now adopt the strategy in the Refs. [37,38] and set

ωTD(t) = ω[1 + f (t)]; KTD(t) = K

[
1 − ω2

0

2NK
f (t)

]
.

(15)

With this choice, we apply the coordinate transformations to
relative �xj = 1√

j (j+1)

∑j

i=1(�rj+1 − �ri), j = 1, . . . ,N − 1

and center-of-mass coordinates �xN = ∑N
i=1 �ri . We obtain

Ĥ ′
rel =

N−1∑
i=1

(
− 1

2
∂2

�xi
+ 1

2
δ2
N �x2

i

)
; δN =

√
ω2 + 2NK. (16)

Ĥ ′
CM(t) = −1

2
∂2

�xN
+ 1

2
ω(t)2 �x2

N . (17)

It is important to note that due to our choice of ω(t) and K(t),
the Hamiltonian of the relative problem is time-independent
and identical to the one obtained for the HIM, i.e., when setting
f (t) ≡ 0 in Eqs. (14) and (15); see also Ref. [49]. Moreover,
the Hamiltonian of the center-of-mass problem Ĥ ′

CM(t) defines
the following time-dependent, but one-body problem that can
be easily solved numerically exactly [50]:

i∂t |�CM(t)〉 = Ĥ ′
CM(t)|�CM(t)〉. (18)

The obtained time-dependent energy reads

ETDHIM(t) = εrel + ε′
CM(t),

(19)
ε′

CM(t) = 〈�|Ĥ ′
CM|�〉.
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FIG. 1. Convergence of the MCTDHF for the TDHIM model
for N = 2 and N = 7. The upper panel shows the time-dependent
parameter f (t) modulating both interactions and the frequency of
the parabolical trap [cf. Eqs. (14) and (15)]. The lower panel depicts
the computed results for the time-dependent energy ε ′

CM(t) for the
exact solution (solid red line) and MCTDHF(M) for increasing
numbers of orbitals M for two (blue dashed lines) and seven fermions
(black dashed-dotted line with points). Fast convergence of the
MCTDHF(M) predictions for ε ′

CM(t) to the exact value is observed
for the present case of almost erratically time-dependent one- and
two-body parts in the Hamiltonian when M is increased. We find
that the MCTDHF prediction for ε ′

CM(t) is indistinguishable from the
exact energy for M = 10 in the case of N = 2 and for M = 15 for
the case of N = 7. All quantities shown are dimensionless.

Since our choice for K(t) and ωTD(t) keeps δN = √
ω2 + 2NK

time-independent and identical to the δN in the case of the
time-independent HIM Hamiltonian, εrel = D

∑N−1
i=1 [ 2i+1

2 δN ]
remains also unchanged and time-independent (see Ref. [49]).
For computational convenience, we use the same parame-
ters as in Refs. [37,38], K0 = 0.5 and ω = 1 with f (t) =
sin(t) cos(2t) sin(0.5t) sin(2t). We plot the exact solution for
ε′

CM(t) in Fig. 1 together with the MCTDHF predictions for
N = 2 and N = 7 fermions for various numbers of orbitals
M .

We find that the MCTDHF(M) prediction converges to the
exact result ε′

CM(t) rapidly for increasing M . This is analogous
to the convergence of MCTDH for bosons for the TDHIM
model as shown in Refs. [37,38]. We note here that in the
cases where the energies obtained from MCTDHF(M) are
identical to the exact one, a further increase of M does
not change the predictions of the method anymore: The
wave function’s time evolution converges and represents a
numerically exact solution to the time-dependent Schrödinger
equation. Importantly, the occupations of the least occupied
orbitals remain negligibly small in the case of a converged
solution of the TDSE with MCTDHF(M). This renders a
practical criterion for the convergence and numerical exactness
of MCTDHF(M) for any given application.

III. TUNNELING TO OPEN SPACE OF FEW-FERMION
SYSTEMS

There is outstanding experimental progress in the determin-
istic production of few-fermion systems [9] and detailed inves-
tigations on their properties [10–12]. Of particular interest is
here that these experiments with few-fermion systems consider
situations where one or several of the particles are escaping
from an initial confinement to open space. The theoretical
work entailing the above experiments deals mostly with the
issue of the decay rates with respect to the possible different
decay channels for fermions with internal structure; see, for
instance, Refs. [51,52]. The correlation functions and their
evolution have, however, not been systematically investigated
yet. This motivates us to apply MCTDHF to the problem of
initially parabolically confined fermions that are allowed to
tunnel through a potential barrier to open space. We stress
here that our simulations below consider a system with a
similar one-body potential as the few-fermion systems in the
experiments of the Heidelberg group [9,10], but both the
two-body potential and the constituents of the system differ
from the experimental realization: In our simulations Coulomb
and not contact interactions are considered and the constituents
we consider are spin-polarized fermions and not fermions
with an internal degree of freedom. We adopt our scheme to
model the process from previous work on bosons tunneling
to open space [38,41,53]: The system is initialized in the
interacting ground state of a parabolic potential (time t < 0).
Subsequently, at time t � 0, the potential is transformed to an
open form with a barrier that allows for the system to tunnel
to open space. For the sake of simplicity and convenience
of computations, we use the same potential V (�r,t) without
a threshold as Refs. [38,41,53]. See Fig. 2(a) for a plot.
As interparticle interaction Ŵ (�r,�r ′) we use the regularized
Coulomb interaction from Ref. [8],

Ŵ (�r,�r ′) = λ0√
|�r − �r ′|2 + α2e−β|�r−�r ′| , (20)

where we set α = 0.1 and β = 100, also as in Ref. [8].
Since the following considerations are for one spatial di-

mension, we are going to use the labels x and k synonymously
for the vectors �r and �k, respectively. We restrict the present
study to the case of N = 2 fermions because the potential
V (x,t > 0)’s barrier [cf. Fig. 2(a)] is too small for larger
particle numbers to still speak of a tunneling process: For
the case of N = 3 the energy per particle is comparable to the
height of the barrier. Let us emphasize that we checked the
results in the following for their convergence with respect to
the number of orbitals M in our computations and found that
M = 6 orbitals yield an essentially exact description.

In the following, we study the dynamics for N = 2 fermions
for the case λ0 = 1.0 and λ0 = 0.5 and investigate if the
model for the many-boson tunneling process in Ref. [41,54] is
predictive also for fermions. This model decomposes the one-
dimensional Hilbert space into “IN” and “OUT” regions and
considers single-particle ejection processes from the viewpoint
of energies. When a particle is ejected from IN to OUT,
the subsystem which is left behind remains with an energy
EIN (N − 1) = EIN (N ) − μ1. Here, μ1 is the first chemical
potential [see Fig. 2(b)], EIN (N ) is the numerical result of the
two-fermion system, and EIN (N − 1) is the analytical result
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FIG. 2. Scheme and model for the fermion tunneling to open
space process. (a) The setup used to study how initially parabolically
confined (black dashed line) fermions tunnel to open space when
the potential is transformed to its open form (solid black line).
For reference, an initial density is sketched (blue line). After the
transformation of the potential, the system becomes unbound and
tunnels through the barrier to open space. (b) Model for the tunneling
process. The one-dimensional Hilbert space is split into IN and
OUT regions at the maximum of the barrier (vertical red line). The
many-fermion process can be built up from concurrently happening
single-fermion tunneling processes: Each fermion escapes into OUT
with a characteristic momentum. This characteristic momentum is
in turn defined by the chemical potentials μi of the harmonically
trapped, interacting system in the IN region before the ejection.
Neglecting interactions in the OUT region, one obtains momenta
ki = √

2mμi . (The figure is adapted from Refs. [38,41], and all
quantities shown are in dimensionless units.)

for the single-fermion ground state of the harmonic oscillator,
EIN (1) = 0.5, since N is 2. The emitted particle in the OUT
region has the energy μ1 at its disposal, which it converts to
kinetic energy. Since the potential V (x,t > 0) is zero in almost
all of the OUT region, the emitted particle can approximately
be considered as free and its kinetic energy is therefore

given by μ1 = k2
1

2m
. Consequently, a characteristic momentum

k1 = √
2mμ1 will manifest in the momentum distribution

ρ(k,t) = ∑
jq ρjq φ̃

∗
j (k; t)φ̃q(k; t). Here, φ̃q(k; t) denotes the

Fourier transform of the orbital φq(x; t). The second emitted

particle has the second chemical potential μ2 = EIN (N −
1) − EIN (N − 2), with EIN (N − 2) = 0, to convert it to
kinetic energy upon its ejection. This results in a second
characteristic momentum k2 = √

2mμ2 in the momentum
distribution ρ(k,t). By continuously applying this idea, the N -
body tunneling process can be reconstructed by concurrently
happening single-particle tunneling processes; cf. Fig. 2(b).

The momenta obtained from the model for the N = 2 and
λ0 = 1.0 case are k1 = 2.103 and k2 = 1.0. For the N = 2,
λ0 = 0.5 case, we find k1 = 1.931 and k2 = 1.0. We plot
the exact time evolution of the momentum density ρ(k,t) in
Fig. 3. We find that the model for the tunneling process—
albeit originally devised for bosonic particles with a contact
interparticle interaction potential—predicts the momenta of
the fermions with Coulomb interactions emitted to open space
with a remarkable degree of accuracy; see Figs. 3(b) and 3(c).
Upon closer inspection of Fig. 3(b), we find a peak structure in
the momentum distribution in between k1 = 2.103 and k2 =
1.0. This structure corresponds to a correlated pair ejection
(see correlation functions g(1) and g(2) below) as the energy of
the whole system EIN (N = 2) = 2.712 is sufficiently over the
height of the barrier (2.226) for λ0 = 1.0. Furthermore, one
gets a good estimate of the momentum of the process, kred,
with the assumption that a particle with energy μ1 + μ2 =
EIN (N = 2) and the reduced mass κ = 1

2 was ejected:

kred =
√

2κEIN (N = 2).

One finds kred = 1.613 for λ0 = 1 and kred = 1.538 for λ0 =
0.5. Since there is no clear feature around kred in the momentum
distribution ρ(k,t) in Fig. 3(c) for the case of λ0 = 0.5, we infer
that in that case the total energy of the system is not sufficiently
over the barrier for the correlated two-body ejection to happen.
Let us remark here that this is an interesting difference to the
tunneling dynamics of the bosonic systems investigated in
Refs. [38,41,54]. We leave it as subject of further investigations
to determine if and how the emergence of kred in the momentum
distribution is modified for a larger number of fermions or
bosons with the same Coulomb interactions as in the present
study. We infer from the remarkable agreement of the predicted
momenta and the momentum peaks in ρ(k,t) in Fig. 3 that
the bulk of the many-fermion tunneling to open space process
is—like its many-boson counterpart—built up by single-
particle processes with characteristic momenta k1,k2, . . .

determined by chemical potentials μ1,μ2, . . . of trapped
subsystems of decreasing particle number N,N − 1, . . . .

We move on to investigate the dynamics of the one-body
correlation functions in momentum space |g(1)(k,k′; t)|2 and
in real space, |g(1)(x,x ′; t)|2. The definition of g(1) is [47]

g(1)(ξ,ξ ′,t) = ρ(1)(ξ,ξ ′,t)√
ρ(1)(ξ,ξ,t)ρ(1)(ξ ′,ξ ′,t)

,

where ξ = k for the momentum space correlation function and
ξ = x for the real-space correlation function. The reduced one-
body densities in momentum space, ρ(1)(k,k′,t), are obtained
from Eq. (8) by applying a Fourier transform to the orbitals.
In the case of uncorrelated particles characterized by the
momenta k and k′ or coordinates x and x ′, the correlation
function is 1, while it is 0 for correlated particles. Its pattern
allows us to analyze whether the particles tunnel sequentially
or not (see in this context also the two-body correlation g(2)

033635-6



MULTICONFIGURATIONAL TIME-DEPENDENT HARTREE . . . PHYSICAL REVIEW A 93, 033635 (2016)

0

2

4

6

8

 10

 12

 14

 16

 18

-3 -2 -1 0 1 2

ρ(
k)

Momentum k

N=2,λ0=1.0

HO background

Ejected Fermions

(a) (b)

(c)

t=0
t=30

t=100

 0.5

1

 1.5

2

 2.5

3

k2
k1kred

N=2,λ0=1.0

1  1.2  1.4  1.6  1.8 2  2.2
0

 0.5

1

 1.5

2

 2.5

Momentum k

k2
k1kred

N=2,λ0=0.5

FIG. 3. Comparison of characteristic momenta of two-fermion tunneling to open space to model predictions. Panel (a) shows the overall
momentum distributions ρ(k) at times t = 0,30,100 in the time evolution of the tunneling process for N = 2 and λ0 = 1.0. Centered around
k = 0, the momentum distributions have a broad feature corresponding to the trapped fraction of the system (cf. harmonic oscillator [HO]
background label). The particles that escape to open space correspond to the peaks which emerge in the momentum distributions with time.
These peaks’ momentum distributions are enlarged for λ0 = 1.0 in panel (b) and for λ0 = 0.5 in panel (c). According to the model in Fig. 2(b),
the characteristic fermion ejection momenta are defined by the chemical potentials μi of the harmonically trapped, interacting system. The
obtained momenta ki = √

2mμi are shown as black arrows in panels (b) and (c). The position of the main peaks agrees very well with the
prediction of the model, k1,k2. The additional structure in the case of the stronger interactions in panel (b) can be attributed to a correlated
two-body escape process (see text for further discussion). The momentum associated with this process is kred = √

2κ(μ1 + μ2) = 1.613, where
κ = 1

2 is the reduced mass of the two-fermion system [see gray arrow in panel (b)]. For the weaker interactions λ0 = 0.5 in panel (c), the
two-fermion tunneling or escape seems to be less favorable, since no clear features are seen at the respective momentum kred = 1.538. All
quantities shown are dimensionless. See text for further discussion.

below). From the value of the correlation function g(1), it
can further be inferred whether certain points in space (x,x ′)
or combinations of momenta (k,k′) correspond to the same
(|g(1)| = 1) or to different (|g(1)| = 0) orbitals.

As a first observation (left column of Fig. 4), we find that
the correlation of the initial state of the fermionic systems is
much stronger than in the bosonic counterpart investigated in
Refs. [38,41], which is essentially uncorrelated, i.e., |g(1)|2 ≈
1. Throughout the tunneling process, we find an emergence
of a line structure of correlations in |g(1)(k,k′; t)|2 around
the momenta k1,k2 at which particles are ejected from the
well to open space; see top right panel of Fig. 4. We deduce
from this line structure that the tunneling process can be
controlled by adjusting the potential in the outer region in

analogy to the bosonic tunneling to open space process [41,54].
Upon detailed comparison of the emergent line structure with
respect to the bosonic case [41] in which the lines are simply
marked by |g(1)| → 0, the following interesting difference
is found: At the second momentum k2 one actually finds
|g(1)(k2,k)| ≈ 1 which is enclosed by lines at a small distance ι

with |g(1)(k2 ± ι,k)| < 1 (cf. black arrows and their vicinity in
top right panel of Fig. 4). The different correlation properties of
k1 and k2 hint that the fermions traveling at these velocities are
sitting in different orbitals. This indicates that the two fermions
escape sequentially. For an investigation of the reasons for this
difference to the case of the bosonic tunneling to open space,
where the single-particle processes happen concurrently, see
the discussion of the two-body correlations below.

033635-7



ELKE FASSHAUER AND AXEL U. J. LODE PHYSICAL REVIEW A 93, 033635 (2016)

FIG. 4. Spatial and momentum one-body correlation functions of
fermion tunneling to open space. We plot the correlation functions
|g(1)(x ′,x; t)|2 and |g(1)(k′,k; t)|2 in real and momentum space in the
top and bottom rows, respectively, for the λ0 = 1 case. In comparison
to the bosonic case (see Refs. [41,54]), we observe a generally more
strongly correlated behavior in both real and momentum space for
the ground states depicted in the left column. In the momentum
correlations (top left and top right panels), a line structure emerges at
the momenta corresponding to the escaping fermions, k1,k2 with time.
While the fermions that still reside in the well at k ≈ k′ ≈ 0 are almost
uncorrelated (|g(1)|2 ≈ 1), the fermion escaping with momentum k1 is
uncorrelated with those at rest (|g(1)(k′ ≈ k1,k ≈ 0; t = 200)|2 ≈ 0,
see upper right panel). Interestingly, the fermion escaping with k2

is correlated with the one at rest (|g(1)(k′ ≈ k2,k ≈ 0; t = 200)|2 ≈
1, see black arrows in top right panel). However, the k2 velocity
is embedded by thin lines where |g(1)(k′ = k2 ± ε,k; t = 200)|2 < 1
(see dark lines next to the arrows in the top right panel). The periodic
structure in the real-space correlation in the bottom right panel reflects
the momentum correlations in the top right panel. To guide the eye,
we mark the top of the barrier by the black lines. The difference in
the escape velocities k1,k2 leads to a strong spatial correlation (see
rectangular areas with |g(1)(x,x ′; t = 200)|2 ≈ 0 on the off-diagonal
of the bottom right panel). All quantities shown are dimensionless;
see text for further discussion.

The momenta k1,k2 are reflected in |g(1)(x,x ′; t)|2 as peri-
odic structures. The large difference between k1 and k2 causes
one of the fermions to escape much more quickly than the
other. This leads to a strong correlation, i.e., |g(1)(x,x ′; t)|2 ≈ 0

FIG. 5. Momentum two-body correlation functions of fermion
tunneling to open space. We plot the correlation functions
g(2)(p1,p2,p1,p2; t) in momentum space, for the λ0 = 1 case for times
t = 0 (left) and t = 200 (right). In both panels, the Pauli exclusion
principle is manifest, since g(2)(p,p,p,p) = 0. For the initial state
in the left panel, we find large values of g(2)(p1,p2,p1,p2), where
|g(1)(p1,p2)|2 is small and vice versa (cf. top left panel of Fig. 4). This
also vaguely holds for the t = 200 plot (cf. top right panel of Fig. 4). In
the right panel at t = 200, the black arrows mark the escape momenta
obtained from our model and the momentum distributions (cf. Fig. 3).
The p1/2 = k2 = 1 tunneling at p1/2 = k2 = 1.0 is anticorrelated
or antibunched (g(2) < 1), whereas the tunneling at k = 2.103 is
correlated or bunched (g(2) > 1). The found correlated pair tunneling
process emerges as a strongly bunched structure on the diagonal
around kred = 1.613, i.e., g(2)(kred,kred,kred,kred) 
 1. All quantities
shown are dimensionless; see text for further discussion.

on the off diagonal (cf. white “rectangles” on the off diagonal
in the bottom right panel of Fig. 4). Moreover, this strong
correlation on the off diagonal of g(1) can be interpreted as a
feature of the process being sequential.

Since the overall features in the momentum distributions
(peaks corresponding to chemical potentials) and the one-body
correlation functions (line structure in k space) are quite similar
in the cases of fermions and bosons, we conclude that (i) the
model in Fig. 2 initially put forward for bosons is indeed also
predictive for the case of fermions and (ii) the process for
fermions is likely to allow for a control by the threshold value
of the potential T = limx→∞ V (x,t > 0) in the same way as
it does for bosons [54]: By changing the threshold T , the
peaks in the momentum distribution can be shifted and are
turned off when T becomes larger than the chemical potential
corresponding to the respective process. The newly discovered
feature of correlated two-body escape as well as the found
differences in the time evolution of the one-body correlation
function are motivating for a more detailed investigation of the
process using the two-body correlation.

g(2)(ξ1,ξ2,ξ
′
1,ξ

′
2,t) = ρ(2)(ξ1,ξ2,ξ

′
1,ξ

′
2,t)√

ρ(1)(ξ1,ξ1,t)ρ(1)(ξ2,ξ2,t)ρ(1)(ξ ′
1,ξ

′
1,t)ρ

(1)(ξ ′
2,ξ

′
2,t)

.

Here, ρ(2) is the reduced two-body density [cf. Eq. (8)].
In Fig. 5, we depict a plot of g(2) in momentum space
(ξ = p) for the case of λ0 = 1.0. As a first observation, we
find that the two-body correlation function in momentum
space exhibits a structure which is complementary to the

one-body correlation function g(1) in momentum space (top
row of Fig. 4): Wherever g(1)(p1,p2) is comparatively large,
g(2)(p1,p2,p1,p2) is comparatively small, and vice versa.
Moreover, we can decipher the details of the mechanism of
the two-body tunneling to open space: A particle escaping
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with p1 = k1 = 2.103 is bunched with the other particle not
having the same momentum, i.e., g(2)(k1,a,k1,a) > 1 only for
a �= k1 and 0 otherwise (see arrows at k1 = 2.103 in Fig. 5).
This means that it is likely that the second particle travels
at a different velocity if the first one is found traveling at
k1. Moreover, a particle traveling at velocity p1 = k2 = 1.0
is bunched with the other particle having the momentum
k2, i.e., g(2)(k2,a,k2,a) > 1 only for a ≈ k1 and 0 otherwise.
This underlines the sequential nature of the process: The
second particle at k2 can start its escape only once the other
particle has already escaped with the momentum k1 (see arrows
at k2 = 1.0 in Fig. 5). Moreover, the two-body correlation
function demonstrates clearly that the peaks in the momentum
distributions at kred (cf. top right panel of Fig. 3) indeed
correspond to a correlated two-body escape: Two particles
escape with similar momenta as g(2)(p1,p2,p1,p2) exhibits
strong bunching on the diagonal around p1 ≈ p2 ≈ kred. This
bunching feature in g(2) on the diagonal disappears for the cases
in which the peaks around kred are absent in the momentum
distributions, i.e., for λ0 = 0.5 and λ0 = 0 (not shown). This
corroborates the finding that the two-body escape we see is
indeed an over-the-barrier effect and not tunneling.

IV. CONCLUSIONS AND OUTLOOK

In the present work, we have demonstrated that the
MCTDHF theory and algorithm are capable of solving general
time-dependent many-fermion problems to an arbitrary degree
of accuracy; i.e., we have shown the numerical exactness
of MCTDHF for the spin-polarized case. We found expo-
nentially converging ground-state energy eigenvalues for the
eigenstates of the harmonic interaction model. By solving the
time-dependent harmonic interaction model with MCTDHF
we demonstrated that even with erratically time-dependent
one-body and two-body terms in the Hamiltonian, an exact
solution of the time-dependent Schrödinger equation can still
be obtained.

We further studied the tunneling to open space process
of few-fermion systems composed of charged spin-polarized
particles. We assess the validity of a model put forward for
the process for bosons with a contact interaction potential also

in the present case of fermions interacting with a regularized
Coulomb interaction. The prediction of the model for the
escape momenta of the fermions is remarkably accurate.
From a comparison of the momentum distributions and one-
body correlation functions in the process with the model,
we infer that the many-fermion tunneling to open space
process is built up from sequentially happening single-particle
processes whose characteristic momenta k1,k2, . . . emerge
from the chemical potentials μ1,μ2, . . . of trapped subsystems
of decreasing particle number N,N − 1, . . . . For the case,
where the total energy of the system is sufficiently above
the barrier height of the single-particle potential, we find an
additional signature in the momentum distributions, which is
associated with a correlated two-body escape process. Using
the one-body and two-body correlation functions, we were
able to demonstrate the sequentiality of the process and that the
discussed two-body process corresponds to an over-the-barrier
escape and not tunneling.

To scrutinize and investigate the emergent features in the
correlation functions for a larger number of particles and other
types of interactions are subjects of future work.

As further future applications of our MCTDHF imple-
mentation, we envisage for instance studies of statistical
relaxation and chaos [55,56], quantum turbulence [57], and
vortices [58] as well as Hubbard Hamiltonians [59], electronic
decay processes [8], and high-harmonic-order generation [60].
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Electronic decay processes of ionized systems are, for example, the Auger decay or the Interatomic/
Intermolecular Coulombic Decay. In both processes, an energetically low lying vacancy is filled
by an electron of an energetically higher lying orbital and a secondary electron is instantaneously
emitted to the continuum. Whether or not such a process occurs depends both on the energetic acces-
sibility and the corresponding lifetime compared to the lifetime of competing decay mechanisms.
We present a realization of the non-relativistically established FanoADC-Stieltjes method for the
description of autoionization decay widths including relativistic effects. This procedure, being based
on the Algebraic Diagrammatic Construction (ADC), was adapted to the relativistic framework and
implemented into the relativistic quantum chemistry program package Dirac. It is, in contrast to
other existing relativistic atomic codes, not limited to the description of autoionization lifetimes in
spherically symmetric systems, but is instead also applicable to molecules and clusters. We employ
this method to the Auger processes following the Kr3d−1, Xe4d−1, and Rn5d−1 ionization. Based on
the results, we show a pronounced influence of mainly scalar-relativistic effects on the decay widths
of autoionization processes. C 2015 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4917255]

I. INTRODUCTION

Electronic vacancies in the sub-outer-valence orbital of
an atom or molecule created by radiation or radioactive decay
are excited systems. These excited systems can decay via mul-
tiple pathways like photon emission, coupling to vibrational
degrees of freedom or via electronic decay processes like the
Auger decay,1,2 or the manifold of Interatomic/Intermolecular
Coulombic Decay (ICD) processes,3,4 both being autoioniza-
tion processes. The latter can occur in small5–7 and large4,8–11

noble gas clusters, as well as clusters of molecules like
water,12–16 ammonia,17 or hydrogen fluoride3,18 after exposure
to synchrotron radiation, in enzymes of the human body,19

in the mechanisms of cancer drugs,20–25 and quantum dots in
semiconductors26 just to name a few examples.

Electronic decay processes in general can occur if two
criteria, the energy and the coupling criterion, are fulfilled. To
fulfill the energy criterion, the final state energy is required to
be lower than the energy of the singly ionized initial state. If
this is not the case, the channel defined by a certain doubly
ionized final state is closed and the corresponding fragments
of the channel are not observed after the decay. To fulfill the
coupling criterion, the decay process needs to be fast enough
to prevail over other energetically accessible decay pathways.
It hence contains the information whether an energetically
allowed process can be expected to be observed experimentally
or not. Therefore, a typical study of autoionization processes
consists of two parts.

a)Email: Elke.Fasshauer@uit.no

• Determination of the kinetic energy of the secondary
electron and, as a consequence, which decay channels
are open.

• Calculation of the decay width Γ = ~
τ

, which is propor-
tional to the decay rate 1

τ
and inversely proportional to

the lifetime τ.

Especially in systems containing heavy elements or initial
ionizations from the core region, relativistic effects play an
important role and cannot be neglected. Phenomenologically,
the relativistic effects can be divided into spin-orbit coupling
and scalar-relativistic effects. The spin-orbit coupling requires
the system to be described in terms of the total angular
momentum j rather than the orbital momentum l and the
spin momentum s. Thereby, the non-relativistically degenerate
states of one particular l value are split into two states with
j = l ± s of different energies.27 The scalar-relativistic effects
result in spatial contractions of the s and p orbitals and
decontraction of d and f orbitals.27

Spin-orbit coupling has been shown to cause a larger
number of distinguishable channels in ICD-like processes.28

At the same time, the influence of the spin-orbit splitting
using asymptotic formulas based on experimental data of
the atoms was investigated. The results showed only minor
deviations of the decay widths due to spin-orbit coupling in
the case of all channels being open. However, this approach
intrinsically includes scalar-relativistic effects, which are
automatically included in the experimental data used. In order
to investigate also the influence of scalar-relativistic effects and
to enable a relativistic description at short bond distances, the
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purpose of this paper is to present the ab initio relativistic
FanoADC-Stieltjes method for the determination of decay
widths. From our calculations, we gain further insights into
the influence of relativistic (mainly scalar-relativistic) effects
on Auger processes and from these, generalize our findings
for autoionization processes.

In both autoionization processes (Auger and ICD), the
initial vacancy is filled with an electron of higher energy and
the excess energy is transferred to another electron, which is
finally emitted. Hence, the final state is characterized by a
doubly charged system and an electron in the continuum. Our
subject of interest is mainly the ICD-like processes. However,
due to the similarity between the autoionization processes,
methods developed for the description of ICD-like processes
can also be applied to the Auger process, where more data
from theory and experiment are available for comparison.

In this work, we therefore focus on the atomic Auger
process as a model system in order to exploit basic knowledge
about the influence of relativistic effects. The Auger decay
process initiated by a photoionization can most generally be
described by

A
hν−−→ (A+)∗ + e−ph

Auger
−−−−−→ A2+ + e−ph + e−sec.

A system A is ionized, while the photo-electron e−ph is
emitted. Afterwards, the actual Auger process of the initial
state A+ can occur. An electron from an outer shell fills the
vacancy and the excess energy is instantaneously transferred
to another (secondary) electron e−sec, which is subsequently
emitted. The final state of the decay process is to be described
by a doubly charged atom A2+ and the secondary electron in
the continuum.

The initial and final state energies can be obtained using a
variety of quantum chemical approaches known in the litera-
ture as the Algebraic Diagrammatic Construction29–32 (ADC),
which is also available for a fully relativistic treatment.33–35

On the other hand, the evaluation of decay widths Γ is a
highly non-trivial problem. Analytically, it can be described
by the theories of Feshbach and Fano.36–38 However, this
theory naturally incorporates the description of both bound
and continuum states, which describe the initial and final
state, respectively. These different kinds of states satisfy
different boundary conditions, i.e., the boundary conditions
of bound states being of L2-type and the boundary conditions
of plane waves in case of the final state because of the freely
moving electron. Any approach will have to stick to either
L2-functions, plane waves or to combine these two in some
way connecting the bound with the continuum functions.
Either of these approaches faces difficulties in either describing
the bound or the continuum states or some artificially
constructed interface region.

It is most convenient to start from an L2-function
based approach, because most quantum chemical programs
are based on this kind of functions and hence the basic
ingredients necessary for a decay width calculation like
SCF and integral transformation are already available. The
quantum chemical methods, which have been used for non-
relativistic descriptions of the decay widths are the Wigner-
Weisskopf theory,39 CAP-CI (Complex Absorbing Potential

based on a Configuration Interaction wavefunction),6,40 CAP-
ADC,41 CAP/EOM-CCSD (Equation of Motion Coupled
Cluster with Singles and Doubles)42 and the FanoADC-
Stieltjes method.43 While the CAP-based methods have the
most sound formal basis of the methods above, they suffer from
wrong densities and populations for many-particle systems
and are computationally expensive at the same time. In contrast
to this, the Wigner-Weisskopf theory is based on the lowest
non-vanishing order of perturbation theory and therefore
computationally affordable even for large systems. However,
the price for the lower computational costs is less accurate
results. A compromise between accuracy and computational
cost is the FanoADC-Stieltjes approach, which is based on the
ADC and therefore includes higher perturbational orders and
is size-consistent. For these reasons, the FanoADC-Stieltjes
method was implemented in the relativistic quantum chemical
program package Dirac.44 We present first results obtained
with the relativistic FanoADC-Stieltjes method in this work.

So far, relativistic decay widths were calculated using
Multichannel Multi-Configurational Dirac-Fock (MMCDF).45

However, this approach does not only highly depend on
manual selection of CI (Configuration Interaction) compo-
nents to be included in the description of initial and final state,
it moreover is not capable of describing systems with less
than spherical symmetry. This reduces the applicability of the
method to atomic Auger processes, but allows us to compare
our results obtained with the relativistic FanoADC-Stieltjes
method for exactly this special case.

Based on the results for the Auger process following the
(n − 1)d−1 ionization of the noble gases krypton, xenon, and
radon, we are going to show the importance of including
relativistic effects into decay width calculations based on
comparisons of four-component Dirac-Coulomb (including
spin-orbit coupling and scalar-relativistic effects), scalar-
relativistic, and non-relativistic results.

The paper is structured as follows: in Sec. II, we explain
the physical definition of the decay widths and the three com-
pounds of the FanoADC-Stieltjes method: ADC, FanoADC,
and Stieltjes imaging. We then give the computational details
for our ab initio calculations in Sec. III and present our results
for the Auger process after an initial ionization of the (n − 1)d
of krypton, xenon, and radon. We discuss the influence of
relativistic effects on the decay widths of autoionization
processes in Sec. IV. We then draw conclusions in Sec. V.

II. THEORY

Following Wentzel46 and later Feshbach36,38 and Fano,37

the decay width of a decay process initiated by a primary
ionization is given by

Γ =

β

2π
�⟨Φ|V̂ | χβ,ε⟩�2 . (1)

Here, |Φ⟩ and | χβ,ε⟩ denote the initial and final state,
respectively. V̂ is the interaction operator of the initial and
final states, which in Feshbach’s definitions is known as
HPQ. The index β counts the different decay channels and
ε denotes the energy of the final state. Equation (1) thereby
connects the metastable initial and the continuum final states.
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They are constructed by partitioning the Hamiltonian into two
subspaces. The initial (final) state is then an eigenfunction
of this initial (final) state sub-space Hamiltonian. However,
finding proper solutions to both the initial and the final states
on an equal footing is a non-trivial task, because they adhere
to different boundary conditions. Since the final state depends
on the energy of the emitted electron, any approach needs
to either determine the continuum state or to mimic the final
state using L2-functions. While the continuum functions are
normalized with respect to their energy,

⟨χε | χε′⟩ = δ(ε − ε′), (2)

the L2 approach is based on a discrete set of final states
| χ̃Ẽ⟩ which adhere to different boundary conditions and are
normalized with respect to space (see, e.g., Ref. 47),

⟨ χ̃Ẽi
| χ̃Ẽ j

⟩ = δi j . (3)

Because of this different normalization, the decay widths
are not amenable to a direct calculation. As first proposed by
Hazi,48 for autoionization processes such difficulties can be
solved by using the Stieltjes-Chebyshev moment theory also
called Stieltjes imaging.49–51 It relies on the observation that
the moments of the projected final state Hamiltonian H f ,

µk = ⟨Φ|V̂ Hk
f V̂ |Φ⟩, (4)

calculated from the determined discrete pseudo-spectrum are
good approximations to the moments determined from the
real continuum states. This can be shown by inserting the
resolution of identity for the continuum states

µk =

i

εki
�⟨Φ|V̂ | χi,ε⟩�2 +

 ∞

Ethr

εk
�⟨Φ|V̂ | χε⟩�2 dε. (5)

Since the non-zero contribution to the coupling matrix
elements in the Feshbach-Fano approach stems only from
an interaction region of finite size, where the L2 final
state functions are nonvanishing, we may replace the expan-
sion


i
| χi,ε⟩ ⟨χi,ε | +


dε| χε⟩ ⟨χε | by its L2 approximation

j
| χ̃Ẽ j

⟩ ⟨ χ̃Ẽ j
| (see Ref. 52),

µk ≈

j

Ẽk
j
���⟨Φ|V̂ | χ̃Ẽ j

⟩���
2
. (6)

Then the decay width can be determined through a series
of consecutive approximations to the moments of increasing
order k.

To achieve this kind of description, we choose the
non-relativistic FanoADC-Stieltjes approach, described in
Secs. II A–II C. Here, the ADC is used for the description
of the initial and final states and the resulting discrete pseudo-
spectrum is then subject to a Stieltjes imaging procedure. An
exhaustive description of the method can be found in Ref. 53.

A. ADC

The ADC is a Green’s function approach, which is a
method for the calculation of ionization energies and electron
affinities. Its advantage is the ability to determine the desired
ionization energies without explicit calculation of the initial
and final states, but instead obtaining their energy differences

directly. Moreover, this approach is size-consistent and is
hence suitable for the description of larger systems.32

Originally, the Green’s function was formulated in the
Dyson ansatz and determined using perturbation theory.29,54

This way, both the ionization and the electron affinity part had
to be included in the description. In the non-Dyson scheme,
those two are separable and hence, the dimension of the
problem is reduced when one is interested in either the N + 1
(electron affinity) or the N − 1 (ionization energy) part31

Gpq(ω) = G+pq(ω) + G−pq(ω). (7)

The ionization part G−pq(ω) is a function of the ionization
energies ω and is transposed to give G̃−pq(ω) = G−qp(ω). It can
be cast to the compact and orthogonal form

G̃−(ω) = x†(ω1 −Ω)−1x, (8)

where x are the spectroscopic amplitudes andΩ is the diagonal
matrix of energy eigenvalues. This diagonal representation can
be reformulated using so-called intermediate states (IS),30

G̃−(ω) = f†(ω1 −M)−1f. (9)

Here, M denotes the ADC matrix and f denotes the
effective transition moments.

By inspection of both Eqs. (8) and (9), the ionization
energies are poles of G̃−(ω), which can be determined by
solving the eigenvalue problem

MY = YΩ, with Y†Y = 1. (10)

The spectroscopic amplitudes x can then be obtained from
the effective transition moments f as

x = Y†f. (11)

To this point, the approach is exact. For the actual
construction of the ADC matrix M and the effective transitions
moments f, both are expanded into orders of perturbations
based on the Møller-Plesset partitioned Hamiltonian,

M =M(0) +M(1) +M(2) + · · ·, (12)

f = f(0) + f(1) + f(2) + · · ·. (13)

From these, different orders of perturbation theory of
the Hamiltonian can be constructed successively in terms
of correlated N − 1 particle states (1h, 2h1p, . . . ). Hereby,
the truncation after the n-th order leads to ADC(n). The
contributions to the different classes for different orders of
ADC are shown in Figure 1.55

The matrix elements of ADC(2x) are explicitly given by

• 1h/1h (1h block):

M (0)
kk′ = εkδkk′, (14)

M (1)
kk′ = 0, (15)

M (2)
kk′ = −

1
2


abl

Vab[kl]Vk′l[ab]

×
εa + εb − εl − 1

2εk −
1
2εk′

(εa + εb − εk − εl)(εa + εb − εk′ − εl) .
(16)
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FIG. 1. Schematic illustration of an ADC(n) matrix for different orders of
perturbation for n = 0,1,2,2x,3. In the illustration, the respective highest
order contribution is shown for the different blocks. Hence, ADC(2x) is an
extended ADC(2) including first order contributions to the satellite block.

• 1h/2h1p (coupling block):

M (1)
j,akl
= Vkl[a j]. (17)

• 2h1p/2h1p (satellite block):

M (0)
akl,a′k′l′ = (−εa + εk + εl) δaa′δkk′δll′, (18)

M (1)
akl,a′k′l′ = −δaa′Vk′l′[kl] + δkk′Val′[a′l]

+ δll′Vak′[a′k] − (k ↔ l). (19)

Here, εr denotes the r-th Hartree Fock orbital energy. The
occupied states are labelled by i, j, k, . . . and the unoccupied
states are labelled by a,b,c, . . .. The two-electron integrals for
any combination of occupied and unoccupied orbitals labelled
by p,q,r, s read as

Vpqr s = ⟨ϕp(1)ϕq(2)|V (1,2)|ϕr(1)ϕs(2)⟩ (20)

and Vpq[r s] = Vpqr s − Vpqsr .
These equations can also be used in the relativistic

case based on Dirac-Hartree-Fock orbital energies as well
as integrals33,34 and using the no-pair approximation (see,
e.g., Ref. 27). This approximation ensures that pair creation
processes are excluded from the calculation by allowing
annihilation and creation operators cp and c†q in the spectral
representation

G−pq(ω) =


n∈{N−1}

⟨ΨN
0 |c†q |ΨN−1

n ⟩⟨ΨN−1
n |cp |ΨN−1

0 ⟩
ω + EN−1

n − EN
0 − iη

(21)

of Eq. (7) to operate on the space of positive energy solutions
only. Since energies high enough to overcome the gap of
2mc2 are hardly achieved in chemistry, this approximation
is reasonable.

B. FanoADC

In the FanoADC, the discrete ADC Hamiltonian is used
for the construction of the pseudo-spectrum of the total decay
width Γ. Due to multiple possible final states, the procedure
of Feshbach38 using projection operators for the partitioning
of the Hamiltonian into an initial and a final state subspace

is employed. The processes of interest start from a singly
ionized initial state and end in a doubly ionized final state with
an additional electron in the continuum. Therefore, the basis
functions for the description of the entire final state subspace
are chosen from the 2h1p class of configurations, where the
2h part is assumed to describe the doubly ionized final state
and the particle represents the electron in the continuum. This
approach can be justified by rewriting the spectral moments
(see Eq. (6)) of the decay width Γ (Eq. (1)) explicitly

Γ̃k = 2πµk (22)

= 2π

j

Ẽk
j ⟨Φ|V̂ | χ̃Ẽ j

⟩⟨ χ̃Ẽ j
|V̂ |Φ⟩ (23)

≈ 2π

q

(
E2h1p
q

)k⟨Φ|V̂ | χ2h1p
q ⟩⟨χ2h1p

q |V̂ |Φ⟩. (24)

One may interpret the set of final states as a complete
basis of the final state subspace. This might be replaced by
any other complete basis describing the outgoing electron.
The idea of the FanoADC is to choose the manifold of 2h1p
states describing the decay to replace this complete basis.
As shown in Ref. 43, this basis is not required to yield the
exact energies of the different channels as long as it spans the
space of interest. The manifold of 2h1p states is formally not
complete, but yields a proper description when the ionization
of the system can be described reasonably well in the single-
particle picture. Additionally, one has to consider the error
introduced by using an incomplete basis set on the Hartree-
Fock level and the truncation of the virtual space in the post
Hartree-Fock procedure.

Not all 2h1p states describe energetically allowed final
states. The energy conservation Ein = EA2+ + Ee−sec

has to be
satisfied, which is only possible for EA2+ < Ein, where Ein

denotes the initial state energy, EA2+ the energy of the doubly
ionized part of the final state, and Ee−sec

denotes the kinetic
energy of the secondary electron emitted in the process. If the
energy of the doubly charged system is higher than the energy
of the initial state, the process is energetically forbidden.
Hence, all 2h1p states characterized by a 2h contribution with
an energy higher than the initial state energy will not contribute
to the final states. Instead, these 2h1p states can be used to
improve the description of the initial state. The partitioning
into initial and final state configurations can be achieved based
on Hartree-Fock orbital occupations by manual choice of 2h
configurations or in an energy-based approach as described
by Averbukh.43 In this work, we employ the partitioning by
population and manually include those configurations which
correspond to open channels.

The partitioning is therefore achieved as follows. All
2h1p configurations characterized by a 2h part corresponding
to one of the final state configurations of possible decay
channels are chosen to be part of the final state subspace.
All 1h configurations and those 2h1p configurations not
corresponding to a possible final state configuration are used
for the description of the initial state. This leads to a resorted
ADC matrix as shown in Figure 2, where the subspace of the
initial state is denoted by M, the final state subspace by N,
and the interaction coupling those two subsets is named W.
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FIG. 2. Schematic illustration of the partitioning of the ADC matrix accord-
ing to the projection operators of the initial and final states.

Speaking in terms of Feshbach’s projection operators, where
P denotes the projector for the final state subspace acting on
the full Hamiltonian of the system H and Q = 1 − P denotes
the projector for the initial state subspace, these subspaces are
given by M = QHQ and N = PHP.

The separate diagonalization of the initial and final state
subspaces M and N yields the corresponding eigenvectors and
eigenvalues on the diagonal of the matrices Λ and Ω,

Λ = ITMI, (25)
Ω = FTNF, (26)

and the Hamiltonian is represented in the basis of their
eigenstates as illustrated in Figure 3 with V = ITWF being
the interaction part in this new basis. It has to be noticed
that Ω in this definition is the matrix of final state subspace
eigenvalues and does not equal the eigenvalue matrix of the
full ADC matrix in Eq. (8).

In general, neither of the final state energies ω̄q equals
the resonance energy. Therefore, the pseudo-spectrum enters
the Stieltjes calculation. For a specific choice of the initial
state i, this pseudo-spectrum is given by the manifold of
final state energies ω̄q and the corresponding interaction
part in the basis of the initial and final subspace eigenstates
Vi,q = ⟨φi |V̂ |ψ2h1p

q ⟩.

C. Stieltjes imaging

In general, Gaussian quadrature is a numerical method to
solve integrals. From the discrete pseudo-spectrum consisting
of ω̄q and Vi,q = ⟨φi |V̂ |ψ2h1p

q ⟩, N pairs of optimal abscissae
(1/ωi) and weights f i for a Gaussian quadrature can be ob-
tained using Chebyshev polynomials as elaborately described
in Ref. 51. These are then used for the construction of inverse
moments, which are preferred to normal moments because of
their convergence behaviour

S(−k) =
∞

Ethr

ω−k dF(ω) =
∞

Ethr

ω−k f (ω) dω

≈
N
i=1

(
1
ωi

)k
f i. (27)

The inverse moments are in terms of Gaussian quadrature
connected to both the distribution function F(ω) and a density
function f (ω). In the particular case of interest, the density
function f (ω) equals the decay width Γ(E) (see Eq. (6)). The
procedure and the background shortly explained here can be
found in detail in Refs. 49, 50, 52, and 56. For convenience,
we from this point on write the optimal abscissae 1

ωi
as ε.

Having obtained the optimal abscissae and weights, the
probability distribution function F(ε) can be approximated.
For this purpose, the so-called Stieltjes imaging is employed,
where

F(n)(ε) =




0 ε < ε1
i

j=1

f j εi < ε < εi+1

n
j=1

f j = S(0) εn < ε.

(28)

This procedure is based on the so-called Chebyshev
inequalities

F(n)(εi − 0) ≤ F(n+1)(εi − 0) ≤ F(εi) ≤ F(n+1)(εi + 0)
≤ F(n)(εi + 0). (29)

This means that the distribution functions obtained from
the Chebyshev polynomials approaching the abscissae εi from
below and from above give lower and upper bounds to the
actual value of the distribution function at this particular point
F(εi). In fact, the mean of these two values usually is a very
good approximation to the exact value

F(n)(εi) = 1
2


F(n)(εi − 0) + F(n)(εi + 0) . (30)

Since the integral was evaluated and not the density
function, as such the distribution function obtained from
the discrete pseudo-spectrum is normalized correctly (see
Ref. 52). This distribution function is then numerically
differentiated via

f (n)(ε) =



1
2

f1

ε1
ε < ε1

1
2

f i+1 + f i
εi+1 − εi

εi < ε < εi+1

0 εn < ε

(31)

FIG. 3. Schematic illustration of the basis transformation of the full ADC matrix into the basis of initial and final states. The pseudo-spectrum is given by the
manifold of ω̄q and Vi,q = ⟨φi |V̂ |ψ2h1p

q ⟩.
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to give r − 1 non-zero points of the desired density function
f (ε), which are subsequently interpolated. In the routine of
Averbukh, a monotonicity-preserving piecewise cubic Her-
mite spline interpolation is used for this purpose. Afterwards,
the interpolated density function is evaluated for the energy
of interest, which is the resonance energy Er in case of the
autoionization processes to give the decay width Γ. Finally,
convergence of the decay widths with increasing orders of
moments is investigated.

Unfortunately, the procedure to obtain the optimal
abscissae and weights involves the subtraction of two large
numbers, which leads to numerical instabilities in high order
moments. Therefore, they have to be checked carefully and
only trustworthy moments should be used for the evaluation
of the decay widths. This can be achieved by inspection
of abscissae and weights of each order. Since the decay
width Γ(E) is a smooth function, unphysical oscillations
in the curve constructed from the abscissae and weights of
one order of moments indicate numerical instabilities in this
particular order. If this behaviour is observed, the abscissae
and weights obtained from this order of moments and all
higher orders are discarded. Finally, the abscissae and weights
from the remaining, consecutive orders of moments enter the
interpolation scheme.

III. COMPUTATIONAL DETAILS

The decay width calculations were performed using
the relativistic FanoADC-Stieltjes code, which has been
implemented in Dirac.44 For each element, four-component
calculations based on the Dirac-Coulomb Hamiltonian, scalar-
relativistic spin-free calculations, and non-relativistic calcu-
lations were performed. Hereby, the respective cv4z basis
sets of Dyall57 were used and diffuse basis functions of the
Kaufmann-Baumeister-Jungen type58 were added at the center
of the atom. For the s, p, and d-type functions, five functions
were added for each orbital type and three f -type functions
were added to the basis set.

The resulting moments were checked for numerical insta-
bilities. Only those moments without numerical instabilities
entered the interpolation scheme for the determination of the
decay widths.

The expectation value of the radial distance ⟨r⟩ and orbital
densities were performed using the atomic program G.59

IV. RESULTS AND DISCUSSION

We present theoretical values for the Kr3d−1, Xe4d−1, and
Rn5d−1 Auger decay widths. The relativistically calculated
single and double ionization potential spectra (SIPs and DIPs)
for xenon are shown in Fig. 4 as representative of the three
noble gases.33–35 A more detailed population analysis of the
double ionization spectrum can be found in Ref. 60. From
this, the energetically accessible Auger decay channels can
be deduced by comparison of the respective spectra. All
doubly ionized states with an ionization energy lower than the
ionization energy of the initial (n − 1)d state can be populated
after the decay. Hence, three major final state groups are

FIG. 4. Comparison of the single and double ionization spectra of the xenon
atom obtained by a DC-ADC calculation. All groups of doubly ionized states
with lower energies than the initially ionized Xe4d−1 can be considered as
possible final states.

found in all three cases: ns−2, ns−1np−1, and np−2. From the
corresponding 2h configurations, the final state subspaces of
the decay width calculations were constructed.

Due to truncation of the full ADC matrix caused by the
partitioning into initial and final state subspaces, the absolute
value of the single ionization energy of the initial state used as
approximation to the real part of the resonance energy loses
accuracy. Even though the discrepancies are about 1–2 eV,
this shift does only have a minor effect on the resulting
decay widths in the results presented here, because the density
functions Γ(E) are very flat around the resonance energy.
However, this shift can in general be a source of error and
results obtained with the FanoADC-Stieltjes method have to
be checked carefully.

The resulting decay widths and, if available, experimental
and theoretically obtained decay widths for comparison are
shown in Table I.

For krypton, one other set of calculated decay widths
is available in the literature.61 These calculations are based

TABLE I. Total Auger decay widths of the Kr, Xe, and Rn Rg(n−1)d−1
5/2, and

Rg(n−1)d−1
3/2 and the non-relativistic Rg(n−1)d−1 initial states compared

to theoretical values for krypton,61 xenon,62 and experimental values for
xenon.63 All widths are given in meV.

Γ Initial state Exp. Theoretical This work

Kr

3d5/2 ... 51 63
3d3/2 ... 49 56
3dspinfree ... ... 62
3dnrel ... ... 49

Xe

4d5/2 110–130 160 162
4d3/2 105–116 143 132
4dspinfree ... ... 168
4dnrel ... ... 90

Rn

5d5/2 ... ... 624
5d3/2 ... ... 547
5dspinfree ... ... 686
5dnrel ... ... 161
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FIG. 5. Comparison of the xenon Auger decay widths from the Xe4d−1
3/2 and

4d−1
5/2 initial state obtained with the relativistic FanoADC in this work, the

MMCDF approach,62 and mean experimental values.63 The calculated values
are in very good agreement with each other, while both methods provide
higher decay widths than the experimental ones.

on a many-body perturbation approach including all orders
of perturbation. The authors state that these results are
approximately 75% of the values for calculations including
perturbations up to second order only. Therefore, the second
order numbers would agree well with our values obtained with
the FanoADC-Stieltjes method shown in Table I. However, all
integrations in this procedure rely on analytic evaluation using
angular momentum algebra and are hence not applicable to
non-spherical systems.

In case of Xe, both experimental and theoretical data are
available in the literature. A graphical comparison of this data
to our results is shown in Figure 5. The theoretical results
from Ref. 62 were obtained using the MMCDF method.45

For quantum chemists, the name of this method might be
misleading, since it is by no means equivalent to Multi-
Configurational Self-Consistent Field (MCSCF). MMCDF is
based on an atomic Dirac-Fock calculation. For the initial state
description of the xenon decay widths in Ref. 62, the pure
Dirac-Fock solution is used. For the final state description, the
Dirac-Fock solution is the reference state for a CI approach.
Then, the excitation classes are chosen manually based on the
experience of the scientist as well as by trial and error. In the
case of the xenon decay widths shown in Table I and Figure 5,
5s05p6, 5s15p5, and 5s25p4 configurations were included in the
final state description. This resembles the space spanned by
the 2h1p states in our FanoADC-Stieltjes approach. However,
the method is generally not limited to doubly ionized states but
can additionally include higher order excitations as well (see,
e.g., Ref. 64). Hence, results from both the FanoADC-Stieltjes
approach presented in this work and the MMCDF results of
Ref. 62 include dynamic correlation in the description of the
final state. However, the results obtained with the FanoADC-
Stieltjes method incorporate correlation effects in the initial
state description as well.

Considering the different qualities of the initial state
description, the results of Ref. 62 are in excellent agree-
ment with the results obtained with the fully relativistic
four-component FanoADC-Stieltjes method. Both approaches
overestimate the decay width compared to experiment. Taking
into account that in this non-trivial problem of the calculation

FIG. 6. Comparison of the Auger decay widths after primary ionization in
the Rg(n−1)d−1 for different Hamiltonians. The non-relativistically obtained
results are lower than those obtained with the spinfree and four-component
Hamiltonian. Overall, the decay width increases with the atomic number Z .

of decay widths, errors within a factor of two are to be
expected, the results are in reasonably good agreement with
experiment as well. Latest results of Sukhorukov indicate that
the overestimation of the decay widths by both the MMCDF
and the FanoADC results is due to these methods lacking the
description of core polarization65,66 first discussed by Born
and Heisenberg.67

From Table I and Figure 6, it can be seen that only the four-
component calculation is capable of describing the spin-orbit
splitting which causes two different initial states. Therefore,
this calculation is to be preferred. However, by employing the
other schemes as well, one can learn more about the nature of
the decay process.

The spinfree results with scalar-relativistic effects included
are very close to the fully relativistic results for all three
elements. In contrast to this, the non-relativistically obtained
decay width is much smaller in all three cases. The difference
increases as one goes down in the periodic table, which is
summarized in Table II. In case of radon, the decay width is
about four times as high as one would expect from a non-
relativistic treatment.

This shows that the inclusion of at least scalar-relativistic
effects is crucial in the calculation of autoionization decay
widths in systems containing heavy elements. The reason for
this behaviour can easily be understood, remembering that
scalar-relativistic effects can phenomenologically be described
as the decontraction of d and f and the contraction of s and

TABLE II. Absolute and relative increase of the decay widths due to the in-
clusion of scalar-relativistic effects in the calculations. The absolute decrease
is given in meV.

Kr Xe Rn

∆spinfree,nrel 13 78 525
Increase +27% +87% +326%
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TABLE III. Expectation values of the electron’s distance from the nucleus
for the noble gases Kr, Xe, and Rn given in Å.

⟨r ⟩ (n−1)d− (n−1)d+ ns np− np+

Kr
rel 0.292 0.293 0.847 1.013 1.037
nrel 0.291 0.862 1.033

Xe
rel 0.460 0.466 1.008 1.186 1.245
nrel 0.460 1.048 1.237

Rn
rel 0.559 0.578 1.017 1.186 1.366
nrel 0.561 1.141 1.346

FIG. 7. Probability densities P(r )2+Q(r )2 for the orbitals participating in
the Auger decay for Kr, Xe, and Rn calculated both relativistically and
non-relativistically.

p orbitals, which in this case corresponds to initial and final
states, respectively (see Table III and Figure 7). It can be seen
that the decontraction of the d orbitals is only minor but the
contraction of especially the s orbitals and also the p orbitals
is remarkable and increases within the group.

Hence, the difference ∆⟨r⟩ = ⟨rin⟩ − ⟨rfin⟩ between the
distance expectation values of the electron ⟨r⟩ from the nucleus
between the orbitals describing the initial state and those
orbitals describing the final states is decreased. This leads
to an increased spatial overlap between the initial and final
states, which in turn influences the decay width by making the
s/p → d de-excitation transition more efficient. In the case at
hand, the smaller ∆⟨r⟩ leads to an increase of the decay width.
Likewise, a larger ∆⟨r⟩ would lead to a decrease of the decay
width compared to the non-relativistic description.

This effect does not only affect the decay widths of
Auger processes but also the decay widths of many other
autoionization processes like the ICD or the Electron Transfer
Mediated Decay (ETMD). The latter relies on an electron
transfer between two units and hence can be expected to be
crucially influenced by the scalar-relativistic effects reported
in this work. Both will be subject to future research.

V. CONCLUSIONS

We presented the relativistic counterpart of the non-
relativistically known FanoADC-Stieltjes approach. This
method is able to predict decay widths including relativistic
effects also for non-spherical systems, which was not possible
so far, according to our knowledge, with other approaches.
The calculations of ICD decay widths using the relativistic
FanoADC-Stieltjes approach are going to be subject of future
work.

Decay widths for the Auger process following an initial
ionization from the (n − 1)d of krypton, xenon, and radon were
calculated using three different Hamiltonians. They cover the
four component approach including both spin-orbit coupling
and scalar-relativistic effects, the spinfree approach only
including scalar-relativistic effects and the non-relativistic
approach for comparison. In the results, we observe a large
influence of the scalar-relativistic effects, which increases
going down in the periodic table within a group. We show
that these are caused by a change in overlap of the orbitals
involved in the decay mainly due to the contraction of the s
and p orbitals.

We predict these findings not to be unique to Auger
processes but to be a general effect in autoionization processes
including ICD and ETMD. Therefore, we propose further
investigation of ICD and ETMD processes in systems contain-
ing heavy elements. The systems of interest for this purpose
are systems with initially ionized d orbitals and final states
containing vacancies in s orbitals. Also, the inverse setup with
the initial vacancy in an s orbital and final states containing d
vacancies can be expected to show the influence of relativistic
effects. These effects are expected to be larger in ETMD than
in ICD processes. However, due to the large computational
cost growing with system size, one would start to study the
ICD process.
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